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Lecture Plan

@ ARX models
® ARX estimation

© ARMAX estimation
O ARMAX identification

® ARMAX control

® ARMAX adaptive control
@ Systems and control theory

Design
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@ Stochastic systems + SS estimation
© SS estimation + control

@SS control

® To be decided . ..

@® SS nonlinear estimation

@® SS nonlinear control

Cont:

—)‘ Identification

@7

System
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Today’s Agenda

® Diophantine equations

® Prediction

® What is stochastic control?

® Minimum variance control

® Pole-zero control

® Generalized minimum variance (GMV) control

® Closed-loop simulation
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Polynomials and Transfer functions

Polynomials
BlgY)=byg+big 4+ 4 byg™"

The polynomial is order n if b, £ 0 and b; =0 for i > n
If bp = 1, the polynomial is monic

A transfer function H(q) can be written in infinitely many ways
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Polynomials and Transfer functions =
B(g™") _bo+big 4 4 bug" 3)
Alg™h)  1+aigt 44 ang™
bo+big 4 +bug "
— by — b + 0 1Q_1 nQ_ (4)
I1+a1qg "+ +apg™"

— by — bo(1+a1q71+--~+anq*") b0—|—b1q71+...+bnq7n
’ 14+aig t+--+apg™ 1+aigt+---+a,qg™
(5)
_ 1 (b1 — boar) + (bz — boas)g ™ + - - + (b — boan)g~ ")
=bo+q el 0
1+a1g7t+ -4+ aqg™

(6)
Define the transfer function
B¢ 151
Hg)= - =90+t0 — 1 7
@ Alg )~ A(g™1) )
S1(q*1) =so+s1g ...+ Spyq "M, (8)
go = bo, 8; = bip1 — boait1 9)

n1 = n — 1 is the order of .S}
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Polynomials and Transfer functions

Repeat the rewriting for Al SA?, etc.
B(q) 1 —m-1) | —mSm(@™")
H(q)= 1~ =go+ ot gmerg MY gL (10
(9) (q) ~ 90 gm—1 AT (10)
- - Sm(q_l)
=Gmlg )+ gm0 2 11
(¢ ) Al D) (11)
Diophantine equation
B(g™") = Ala)Gmlg ") +a ™Sl ) (12)
The order of S, is max(n, — 1,n, —m) and the order of G,, is m — 1
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Solving simple Diophantine equations

This (simple) Diophantine equation can be solved iteratively

% Initialize

% |
G = H
S = [B, 0]; % Pad B with zeros to make S as long as A
for i = 1:m

% Augment with first element of S

— 16, S()];

% Update S

S = [S(2:end) — S(1)*A(2:end), 0];
end

% Remove last element
S = S(l:end—1);
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Prediction in the ARMA Structure
ARMA process

Diophantine equation
Clg™") = Al HGmlg™ ") +q ™ Smla™)
m-step prediction based on the solution to the Diophantine equation

_Clh) = Sm(a™")
Yttm = met-i-m = Gm(q " )etrm + Wet

Prediction and error

o Suld) Salg ) (AT L Smleh)
Yt+m|t = Alg 1) €t = Al (C(ql)yt> = 70((1,1) Yt,

gt+m|t = Gn, (qil )et-‘rm

4+ and 7 are independent

This approach requires that C'(¢!) is inversely stable
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Prediction in the ARMAX structure
System
Al DYy =q "Bl )u + Clg V)er +d (18)

k is the control delay

m-step prediction

?jt+m\t = C((jl)(B(q_l)Gm(q_l)UH—m—k + Gm(l)d + Sm(q_l)yt)v (19)

Yttmlt = Gm(q™ertm (20)
Diophantine equation
Clg") = Alg)Cmlg ) +q ™ Smla™) (21)

The order of G, and S, are m — 1 and max(n, — 1,n. — m) and
Gn(0)=1
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Proof of ARMAX prediction
Rewrite future output using the Diophantine equation
Clg™")
== ) 22
Y+ C(q—l)yH (22)
A q_l Gm q_l +q ™S q_l
= AT R, (23)
Gmla™") 0 1 Sm(q™")
=———"A m 24
C(qfl) (q )yt-‘r + C(qil) Yi ( )
Substitute system description
Gm(qil) -1 -1 Sm(qil)
Ytym = W(B(q Jitm—k + C(q " )etrm +d) + e yr (25)
_ 1 -1 ~1 ~1
= 5 (Gonla™) B tttm—k + G (1)d + S (g™ i)
+ Grlg Y ertm (26)
= Gimt + Jegmlt (27)
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Control objectives
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Open-loop

Output

L Open-loop

Manipulated input

Time [h]
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Output

Manipulated input
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Control objectives =
J >
I Open-loop Closed-loop |
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, (squeeze) ______________________|
‘A'A'A' "
‘ 4
L Open-loop Closed-loop -
L (squeeze) |
I
0 6 12
Time [h]
DTU Compute Stochastic Adaptive Control 10.3.2026
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Control objectives =
J >
. L Open-loop Closed-loop Closed-loop |
Rl e e e A (squeeze) _____________ [ (shift) e i
S . M
! 4
&
-~ L Open-loop Closed-loop Closed-loop -
E L (squeeze) (shift) |
2 ; 5
=
E | |
s 0 6 12 18
Time [h]
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Control objectives =
>
. Open-loop Closed-loop Closed-loop Closed-loop
H (shift) _
S
E
&
-~ L Open-loop Closed-loop Closed-loop | Closed-loop -
E L (squeeze) (shift) system change) |
=
5 1 1 1
s 0 6 12 18 24
Time [h]
Open-loop [ Closed-loop ‘ Closed-loop [ Closed-loop —
(squeeze) (shift) (system change)
. N e B s 4
5]
£ 4
g S —
3 ] =
] i
I 4
|
L o e ]
1 1 1 |
0 6 12 18 24
Time [h]
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Control objectives e

. Open-loop Closed-loop Closed-loop
2 (i)
S
E
&
-~ L Open-loop Closed-loop Closed-loop | Closed-loop -
T L (squeeze) (shift) (adapt) |
e ] M
=
g 1 1 1
s 0 6 12 18 24
Time [h]
= Open-loop [ Closed-loop ‘ Closed-loop [ Closed-loop —
(squeeze) i (adapt)
B b -
3
5 L ,
E]
3
Ay

Time [h]
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Control objectives

We are trying to achieve all of the following objectives
@ Reduce the variance of the output, y, under stationary conditions
@ Ensure a proper transient response to changes in the setpoint, w

© Ensure that manipulated input, w, satisfies operational constraints (amplitude, rate
of change)

Remarks on testing
® Typically, we will test the stationary variance for w =0 and d =0

® Test in simulation
® Analyze the stationary state mathematically

® Typically, we will test the transient response without stochasticity, 02 = 0

® Test in simulation
® Use a periodic setpoint, e.g., a square wave

19 DTU Compute Stochastic Adaptive Control 10.3.2026
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Control of ARMAX processes =
ARMAX process
Alg Nye =q "Bl ue + Clg " er +d (28)
General control law (d depends on d)
R(g™ur = Qg™ we — (g ye +d (29)
Criterion used to derive optimal control laws
min J (Y, ) (30)
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Controller test quantities (sanity checks)

Test of tracking error
Jre =Y _(y; — wy)? (31)

Tracking error target (based on stationary distribution of y ~ N (y, P,))

Jra = E[(y — w)?]t (32)
Test of manipulated inputs
¢
Jug =Y 5 (33)
j=1

Manipulated input target (based on stationary distribution of u ~ N (u, P,))
Jus ~ E[u?]t (34)

21 DTU Compute Stochastic Adaptive Control 10.3.2026
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Minimum Variance Control

ARMAX model
Alg ye = a7 "Bl ue + Clg™ ey (35)
B is stable
Minimize the variance
Ji = Ely7 ) (36)
Gr(g™') and Si(¢~!) are the solution to the simple Diophantine equation

Clg™) =AlgHGrla™") +a *Sk(g™) (37)
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Minimum Variance Control =

m-step prediction and error

Jrim = C(;) (Ba)Gmla Vursmr +Smla 'w)),  (38)
Grym = Gm(q™")erym (39)

Cost function (we exploit that §¢1m L Grym)

Jt:E[yak]:E[((@_l)( (a™)Gula™ s + Sila™ m)ﬂ (40)
E {(Gk(q_l)etﬂc)?

Optimal control law

B(q "Grlg " ur = —Sk(q™ ")y (42)
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Minimum Variance Control — Closed-loop analysis =
Closed-loop system
Alg Nye =a "Bla™ue +Clg et (43)
N U -
= ¢ *B(g! b +C(g e 44
q (q )B(qil)Gk(qil)yt (q ) t ( )
e Sk(@™) _
k Pk\d 1
= ¢ P2 Ly 4+ C(g Ve 45
q Gk(q—l)yt (g et (45)
Simplify
=C(q~!) (Diophantine equation)
(Grla™HA(G™) + a7 "Sk(a™)) i = Gela )Claer  (46)
Clg Yy = Grlg HNCa e (47)
ye = Grlg e (48)
Control law
—S:.(g7 L — S (g1 B —S. (a1
Uy = kg™ Yt = kg Gr(q 1)6t = 714((] )et

B(g~1)Gr(q™") B(qg~1)Gr(g™1) B(q™1)

25 DTU Compute Stochastic Adaptive Control 10(%(99



Minimum Variance Control — Closed-loop analysis

Closed-loop system
ye = Grlg Ver, B(g ug = —Sk(q e
The closed loop poles are determined by B(q~!)

The minimum variance controller has the following shortcomings
@ No possibility for setpoints
@ Large control effort

© Undamped zeros (zeros outside of the unit circle)
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MV, controller
ARMAX process
-1\, _ —kp/ 1 -1
Alg )y =q "B(q u +C(q" et +d
Cost function

Je = E[(yt4r — wt)z]

Optimal control law
B(g~"Gr(g us = Clg™wi — Sk(q™")ye — Grlg')d

The Diophantine equation is the same as for the minimum variance
controller

Clg™) =A@ HGrlg™) +q "Se(a™)

28 DTU Compute Stochastic Adaptive Control
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MV, controller — Closed-loop analysis =

Closed-loop system

Y =q "w + Grlg ey, (55)
Blg Yy = Algwi = Sp(g ™V es —d (56)

The poles are determined by B(g™!)

If w; =0 and d = 0, the MV control becomes the minimum variance
control

The MVy controller still has the following shortcomings.
@ Large control effort.

@® Undamped zeros.
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Example of MV, controller

ARMAX model
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—
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Y — 1.7y—1 + 0.Ty—2 = ug—1 + 0.5up—2 + e, + 1.5e;—1 +0.9¢,_2  (57)

Criterion

min J; = E[(yr41 — 1)%]

Polynomials, etc.

AlgH =1-17¢1+0.7¢72,
ClgH=1+4+15¢"140.9¢72,

30 DTU Compute

B(g ) =1+05¢"", (59)

d=0,

w=1, k=1 (60)
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Example of MV, controller

Diophantine equation
1+15¢714+09¢2= (1 —1.7¢7 1 + O.7q_2) Gl H)+q¢ 1St (61)
Furthermore, G(0) = 1, ord[G] = k — 1 and ord[S] = max(n, — 1,n. — k)
ord[G] = 0, ord[S] =1 (62)
Rewrite

14+15¢ 4099 2=1-1.7¢""4+0.7¢7 2+ s1¢" " + s9q2 (63)
1.5 =—-1.7 + sq, 0.9=0.74+ 59 (64)

Match coefficients

G(g) =1, (65)
S(g71) =51+ 527 =3.240.2¢7" (66)
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Example of MV, controller

MV, control law

Optimal control law
(1+0.5¢ Yy = (14 1.5¢7 +0.9¢72)wy — (3.2 +0.2¢7 My,
Substitute w; =1

Uy = 3.4 — O.5ut_1 — 3.2yt — 0-2yt—1

32 DTU Compute Stochastic Adaptive Control
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Example of MV, controller

The control input is large compared to the output

33 DTU Compute

Stochastic Adaptive Control

=
=
=

M

10.3.2026



=
—
=

MYV, control
ARMAX model

M

Alg Dy = ¢ "Blg ue +Clg e +d (70)
Objective function
Ji = E[(yrn — w)* + puj] (71)

Optimal control law

(Bl 6™ + L™ ) ur = Cla™yu = Sela™ s~ Gula™)d

bo
(72)
The Diophantine equation is the same as for the minimum variance
controller
Clg ") = Al "Grlg™) +q *Sk(g™) (73)
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MV; control — Closed-loop analysis

Closed-loop system

. B(g™) B¢ HGr(g™") + £C(¢7)
Yt = ¢q 1 P W+ 1 p 1 €t
B(g™') + £A(™) Blg™) + £ A1)
P
bo
+ d,
B(g™) + £A(g™)
" Alg™h) B Sk(g™!) y
B(g™)+ £A(g) B(g™') + £A(g™)
1

If A(1) # 0 (no pure integrator), MV) contains a stationary error for
nonzero setpoints
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MV, control

M

Penalize changes in the control action
Jo = E[(yerr — we)? + plug — wp—1)?] (78)

Optimal control law

(B(q_l)Gk(q_l) + b[;C(q_l)A) w = C(q " Ywe — Sk(g My — Ge(a™)d

A=1-q! (80

The Diophantine equation is the same as for the minimum variance
controller

Clgh) =AlgHGrla™") + ¢ *Sk(g™) (81)
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MVy, control — Closed-loop analysis
Closed-loop system
T B(g™") o B(g"Gr(g™") + %AC(Q‘l)et
B(g™!) + £AA(¢™) B(g™') + £AA(¢™) ’
(82)
Alg™h) Sk(g™")
= — 83
“ B+ LA Bl + £AAGD) (83)
_ L d (84)

37 DTU Compute Stochastic Adaptive Control 10.3.2026



38

DTU Compute

Pole-zero control

Stochastic Adaptive Control

=
—
=

M

10.3.2026



=
—
=

Pole-zero control =
ARMAX model
Alg ye = ¢ " Blg us + Clg e +d (85)
Relax the objective of following the setpoint
ik Bmld)
_ kM
B= ) (86)
Minimize
Ytk — Witk or A (@ )Yk — Bmlq Hwy (87)
Cost function
-1 -1 2
5= 5| (An(a ik~ Bla )] (68)

Optimal control law
B(g~")Gr(g " ur = Clg™")Bmlg™ wr — Sk~ e — Gr(g™")d  (89)

Diophantine equation

An(gHC(e ) = AlgHGrla™) + ¢ *Sk(g™) (90)
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Pole-zero control - Closed-loop analysis

Stationary closed-loop system

Am(qfl)yt = qikBm( )wt + Gr(q™ )€t7
B(q ") Am(q e = A(q™ ") Bm(q™ Ywe — Si(q™")er —

The pole-zero controller has the following shortcomings

@ Undamped zeros (zeros outside of the unit circle)

40 DTU Compute
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Apm(gh)d  (92)
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Generalized Minimum Variance Strategy
ARMAX model

Alg Yy = ¢ " B(gYur + Clg Her +d
Objective function
Jy = E[ (5 — @1)? + pif]

Filtered variables

-1
Gt = Hy(q)y: = izgq_liyt,
By (g~
Wy = Hy(q)w = Awgg_lswt,
. By(q!
iy = Hy(q)ur = A’LLEZ_I;Ut

p > 0 is a regularization parameter

Ay(O) = Aw(o) = Au(o) = Bu(o) =1

42 DTU Compute Stochastic Adaptive Control
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Generalized Minimum Variance Strategy

M

1

Control law (¢~ is omitted for brevity)

By, S P
[AUBG + aCBu] up = Ay [CAT,“” v Gd], a=q (99)
G and S are solutions to the Diophantine equation
By(¢)C(q™") = Ay(g N A HG(a ) +a "), (100)

G(0) = By(0), ord[G] = k — 1 and
ord[S] = max(ng + na, — 1,18, +nc — k)

Note: The Diophantine equation is independent of the control filter %

43 DTU Compute Stochastic Adaptive Control 10.3.2026



DTU
Generalized Minimum Variance Strategy — Closed-loop analysig=

Closed-loop system

|BALB, + aAB, A, |y = q’k%BAuAywt + [AuBG + aCB, | Ayes
+aB,Ayd, (101)
By,
[BALB, + aAB, A |u; = T AA A w + SAuer — AuByd (102)

We can affect the closed-loop poles using the control filter because it
doesn't affect the Diophantine equation

44  DTU Compute Stochastic Adaptive Control 10.3.2026
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GMV - Special cases
Variant of MV, control

Hy(q) =1, Hu(qg)=1, Hu(g)=1, p=0 (103)
MV control
Hy(q) =1, Hu(q)=1, Hulq)=1, p#0 (104)
MV, control
Hy(q)=1, Hu(g)=1, Hu(@)=1-q"' p#0 (105)
PZ-control

Hy(Q) = Am(q_1)7 Hw(q) = Bm(q_l)a Hu(q) =1, p=0 (106)
MVs3 control:

Hy(q) = Hy(q) = Hy(q)=1, p=0
(107)
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MV3 control
ARMAX model

Al Yy =q"Blg " )ue +Clg Ve +d

Objective function

Control law

Closed-loop system
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A.B S
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Closed-loop simulation =
For each time, t (ap = 1)

@ Evaluate y; as a function of y,_; for j =1,...,nq, up_p—; for j =0,...,my, and
er—; for j=0,...,nc
Yt = bour— + -+ + bp, Ut—f—n, + Co€t + -+ Cp Cton,
— Y1 = = Yo, (113)
@ Evaluate u; as a function of wy_; for j =0,...,nq, y4—; for j =0,...,n,, and
u—j forj=1,...,n,
up = (qowe + - 4+ Gy Wi, — S0Yt — *** — Sn.Yt—n.
= PIU—1 — T, Ut—n, ) /To (114)

483 DTU Compute Stochastic Adaptive Control 10.3.2026
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Closed-loop simulation

Example code

49

% Extract noise and outputs

Yt = y(t — (1:na)); % na = numel(A) —
Ut = u(t — k — (0:nb)); % nb = numel(B) —
Et = e(t — (0:nc)); % nc = numel(C) —

% Compute new

outputs

y(t) = BxUt’ — A(2:end)*Yt' + CxEt’;

% Extract noise

Yt = y(t — (0
Ut = u(t — (1
Wt =

% Compute new

u(t) = (QxWt’

DTU Compute

ins)); %
inr)); %

w(t — (0:nq)); % nq

inputs
— SxYt’

and outputs

ns =
nr =

numel (S) 1;
numel (R) 1;
numel (Q) 1;

1;
1;
1

— R(2:end)*Ut") /R(1);
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