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Lecture Plan

@ ARX models
® ARX estimation

© ARMAX estimation
O ARMAX identification

® ARMAX control

® ARMAX adaptive control
@ Systems and control theory
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@ Stochastic systems + SS estimation
© SS estimation + control

@SS control

® To be decided . ..

@® SS nonlinear estimation

@® SS nonlinear control

Cont:

—)‘ Identification
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Today’s Agenda

® Stochastic state space models
® Discretization

® State estimation

® Projection theorem

® Kalman filter
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Stochastic State-Space Models
Discrete-time system
Tp1 = Az + Bug + Gug, v ~ N(uy, R1)
yr = Cxp + Duy + Fey, e ~ N(pe, R2)

Mean and covariance

Pkl = Apg + Bug, + Gy, po = Elzq],
Py = APkAT + GRlGT, Py = COV(J}(])

Note that u; is deterministic.

Stationary mean and covariance

Moo = Aﬂoo + Buco + Gy,
Py = AP AT + GRGT

=
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M

(1a)
(1b)

(2a)
(2b)

(3a)
(3b)

Stationary auto-covariance (if A has full-rank and the eigenvalues lie within

the unit circle)

_ T
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Continuous-Time Stochastic Processes (SDE)

Continuous-time system

o(t) = f(t,x(t),u(t)) (5)
First attempt at stochastic differential equation
o(t) = f(t,x(t),u(t)) + g(t, x(t), u(t))v(t) (6)

Process noise

® v(t) L v(s) for any t # s (independence)

® y(t) is continuous and has bounded variance
® E[v(t)] = 0 (zero-mean)

Theorem 4.1 in Chapter 3 of the book "Stochastic Control Theory" by
Astrom (1970)
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Continuous-Time Stochastic Processes (SDE)

Stochastic difference equation

o(t+ A — x(t) = f(t,2() At + g(t, 2(£))v(t) At + o( At).

=
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(7)

Replace v(t)At with Aw(t) = w(t + At) — w(t), which has stationary

independent zero-mean increments (Wiener process)
Ax(t) = f(t,z(t)) At + g(t, z(t)) Aw(t) + o(At).
Take the limit At — 0
dz(t) = f(t,=(t)) dt + g(t,z(t)) dw(t)

o) =alt0) + [ fratm)dr+ [ g(ra(r) du(r

to
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Continuous-Time Stochastic Processes (SDE) =
The two first conditional moments of the difference process
E[Ax(t) | 2(t)] = f(t,2(t)) At + o(Al) (11a)
Var (Az(t) | 2(t)) = g2(t, 2(1) At + o(At) (11b)
Variance of process noise increment
E|Aw?(t)| = At (12)
Note that the variance is proportional to At and not At?
Distribution of process noise increment (increment of Wiener process)
Aw(t) = w(t + At) —w(t) ~ N(0, At) (13)
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Linear Stochastic Differential Equations

Linear stochastic differential equations
da(t) = (A()x(t) + B(t)u(t)) dt + G(t) dw(t), 2(to) ~ N(mo, Po) (14)
A(t) and B(t) are continuous functions of time

State expectation

E[z(t)]:E[xo]+E{ tA(T)x(THB(T)u(T)dTFE[ tG(T)dw(T)]

! ! (15)

= E[zo] + t: A(T)E[z(7)] + B(T)u(r) dT = my(t) (16)
Expected value

oalt) = Ama(t) + BOu(t),  ma(to) = mo. (17)
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Linear Stochastic Differential Equations

State-transition matrix

DD (t; to)

T A(t)®(t; o), D(to;to) = 1.

Auto-covariance of x (s > t)
R(s,t) = Cov(z(s),z(t)) = ®(s,t)P(t)
Covariance

P(t) = A(t)P(t) + P(AT(t) + GG (1), P(to) = P,
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Linear stochastic differential equation

Linear continuous-time state space model

o
)
=
~—
I

(Az(t) + Bu(t))dt + Gdw(t), dw(t) ~ N(0,Idt),
y(t) = Cx(t) + Du(t) + Fe(t), e(t) ~ N(me, Re)

Zero-order-hold parametrization of manipulated inputs
u(t) = ug, t € [ths trpal

Analytical solution

tr41

T(tpyr) = eABn =t () 4 / eAtn177) Bu(ty) dr + v(ty),

ty

y(tx) = Cx(tr) + Du(ty) + Fe(ty), e(ty) ~ N(me, Re)
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Zero-order-hold parametrization and approximation

Discrete-time process noise

t
o(ty) = / A= @ du(t)
tg

Mean
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Zero-order-hold parametrization and approximation

Covariance
Cov(v(tr)) = E[v(t)o” (tr))
_ E[/tkﬂ eA(tk+1—T)de(T) /tk+1 GTeAT(tk+1—s) dwT(S)]
ti tk
= IE[/tk+1 /thrl eAlrr1=7) dw(T) dwT(s)GTeAT(t’““_S)]
th th

N / Al GET AT )
tg
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Stochastic discrete-time state space models =
Linear discrete-time stochastic state space model

Tp41 = Agxy + Bauy + vy, v ~ N(0, Ry), (30)
yr = Cqzi, + Dauy, + ey, ex ~ N(0, Ra) (31)

System matrices in the state equation

[ﬁ‘f Bal = exp ( a ﬂ zz) , (32)
A R: :AG@’ -

[(f AjT :em)<() _AT]Z), Ry = R AT (33)
A_l‘Rf in4 GGT -

[ 3 A%; = exp ( 0 AT ] Ts> , Ry = AdeT (34)

System matrices in the measurement equation

c,=C, D, = D, Ry = FR.FT (35)

15 DTU Compute Stochastic Adaptive Control 24.3.2026



=
—
=

Proof of discretization
Exponential form

M = [)0( lZ/] = exp ([g ]ij] t) = exp(K't) (36)

Differential form

M

M=KM, Mty =1I (37)
Individual differential equations
X =FX, X(to) =1, (38)
Y =FY +GZ, Y (to) = 0, (39)
Z=HZ, Z(tg) =1 (40)
Solutions
X = eFt0) X (1) = eF'(tt0) (41)
7 = =) 7(1g) = ft=to), (42)

t t
Y = Py (t) + [ NG 7 (1) dr = [ OGN dr
t t
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Proof of discretization

M

Llet F=A H=-AT, G=GGT, tg=ty, and t =ty (tpr1 —tp = Ts)

X = GATS = Ad7 (43)
_AT -

7 ATT, :AdTa (44)
t

v — k+1 eA(tk+1_T)GGT€AT(tk+1_T) dT e—ATTS — Rl = Rlx4z1 (45)
tk

The proof of the other approach is similar, but has one more step:
A change of variables in the integral
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Filters and Estimation
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Objective: Obtain estimate, 2, of the signal x; based on measurements

Yon = |0 Y1
and a state-output relation, e.g.,
yr = Cay + e
Different types of estimation

@ Smoothing (¢ < tn): Use both past and future
data to estimate the states

@ Filtering: (¢t = ty): Estimate the current states
based on current and past data

© Prediction: (¢ > tn): Predict future states
based on past data

19 DTU Compute
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Filter Theory

Stochastic discrete-time system

Ti41 = Axy + Bug + vy, xg ~ N(mo, R),
yr = Cxy + ey,

We will only consider filtering in this lecture

20 DTU Compute
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Filter Theory - The Good Estimate

M

Core concepts of filter design

@ Characteristics of the signal and noise
@ Observation model (relation between y, , €)
© Criterion (what is a good estimate)

O Restrictions (what information is available)

Characteristics: Nature of the states, dynamics, and noises
Observation: Relation between the output, ¥, the state =, and the noise

The criterion: A good estimate minimizes the expected squared deviation
TP
Efl|z — 2] (50)
Restrictions: What data, Y, is available (filter, predict, or smoothe?)
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The filter problem: A good estimator
The law of total expectation

Elg(z)] = Ey [E[g(2)[Y]]

Introduce “inner” objective function

Inner objective function
Jin = ElzTz — 2Te — 272 + 27 2|,
=E[zT2|Y] - 2TE[z|Y] — E[z|Y]T 2 + 272
Optimal estimate
Vidin =22 — 2E[z|Y] = 0,
& = E[z]Y]
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Filter Theory - Projection Theorem

M

Normally distributed vector

) e

Projection theorem: The conditional distribution X[Y ~ N(my,, Pyy,) is

Myly = Mg + PwyPgl(y —my), (60)
“1pT

P,y = Pr — Py P, PL (61)

X —myy, LY (62)

24 DTU Compute Stochastic Adaptive Control 24.3.2026
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Filter Theory - Proof of Projection Theorem

M

Probability density functions

1 1 T p—1
= —3(z=mz)" P77 (z—m2) 63
fxy(z,y) STy ooy L , (63)
1 1 Tp—1
fy(y) = e~ 3(W=my)" Py (y=—my) (64)
(2m)"w /det(Py)

Probability density function of conditional normal distribution

fxy(@,y)
Fety(zly) = 20 @Y) 65
=g ) )
=GB g TP ) ) TRy ()
(2m)n= det(P;)
1
— /436750[ (66)
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Filter Theory - Proof of Projection Theorem =
Schur complement
D =P, — PP, ' P}, (67)
Use Woodbury matrix identity on P!
D1 -D'P,, P!
Pl = [ “1pT p-1 p-1 C1pT hA -1 (68)
-P P, D P+ PP, D™ Py Py
Determinant
det(P,) 1
det(P,) = det(P,) det(D LA
€ ( ) e ( y) e ( ) det(Pz) det(D) (69)
Factor
det(P, 1
K= et(F) = (70)
(2m)n= det(Ps) (2m)"= det(D)
Exponent
Q= (z—mz)TPz_l(z—mz) - (y—my)TPy_l(y—my) (71)

= o = (ma + Poy Py (y = my)]" D7 [z = (ma + Poy Py (y — my)]
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Filter Theory - Proof of Projection Theorem

Mean and covariance of conditional distribution
E[X[Y] = myj, = my + Poy Py (y = my)
Cov(X|Y) = P,, =D = P, — PP, ' P},
Covariance (are the variables independent?)
Cov(X —my),,Y) = Cov(X,Y) — Py P, ' Cov(Y,Y)
= Ppy — PoyP,'Py=0

As X and Y are Gaussian, X — m,,, and Y are independent

zly
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State estimation

Stochastic discrete-time system

Tip1 = Azy + Bug + v, w9 ~ N(2o, P),
yr = Cxy + ey,

vy L xg for all s <t ande; L x4 forall s

Mean and covariance of joint distribution

e (1 2 2)

Conditional state distributions

Ve ~ N(O, Rl),
€t ~ N(Oa RQ)

o|Yi1 ~ N(Zy—1, Prje—1)
ve|Yy = @elye, Vi1 ~ N(i’ﬂta Pt|t)
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State estimation: A recursion =
Measurement equation
yr = Cxy + ey, et ~ N(0, Rg), er L xg (82)
Mean
E[ys|Yi—1] = CE[x¢|Yi-1] + Eles|Yi-1] = Ciﬂt—l (83)
Covariance

Cov(y|Yi-1) = CCOV(:Ct|Yt,1)CT + C Cov(xy, e]Yi—1)
+ Cov(er, 24| Yi—1)CT + Cov(er|Yi—1) = CPyy_1C" + Ry (84)
Cross-covariance
Cov(yt, x|Yi—1) = C Cov(z¢|Yi—1) + C Cov(zy, €4|Yi—1) (85)
= CPt|t—1 (86)

Conditional distribution

Tt jt‘t—l P)t|t—1 Pt|t_1CT
Yo N es ’ 87
|}/;| ’ o <lcxt|t—1] [CPt|t—1 CPt|t_1CT + Ry ( )
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State Estimation 4: The Current Estimate =
Conditional distribution
Ty, Yio1 = 4| Yy ~ N(fi‘ﬂta Pt|t) (88)

Use projection theorem

Zyp = By + Pt|t—1CT<CPt\t—1CT + Ro) "My — Ciyy_1), (89)
Pyy = Pyy—1 — Pyy_1CT(CPyy_1C" + Ry) "' CPyyy (90)
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State Estimation 5: Prediction Estimate
State equation

Zi41 = Axy + Bug +ve, v~ N(0,Ry), v Lagsforalls<t
Mean

Elze1[Yi] = AE[2|Yi] + BE[us[Yi] + Efv:|Y{]
== A'f:t‘t + But

Covariance

Cov(z11]Y;) = A Cov(z|Y;) AT + Cov(ve|Y:) + A Cov (s, ve|Y7)
+ Cov(vy, xt|Yt)AT = APt‘tAT + Ry

Prediction estimate

ﬂ?t+1|t = A:%ﬂt "‘ B’I,Lt,
P = Apt\tAT + R’
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Filter Theory - Kalman Filter

Data/measurement-update (inference)

By = Byp—1 + me(ye — OZyp—),
Kt = Pt\thCT(CPﬂtflCT + Ry) ',
Py = Pyy—1 — ktC Py

Time-update (prediction)

33 DTU Compute
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Example: Pseudocode - Kalman Filter/Simulation
Implementation

Initial values: xg_1, Pyj—1, To

fort=0,...,N
Measurement from true system:
y; = Measurement(xy, €;)

Data update:
[Z4¢, Pyt ki) = DataUpdate(ys, T4s—1, Pyjt—1; C, R2)

Compute control:

uy = Actuator (i)

Apply control:

Tpy1 = Simulator(wy, ug, ve)

Time update:
[‘%t+1‘t7 Pt+1‘t} = TimeUpdate(i’ﬂt, Pt|t7 Uts A, B, Rl)

end
34 DTU Compute Stochastic Adaptive Control
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Example: Estimation of constant
Estimate scalar constant

Tt4+1 = T,
Yy =x¢+ e, e € N(0,72)

Define ¢; = p; !

Dt 1
Rt = = )
pr+re 1+ rog
1 raqt ro
= 1 — K = 1 —_———— = = s
Pre = Pt ( 1+ T2Qt> be 1+ T2Qtpt 14 raqq
1 14 7rogs 1 t+1
Gi+1 = = =¢+—=q + )
Pt+1 2 2 T2
Typr = B+ Ke(ye — 2t)
If go =0 (po = 00),
1 =
j\j g "i‘ _ — i or j\; - — 3
t+1 t+ T+ t(yt t) t= 3 2 Yi
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Two different forms of the Kalman filter

Ordinary Kalman filter

By | [T | [T
Pt|t Pt+1\t Pt+1|t+1

Ordinary Kalman Filter

Predictive Kalman filter

Zy—1 Ty Ty
— —
|]%€|t—1] lpﬂt] [Pt+1|t‘|

Predictive Kalman Filter
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Ordinary form of the Kalman filter
Time-update (prediction)
211 = AZyy + Buy, Zo)0 = %o,
Py = APt|tAT+R1a Pojo = Fo
Data-update (inference)
By = Type—1 + Fe(ye — Coyp—r),
Kt = Pt\t—lcT(CPﬂt—lCT + Ry) 7,
Py = Pyy—1 — kiC Py

Ordinary form of the Kalman filter
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(112)
(113)

(114)
(115)
(116)

fjt|t = (I — /{tC)(AQAS‘t_Ht_l + Butfl) + KUt
Py = AP,_1, 1 AT + Ry — 5,C(AP,_1,1 A" + Ry),

ki = (AP,_p1 AT + R1)CT(C(AP_1p1 AT + R1)CT + Ry) ™!

(117)

(118)
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Predictive form of the Kalman filter
Time-update (prediction)

Zyp1)e = AZyy + Buy, Zo)o = %o,
T
Pt+1|t = APﬂtA + Ry, PO\O =F

Data-update (inference)

Tojp = Bope—1 + Ke(ye — Cyp—1),
Kt = Pt\tflcT(CPth‘,flCT +Ry) 7,
Pt\t = Pt\t—l - HtCPt\t—l

Predictive form of the Kalman filter

Zoy1e = (A — KyC)2ypp—y + Bug + Ky,
P = APt|t71AT + Ry — KtCPt\tflATv
Ki = Aky = APy;_1CT(CPyy1CT + Ry) ™
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