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Stochastic Adaptive Control (02421)

Lecture 13

Tobias K. S. Ritschel

Associate Professor
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Lecture Plan

@ ARX models
® ARX estimation

© ARMAX estimation
O ARMAX identification

® ARMAX control

® ARMAX adaptive control
@ Systems and control theory
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@ Stochastic systems + SS estimation
© SS estimation + control

@SS control

@ SS parameter estimation

@® SS nonlinear estimation

@® SS nonlinear control

Cont:
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Today’s Agenda

® Nonlinear optimal control of input-affine systems
® Assignment 3
® Suggestions for 2027

® MSc project ideas
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System

Input-affine system

T = f(@e) + g(@e)ue,
yr = Cxy

f(z) is a vector and g(x) is a matrix
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System

Input-affine system

T = f(@e) + g(@e)ue,
yr = Cxy

f(z) is a vector and g(x) is a matrix

Important assumptions

@ It is reasonable to linearize f, i.e., f(z + Ax) = f(z)

+ %(m)Am

=
—
=

M

—~
N =
~— ~—

@ The input term is only mildly dependent on the state, i.e., g(z + Az) =~ g(z)
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Approximate response

Write out recursion

r1 = f(z0) + g(x0)uo,
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Approximate response

Write out recursion

z1 = f(x0) + g(xo)uo,
z2 = f(r1) + g(w1)us
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Approximate response

Write out recursion
r1 = f(z0) + g(x0)uo,
w2 = f(z1) + g(71)us
= f(f(wo) + g(xo)uo) + g(f(z0) + g(zo)uo)ur
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Approximate response

Write out recursion

r1 = f(z0) + g(x0)uo,

w2 = f(z1) + g(71)us
= f(f(wo) + g(xo)uo) + g(f(z0) + g(zo)uo)ur
~ U 0) + 92 (o) glao)uo + o(fzo)m
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Approximate response
Write out recursion

r1 = f(z0) + g(x0)uo,

w2 = f(z1) + g(71)us
= f(f(wo) + g(xo)uo) + g(f(z0) + g(zo)uo)ur
~ U 0) + 92 (o) glao)uo + o(fzo)m

Introduce

of

20 =x9, 21 = f(x0), A

6 DTU Compute Stochastic Adaptive Control

5. (1) Bo=ug(z0). Bi=g(z) (7)
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Approximate response =
Write out recursion

x1 = f(xo) + g(wo)uo, (3)
w2 = f(z1) + g(71)us (4)
= f(f(zo0) + g(xo)uo) + g(f(w0) + g(x0)uo)ur (5)
~ ) + P (Fa)glouo + g @) (6)
Introduce
of
z0 =x0, 21 = f(x0), A1 = %(21), By = g(20), Bi=g(=1) (7)
Then

xro = f(2’1> + A1 Boug + Biuy
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Approximate response
Write out recursion

z1 = f(wo) + g(wo)uo,
zo = f(z1) + g(z1)wr
= f(f(wo) + g(xo)uo) + g(f(z0) + g(zo)uo)ur
~ U 0) + 92 (o) glao)uo + o(fzo)m
Introduce
z0 = x0, 21 = f(w0), Alz%('zl)v By = g(20), Bi=g(x)
Then

x9 = f(z1) + A1Boug + Biui = 22 + A1 Bouo + Biug
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Approximate response =
Write out recursion

= f(wo) + g(xo)uo, (3)
Zf(l’1)+g( 1)u1 (4)
= f(f(xo) + g(xo)uo) + g(f(x0) + g(wo)uo)u1 (5)
~ (o)) + S (Flaogtaouo + (o) (6)

Introduce

of
20 = x0, 21 = f(x0), A1 = %(21), By = g(20), Bi=g(z1) (7)
Then

zg = f(z1) + A1 Bouo + Biuis = 22 + A1 Boug + Biug (8)

Continue

x3 = f(z2 + A1Boug + Biuy) + g(z2 + A1 Boug + Bruy)us 9)
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Approximate response =

Write out recursion

= f(wo) + g(xo)uo, (3)
Zf(l’1)+g( 1)u1 (4)
= f(f(xo) + g(xo)uo) + g(f(x0) + g(wo)uo)u1 (5)
~ (o)) + S (Flaogtaouo + (o) (6)

Introduce

of
20 = x0, 21 = f(x0), A1 = %(21), By = g(20), Bi=g(z1) (7)
Then

zg = f(z1) + A1 Bouo + Biuis = 22 + A1 Boug + Biug (8)

Continue

x3 = f(z2 + A1Boug + Biuy) + g(z2 + A1 Boug + Bruy)us (9)
~ f(ZQ) + Ay A1 Boug + AsBiui + Bous (10)
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Approximate system
Free/unforced response
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Approximate system
Free/unforced response

z11 = f(z)
Time-varying system matrices
0
Ay = %(Zt)a By = g(z)
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Approximate system

Free/unforced response

z11 = f(z)
Time-varying system matrices
of
Ay = = (), By =g(z
t 8;10( t) t = g(2t)

Forced response

t—1

Tt = Z¢ -+ Z At_l v AJ+1B]U]
§=0
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Approximate system
Free/unforced response
z11 = f(z)

Time-varying system matrices

A=), By = g(=0)
Forced response
t—1
ze =2+ Y A1+ Aj1Bju;
§=0

Notation
Apq-Ajpr = ApaApo - Ajo A, Ay Ap=1

Approximate outputs

t—1
Yt = C'Zt + Z CAt_l te Aj+1BjUj
7=0
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Compact notation
Vectors and matrices

21
ZN =

ZN

8 DTU Compute

Yn

Y1

YN

uo
Un

UN—-1
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DTU
Compact notation e
Vectors and matrices
21 U1 up
ZN YN UN -1
I = blkdiag(C, C, ..., ), (17)
CBy
CA;1 By CB;
FQL = CA2A1By CAyB, CBsy

CAN_1---A1By CAn_1---A2By CANn_1By—2 CBn_1

(18)
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DTU
Compact notation e
Vectors and matrices
21 U1 up
ZN YN UN-1
N _ .
Ly, = blkdiag(C, C,...,C), (17)
CBy
CA 1By CB;
FQL = CA2A1By CAyB, CBsy

CAN_1---A1By CAn_1---A2By CANn_1By—2 CBn_1

(18)
Compact system

_ 1N N
Yy = FyZZN +FyuUN (19)
8 DTU Compute Stochastic Adaptive Control 5.5.2026



Optimal control problem

Optimal control problem

N

9 DTU Compute

. 1 1
min ¢ = §(YN —Wa)TQy(Yn — Wy) + iUﬁQuUN
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Optimal control problem

Optimal control problem

. 1 1
min ¢ = §(YN —Wa)TQy(Yn — Wy) + iUﬁQuUN

N

Solution

Un = _(FquyFyu + Qu)_lrquy(FyzZN - WN)
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M

Optimal control problem

: 1 1
min ¢ = (Yn — Wn)'Qy(Yy — Wy) + SURQuUn  (20)

N

Solution

Un = —(Fquyryu + Qu)_IFZqu(FyzZN - Wn) (21)

First manipulated input (e.g., for feedback control law)

up = U, H:[I 0 .- 0} (22)
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Summary

Step 1: Compute the free response (z is given)

zir1 = f(2), 2y = o,
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DTU
Summary

Step 1: Compute the free response (z is given)
241 = f(zt)a 20 = 20, = 07 7N -1 (23)
Step 2: Evaluate the system matrices
0
At:a—i(zt), t=1,...,N -1, (24)
Bt:g(zt), t:O,
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Summary
Step 1: Compute the free response (z is given)

ziv1 = f(2), Zp = X, t=0,....,.N—1
Step 2: Evaluate the system matrices
0
4=, F=1,. N1,
Bt:g(zt), t:O,...,N—l

Step 3: Form the large matrices (must be done at every sample)
'Y = blkdiag(C,C, ..., C),

CBy
N CA 1By CB;
ry —
yu :

CAN_1---A1By -+ CAnNy_1Bn—2 CBy_
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Summary
Step 1: Compute the free response (z is given)

ziv1 = f(z), 20 = Xo, t=0,...,N—1
Step 2: Evaluate the system matrices

0
Atza—ﬁ(zt), f— 1. N1,

Bt:g(zt), t:O,...,N—l
Step 3: Form the large matrices (must be done at every sample)
'Y = blkdiag(C,C, ..., C),

CBy
CA1By Ch

Iy = : }
CAN_1---A1By -+ CAnNy_1Bn—2 CBy_
Step 4: Solution
uy =IlUN, Un= _(FquyFyu + Qu)_ngqu(FyzZN —Wn)
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Suggestions for 2027

® Group assignments + oral exam (fundamental aspects)
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Suggestions for 2027

® Group assignments + oral exam (fundamental aspects)
® Combine state space assignments

® Design of experiments

® System identification

® Model validation

® Optimal control

® Adaptive control (disturbance/parameters)
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Suggestions for 2027

® Group assignments + oral exam (fundamental aspects)
® Combine state space assignments

® Design of experiments

® System identification

® Model validation

® Optimal control

® Adaptive control (disturbance/parameters)

® Make assignments available very early on

® and indicate when the relevant material is covered
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Suggestions for 2027

® Group assignments + oral exam (fundamental aspects)
® Combine state space assignments

® Design of experiments

® System identification

® Model validation

® Optimal control

® Adaptive control (disturbance/parameters)

® Make assignments available very early on
® and indicate when the relevant material is covered

® Reorganize state space lectures to match ARMAX part
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Suggestions for 2027

® Group assignments + oral exam (fundamental aspects)
® Combine state space assignments

® Design of experiments

® System identification

® Model validation

® Optimal control

® Adaptive control (disturbance/parameters)

® Make assignments available very early on

® and indicate when the relevant material is covered
® Reorganize state space lectures to match ARMAX part
® 2 h lecture + 2 h exercise session

® but include classroom exercises during lectures
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Suggestions for 2027

® Group assignments + oral exam (fundamental aspects)
® Combine state space assignments

® Design of experiments

® System identification

® Model validation

® Optimal control

® Adaptive control (disturbance/parameters)

® Make assignments available very early on

® and indicate when the relevant material is covered
® Reorganize state space lectures to match ARMAX part
® 2 h lecture + 2 h exercise session

® but include classroom exercises during lectures

® Move theory to blackboard
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Suggestions for 2027

® Group assignments + oral exam (fundamental aspects)
® Combine state space assignments

® Design of experiments

® System identification

® Model validation

® Optimal control

® Adaptive control (disturbance/parameters)

® Make assignments available very early on

® and indicate when the relevant material is covered
® Reorganize state space lectures to match ARMAX part
® 2 h lecture + 2 h exercise session

® but include classroom exercises during lectures
® Move theory to blackboard
® A little more focus on theory/derivations

® Example: Include disturbance in GPC problem
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