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Today’s Agenda

• Follow-up from last time
• Least-squares parameter estimation
• Maximum likelihood parameter estimation
• Fisher’s information matrix and the Cramér-Rao lower bound (CRLB)
• Recursive parameter estimation (extended Kalman filter)
• Adaptive control
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Follow-up from last time: General pole placement

System

xk+1 =
[
3/10 0
7/10 3/2

]
xk +

[
1
0

]
uk + vk, vk ∼ N

([
0
0

]
,

[
1/100 0

0 1/50

])
(1)

Task: Find a control law that places the closed-loop poles in 1/5

Control law

uk = −Lxk (2)

Closed-loop system

xk+1 = (A − BL)xk + vk (3)
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Follow-up from last time: General pole placement
Eigenvalues

eig
([

3/10 0
7/10 3/2

])
= {1.5, 0.3} (4)

Polynomials

Ad(q) = (q − 0.2)(q − 0.2) = q2 − (0.2 + 0.2)q + 0.22 (5)
= q2 − 0.4q + 0.04, ⇒ α1 = −0.4 α2 = 0.04, (6)

A(q) = (q − 1.5)(q − 0.3) = q2 − (1.5 + 0.3)q + 1.5 · 0.3 (7)
= q2 − 1.8q + 0.45, ⇒ a1 = −1.8 a2 = 0.45 (8)

Controller gain (for controller canonical form)

Lcc =
[
α1 − a1 α2 − a2

]
=
[
−0.4 − (−1.8) 0.04 − 0.45

]
(9)

=
[
1.4 −0.41

]
(10)
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Follow-up from last time: General pole placement
System matrices in controller canonical form

Acc =
[
−a1 −a2

1 0

]
Bcc =

[
1
0

]
(11)

=
[
1.8 −0.45
1 0

]
(12)

Controllability matrices

Wc,cc =
[
Bcc AccBcc

]
, Wc =

[
B AB

]
(13)

=
[
1 1.8
0 1

]
=
[
1 0.3
0 0.7

]
(14)

Similarity transformation matrix

T = Wc,ccW
−1
c =

[
1 −1.5
0 0.7

]
(15)
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Follow-up from last time: General pole placement

Controller gain

L = LccT =
[
1.4 2.4143

]
(16)

Closed-loop system matrix

Acl = A − BL =
[
−1.1 2.4143
0.7 1.5

]
(17)

Closed-loop eigenvalues (poles)

eig(Acl) = {0.2, 0.2} (18)
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Demonstration
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Demonstration
Temperature control laboratory (TCLab)

Link: https://apmonitor.com/pdc/index.php/Main/ArduinoTemperatureControl
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Demonstration
TCLab model

3

1

4

2
Body Body

Heater Heater

Q3 Q4

Q31 Q42

Q32

Q41

Q12

Q1a Q2a

Q3a Q4a

T1 T2

Figure: Four-compartment model of TCLab device.
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Least-squares parameter estimation
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Least-squares parameter estimation
System

System

xt+1 = A(θ)xt + B(θ)ut + G(θ)vt, (19)
yt = C(θ)xt + D(θ)ut + F (θ)et, (20)

Stochastic vectors

x0 ∼ N(m0(θ), P0(θ)), vt ∼ N(0, I), et ∼ N(0, I) (21)

Note: The process and measurement noise are standard normal such that
we can linearize wrt. θ in the recursive formulation
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Least-squares parameter estimation
Least-squares parameter estimation problem
State prediction

x̂t+1 = Ax̂t + But, x̂0 = m0 (22)

Output prediction

ŷt = Cx̂t + Dut (23)

Residuals

ϵt = yt − ŷt (24)

Least-squares parameter estimation problem

θ̂ = arg min
θ

JN (θ; YN ), JN (θ; YN ) = 1
2

N∑
t=0

ϵT
t ϵt (25)

This problem is nonlinear in the parameters, θ, and the solution must be
approximated numerically, e.g., using Matlab’s fmincon.
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Least-squares parameter estimation
Matlab’s fmincon
Syntax

x = fmincon ( fun , x0 , A, b )
x = fmincon ( fun , x0 , A, b , Aeq , beq )
x = fmincon ( fun , x0 , A, b , Aeq , beq , lb , ub )
x = fmincon ( fun , x0 , A, b , Aeq , beq , lb , ub , non lcon )
x = fmincon ( fun , x0 , A, b , Aeq , beq , lb , ub , nonlcon , o p t i o n s )
x = fmincon ( problem )
[ x , f v a l ] = fmincon (___)
[ x , f v a l , e x i t f l a g , output ] = fmincon (___)
[ x , f v a l , e x i t f l a g , output , lambda , grad , h e s s i a n ] = fmincon (___)

Description
Nonlinear programming solver.
Finds the minimum of a problem specified by

min
x

f(x) such that


c(x) ≤ 0

ceq(x) = 0
A · x ≤ b

Aeq · x = beq
lb ≤ x ≤ ub,

(26)

b and beq are vectors, A and Aeq are matrices, c(x) and ceq(x) are functions that return vectors,
and f(x) is a function that returns a scalar. f(x), c(x), and ceq(x) can be nonlinear functions.
x, lb, and ub can be passed as vectors or matrices; see Matrix Arguments.
Link: https://de.mathworks.com/help/optim/ug/fmincon.html
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Least-squares parameter estimation
Matlab’s fmincon: Least-squares objective function

1 f u n c t i o n JN = l e a s t _ s q u a r e s _ o b j e c t i v e _ f u n c t i o n ( theta , Y, U, m0, p )
2 % Crea te system m a t r i c e s ( p r o v i d e d by the u s e r )
3 [ A, B, C , D] = p . c r ea t e _sy s t em_ma t r i c e s ( theta , p ) ;
4
5 % I n i t i a l s t a t e
6 x h a t t = m0;
7
8 % O b j e c t i v e f u n c t i o n
9 JN = 0 ;

10
11 f o r t = 1 :N+1 % ( the r e a l t i s a c t u a l l y 0 :N)
12 % Manipu la ted i n p u t and output
13 ut = U( : , t ) ;
14 y t = Y ( : , t ) ;
15
16 % P r e d i c t output and r e s i d u a l
17 y h a t t = C∗ x h a t t + D∗ ut ;
18 e p s i l o n t = yt − y h a t t ;
19
20 % P r e d i c t s t a t e
21 xhat tp1 = A∗ x h a t t + B∗ ut ;
22
23 % Add to o b j e c t i v e f u n c t i o n
24 JN = JN + 0 . 5 ∗ ( e p s i l o n t ’ ∗ e p s i l o n t ) ;
25
26 % Update s t a t e s
27 x h a t t = xhat tp1 ;
28 end
29 end
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Maximum likelihood parameter estimation
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Maximum likelihood parameter estimation
Likelihood
Multiplication rule

P (A, B) = P (A|B)P (B), P (A, B|C) = P (A|B, C)P (B|C) (27)

Probability density function

p(yN , yN−1, . . . , y0|θ) = p(yN |yN−1, . . . , y0, θ)p(yN−1, . . . , y0|θ) (28)

Likelihood

L(θ) = p(yN , yN−1, . . . , y0|θ) = p(y0|θ)
N∏

t=1
p(yt|yt−1, . . . , y0, θ) (29)

Log-likelihood

ln L(θ) = ln p(y0|θ) +
N∑

t=1
ln p(yt|yt−1, . . . , y0, θ) (30)
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Maximum likelihood parameter estimation
Likelihood for normally distributed variables
Probability density of normal distribution

p(yt|yt−1, . . . , y0, θ) = 1√
(2π)ny det Py,t|t−1

exp
(

−1
2ϵT

t P −1
y,t|t−1ϵt

)
(31)

Residuals

ϵt = yt − ŷt|t−1 (32)

Logarithm of probability density of normal distribution

ln p(yt|yt−1, . . . , y0, θ) = −ny

2 ln 2π − 1
2 ln det Py,t|t−1 − 1

2ϵT
t P −1

y,t|t−1ϵt

(33)

Log-likelihood

L(θ) = −(N + 1)ny

2 ln 2π − 1
2

N∑
t=0

(
ln det Py,t|t−1 + ϵT

t P −1
y,t|t−1ϵt

)
(34)
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Maximum likelihood parameter estimation
Maximum likelihood estimation
Maximum likelihood estimation

θ̂ = arg max
θ

L(θ) (35)

Equivalent formulation

θ̂ = arg min
θ

JN (θ), JN (θ) = − ln L(θ) (36)

Negative log-likelihood function

JN (θ) = (N + 1)ny

2 ln 2π + 1
2

N∑
t=0

(
ln det Py,t|t−1 + ϵT

t P −1
y,t|t−1ϵt

)
(37)

Key differences to least-squares objective function
1 Determinant of covariance is penalized

2 Residuals are weighted by the inverse of the covariance
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Maximum likelihood parameter estimation
Kalman filter equations
Measurement update (vectors)

ŷt|t−1 = Cx̂t|t−1 + Dut,

ϵt = yt − ŷt|t−1,

x̂t|t = x̂t|t−1 + κtϵt

(38)
(39)
(40)

Measurement update (matrices)

Py,t|t−1 = CPt|t−1CT + R2,

Pxy,t|t−1 = Pt|t−1CT ,

κt = Pxy,t|t−1P −1
y,t|t−1,

Pt|t = Pt|t−1 − κtP
T
xy,t|t−1

(41)
(42)
(43)

(44)

Time update
x̂t+1|t = Ax̂t|t + But,

Pt+1|t = APt|tA
T + R1

(45)
(46)
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Maximum likelihood parameter estimation
Matlab’s fmincon: Negative log-likelihood objective function

1 f u n c t i o n JN = m a x i m u m _ l i k e l i h o o d _ o b j e c t i v e _ f u n c t i o n ( theta , Y, U, m0, p )
2 % Crea te system m a t r i c e s ( p r o v i d e d by the u s e r )
3 [ A, B, G, C , D, F ] = p . c r e a t e_ sy s t e m_mat r i c e s ( theta , p ) ;
4
5 % I n i t i a l s t a t e and c o v a r i a n c e
6 xhatttm1 = m0;
7 Pttm1 = P0 ;
8
9 % O b j e c t i v e f u n c t i o n

10 JN = 0.5∗ numel ( Ybar ) ∗ l o g (2∗ p i ) ;
11
12 f o r t = 1 :N+1 % ( the r e a l t i s a c t u a l l y 0 :N)
13 % Manipu la ted i n p u t and output
14 ut = U( : , t ) ;
15 y t = Y ( : , t ) ;
16
17 % P r e d i c t e d output and c o v a r i a n c e , r e s i d u a l , and Kalman g a i n
18 yhatttm1 = C∗ xhatttm1 + D∗ ut ;
19 Pyttm1 = C∗Pttm1∗C ’ + R2 ;
20 e p s i l o n t = yt − yhatttm1 ;
21 kappat = Pttm1∗C’ / Pyttm1 ;
22
23 % Measurement update
24 x h a t t t = xhatttm1 + kappat ∗ e p s i l o n t ;
25 Ptt = Pttm1 − kappat ∗C∗Pttm1 ;
26
27 % Time update
28 x h a t t t p 1 = A∗ x h a t t t + B∗ ut ;
29 Pttp1 = A∗ Ptt ∗A’ + R1 ;
30
31 % Add to o b j e c t i v e f u n c t i o n
32 JN = JN + 0 . 5 ∗ ( l o g ( det ( Pyttm1 ) ) + e p s i l o n t ’ ∗ ( Pyttm1\ e p s i l o n t ) ) ;
33
34 % Update s t a t e s
35 xhatttm1 = xhat tp1 ;
36 end
37 end
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Fisher’s information matrix
and Cramér-Rao’s lower bound
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Fisher’s information matrix and Cramér-Rao’s lower bound
Cramér-Rao lower bound

Lower bound on individual parameter variances1

Cov(θ̂) ⪰ F −1 (47)

where A ⪰ B means that A − B is positive semidefinite.

Fisher’s information matrix

Fij = E
[

∂JN

∂θi
(θ; YN )∂JN

∂θj
(θ; YN )

]
(48)

Typically, maximum likelihood estimators are efficient, which means that
equality holds in the bound

1Theorem 4.4 in the book by A. van den Bos, 2007. Parameter estimation for
scientists and engineers. Wiley.
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Fisher’s information matrix and Cramér-Rao’s lower bound
The prediction problem: Compact notation (recap)
Compact notation

XN =

 x0
x1
...

xN

 , YN =

 y0
y1
...

yN

 , UN =

u0
u1
...

uN

 , VN =

 v0
v1
...

vN

 , EN =

 e0
e1
...

eN

 , (49)

Φxx =

 I
A

...
AN

 , Γxu =

 0
B 0
...

. . .
. . .

AN−1B · · · B 0

 , Γxv =

 0
G 0
...

. . .
. . .

AN−1G · · · G 0

 , (50)

Φyx =

 C
CA

...
CAN

 , Γyu =

 D
CB D

...
. . .

. . .
CAN−1B · · · CB D

 , Γyv =

 0
CG 0

...
. . .

. . .
CAN−1G · · · CG 0

 ,

(51)

Γye =

F
F

. . .
F

 , RV = I, (52)

XN = Φxxx0 + ΓxuUN + ΓxvVN , VN ∼ N(0, RV ), (53)
YN = Φyxx0 + ΓyuUN + ΓyvVN + ΓyeEN , EN ∼ N(0, RE) (54)

*The superscript N on the matrices and the dependencies on the parameters, θ, have been omitted for brevity of notation.
24 DTU Compute Stochastic Adaptive Control 5.3.2024



Fisher’s information matrix and Cramér-Rao’s lower bound
Output expectation and covariance (recap)

Expectation

E[YN ] = ΦyxE[x0] + ΓyuUN + ΓyvE[VN ] + ΓyeE[EN ] (55)
= Φyxm0 + ΓyuUN (56)

Deviation from expectation

YN − E[YN ] = Φyx(x0 − m0) + ΓyvVN + ΓyeEN (57)

Covariance

Cov(YN ) = E
[
(YN − E[YN ])(YN − E[YN ])T

]
(58)

= ΦyxE[(x0 − m0)(x0 − m0)T ]ΦT
yx (59)

+ ΓyvE[VN V T
N ]ΓT

yv + ΓyeE[EN ET
N ]ΓT

ye + · · · (60)
= ΦyxP0ΦT

yx + ΓyvRV ΓT
yv + ΓyeREΓT

ye (61)
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Fisher’s information matrix and Cramér-Rao’s lower bound
Distribution of prediction
Distribution of output prediction

YN ∼ N(mY , PY ) (62)

Mean

mY = E[YN ] = Φyxm0 + ΓyuUN (63)

Covariance

PY = Cov(YN ) = ΦyxP0ΦT
yx + ΓyvRV ΓT

yv + ΓyeREΓT
ye (64)

Negative log-likelihood function (multiplication rule not used)

JN (θ) = − ln L(θ; YN ) = (N + 1)ny

2 ln(2π) + 1
2 ln det PY (65)

+ 1
2(YN − mY )T P −1

Y (YN − mY ) (66)
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Fisher’s information matrix and Cramér-Rao’s lower bound
Linear algebra hints
Problem 1: det(PY) might round to zero even though ln det PY > −∞

Compute logarithm of determinant of covariance matrix using eigenvalues

ln det PY =
NY∑
i=1

ln λi, NY = (N + 1)ny (67)

λi for i = 1, . . . , NY are eigenvalues of PY

Problem 2: PY\epsilon might give imprecise results (and a warning)

Use an LDL factorization (PY = LDLT )

LZ = ϵ, Z = DLT X, (68)
DY = Z, Y = LT X, (69)

LT X = Y (70)
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Fisher’s information matrix and Cramér-Rao’s lower bound
Derivative of negative log-likelihood

First-order derivatives

∂JN

∂θi
(θ; YN ) = 1

2 Tr
(

P −1
Y

∂PY

∂θi

)
− 1

2

(
∂mY

∂θi

)T

P −1
Y (YN − mY ) (71)

− 1
2(YN − mY )T P −1

Y

∂PY

∂θi
P −1

Y (YN − mY ) (72)

− 1
2(YN − mY )T P −1

Y

∂mY

∂θi
(73)

Simplify

∂JN

∂θi
(θ; YN ) = 1

2 Tr
(

P −1
Y

∂PY

∂θi

)
− (YN − mY )T P −1

Y

∂mY

∂θi
(74)

− 1
2(YN − mY )T P −1

Y

∂PY

∂θi
P −1

Y (YN − mY ) (75)
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Fisher’s information matrix and Cramér-Rao’s lower bound
Derivatives of mean and covariance

Derivative of mean

∂mY

∂θi
= ∂Φyx

∂θi
m0 + Φyx

∂m0
∂θi

+ ∂Γyu

∂θi
UN (76)

Derivative of covariance

∂PY

∂θi
= ∂Φyx

∂θi
P0ΦT

yx + Φyx
∂P0
∂θi

ΦT
yx + ΦyxP0

(
∂Φyx

∂θi

)T

(77)

+ ∂Γyv

∂θi
RV ΓT

yv + Γyv
∂RV

∂θi
ΓT

yv + ΓyvRV

(
∂Γyv

∂θi

)T

(78)

+ ∂Γye

∂θi
REΓT

ye + Γye
∂RE

∂θi
ΓT

ye + ΓyeRE

(
∂Γye

∂θi

)T

(79)
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Fisher’s information matrix and Cramér-Rao’s lower bound
Derivatives for prediction matrices

Derivative of matrix power

∂AN

∂θi
=

N∑
k=1

Ak−1 ∂A

∂θi
AN−k (80)

= ∂AN−1

∂θi
A + AN−1 ∂A

∂θi
(81)

Derivative of matrix product

∂

∂θi

(
CAN B

)
= ∂C

∂θi
AN B + C

∂AN

∂θi
B + CAN ∂B

∂θi
(82)

30 DTU Compute Stochastic Adaptive Control 5.3.2024



Fisher’s information matrix and Cramér-Rao’s lower bound
Product in Fisher’s information matrix

Product

∂JN

∂θi
(θ; YN )

∂JN

∂θj
(θ; YN ) =

1
4

Tr
(

P −1
Y

∂PY

∂θi

)
Tr
(

P −1
Y

∂PY

∂θj

)
(83)

+
(

∂mY

∂θi

)T

P −1
Y (YN − mY )(YN − mY )T P −1

Y

∂mY

∂θj
(84)

+
1
4

(YN − mY )T P −1
Y

∂PY

∂θi
P −1

Y (YN − mY )(YN − mY )T P −1
Y

∂PY

∂θj
P −1

Y (YN − mY ) (85)

− Tr
(

P −1
Y

∂PY

∂θi

)
(YN − mY )T P −1

Y

∂mY

∂θj
(86)

−
1
2

Tr
(

P −1
Y

∂PY

∂θi

)
(YN − mY )T P −1

Y

∂PY

∂θj
P −1

Y (YN − mY ) (87)

+ (YN − mY )T P −1
Y

∂PY

∂θi
P −1

Y (YN − mY )(YN − mY )T P −1
Y

∂mY

∂θj
(88)
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Fisher’s information matrix and Cramér-Rao’s lower bound
Expectations of quadratic, cubic, and quartic forms

Let e ∈ Rn be a zero-mean normally distributed variable, i.e., e ∼ N(0, R),
let b ∈ Rn, and let A, B ∈ Rn×n be symmetric matrices. Then,
1 E[eT Ae] = Tr(AR),

2 E[eT AeeT b] = 0, and

3 E[eT AeeT Be] = Tr(AR) Tr(BR) + 2 Tr(ARBR).

From Isserlis’ theorem2

E[eiej ] = Rij , (89)
E[eiejek] = 0, (90)

E[eiejekel] = E[eiej ]E[ekel] + E[eiek]E[ejel] + E[eiel]E[ejek] (91)
= RijRkl + RikRjl + RilRjk (92)

2J. V. Michalowicz, J. M. Nicols, F. Bucholtz, C. C. Olson, 2009. An Isserlis’ theorem
for mixed Gaussian variables: Application to the auto-bispectral density. Journal of
Statistical Physics 136, pp. 89–102. DOI: 10.1007/s10955-009-9768-3
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Fisher’s information matrix and Cramér-Rao’s lower bound
Proof of expectation of quadratic and form
Expand the quadratic form

E[eT Ae] = E

 n∑
i=1

n∑
j=1

eiAijej

 =
n∑

i=1

n∑
j=1

E[eiej ]Aij (93)

=
n∑

i=1

n∑
j=1

RijAij = Tr(ART ) = Tr(AR) (94)

The last equality follows from the symmetry of the covariance matrix, R.

Expand the cubic form

E[eT AeeT b] = E

 n∑
i=1

n∑
j=1

eiAijej

( n∑
k=1

ekbk

) (95)

=
n∑

i=1

n∑
j=1

n∑
k=1

E[eiejek]Aijbk = 0 (96)
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Fisher’s information matrix and Cramér-Rao’s lower bound
Proof of expectation of quartic form
Expand the quartic form

E[eT AeeT Be] = E

 n∑
i=1

n∑
j=1

eiAijej

( n∑
k=1

n∑
l=1

ekBklel

) (97)

=
n∑

i=1

n∑
j=1

n∑
k=1

n∑
l=1

E[eiejekel]AijBkl (98)

=

 n∑
i=1

n∑
j=1

RijAij

( n∑
k=1

n∑
l=1

RklBkl

)
(99)

+
n∑

i=1

n∑
j=1

n∑
k=1

n∑
l=1

(AijRikBklRjl + AijRjkBklRil) (100)

= Tr(ART ) Tr(BRT ) + Tr(A(RBRT )T ) + Tr(ARBRT )
(101)

= Tr(AR) Tr(BR) + 2 Tr(ARBR) (102)

In the last equality, we have used the symmetry of A, B, and R.
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Fisher’s information matrix and Cramér-Rao’s lower bound
Fisher’s information matrix

Fisher’s information matrix

Fij = E
[

∂JN

∂θi
(θ; YN )∂JN

∂θj
(θ; YN )

]
(103)

= 1
4 Tr

(
P −1

Y

∂PY

∂θi

)
Tr
(

P −1
Y

∂PY

∂θj

)
+
(

∂mY

∂θi

)T

P −1
Y PY P −1

Y

∂mY

∂θj

(104)

+ 1
4 Tr

(
P −1

Y

∂PY

∂θi
P −1

Y PY

)
Tr
(

P −1
Y

∂PY

∂θj
P −1

Y PY

)
(105)

+ 1
2 Tr

(
P −1

Y

∂PY

∂θi
P −1

Y PY P −1
Y

∂PY

∂θj
P −1

Y PY

)
(106)

− 1
2 Tr

(
P −1

Y

∂PY

∂θi

)
Tr
(

P −1
Y

∂PY

∂θj
P −1

Y PY

)
(107)
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Fisher’s information matrix and Cramér-Rao’s lower bound
Fisher’s information matrix

Simplify expression

Fij = 1
4 Tr

(
P −1

Y

∂PY

∂θi

)
Tr
(

P −1
Y

∂PY

∂θj

)
+
(

∂mY

∂θi

)T

P −1
Y

∂mY

∂θj
(108)

+ 1
4 Tr

(
P −1

Y

∂PY

∂θi

)
Tr
(

P −1
Y

∂PY

∂θj

)
+ 1

2 Tr
(

P −1
Y

∂PY

∂θi
P −1

Y

∂PY

∂θj

)
(109)

− 1
2 Tr

(
P −1

Y

∂PY

∂θi

)
Tr
(

P −1
Y

∂PY

∂θj

)
(110)

Simplify further

Fij =
(

∂mY

∂θi

)T

P −1
Y

∂mY

∂θj
+ 1

2 Tr
(

P −1
Y

∂PY

∂θi
P −1

Y

∂PY

∂θj

)
(111)
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Recursive parameter estimation
(extended Kalman filter)
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Recursive parameter estimation
Augmented system: Parameter model
Parameter model

θt+1 = θt + Hηt, ηt ∼ N(0, I) (112)

Augmented system

xt+1 = A(θ)xt + B(θ)ut + G(θ)vt, vt ∼ N(0, I), (113)
θt+1 = θt + Hηt, ηt ∼ N(0, I), (114)

yt = C(θ)xt + D(θ)ut + F (θ)et, et ∼ N(0, I) (115)

Compact notation

x̄t =
[
xt

θt

]
, v̄t =

[
vt

ηt

]
, (116)

x̄t+1 = f(x̄t, ut, v̄t), f(x̄t, ut, v̄t) =
[
A(θ)xt + B(θ)ut + G(θ)vt

θt + Hηt

]
, (117)

yt = g(x̄t, ut, et), g(x̄t, ut, et) = C(θ)xt + D(θ)ut + F (θ)et (118)
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Recursive parameter estimation
Linearized system
Linearize around x̄∗, u∗, v̄∗ = 0, and e∗ = 0

f(x̄t, ut, v̄t) ≈ f(x̄∗, u∗, v̄∗) + ∂f

∂x̄
(x̄t − x̄∗) + ∂f

∂u
(ut − u∗) + ∂f

∂v̄
(v̄t − v̄∗),

(119)

g(x̄t, ut, et) ≈ g(x̄∗, u∗, e∗) + ∂g

∂x̄
(x̄t − x̄∗) + ∂g

∂u
(ut − u∗) + ∂g

∂e
(et − e∗)

(120)

The Jacobian matrices are evaluated in the linearization point, e.g.,
∂f
∂x̄ = ∂f

∂x̄ (x̄∗, u∗, v̄∗)

Offsets

d∗ = f(x̄∗, u∗, v̄∗) − ∂f

∂x̄
x̄∗ − ∂f

∂u
u∗ − ∂f

∂v̄
v̄∗, (121)

r∗ = g(x̄∗, u∗, e∗) − ∂g

∂x̄
x̄∗ − ∂g

∂u
u∗ − ∂g

∂e
e∗ (122)
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Recursive parameter estimation
Jacobians

Jacobians

Ā = ∂f

∂x̄
=
[
A S

I

]
, B̄ = ∂f

∂u
=
[
B
]

, Ḡ = ∂f

∂v̄
=
[
G

H

]
, (123)

C̄ = ∂g

∂x̄
=
[
C M

]
, D̄ = ∂g

∂u
= D, F̄ = ∂g

∂e
= F (124)

Jacobians wrt. parameters

S·i = ∂A

∂θi
x∗ + ∂B

∂θi
u∗ + ∂G

∂θi
v∗,

M·i = ∂C

∂θi
x∗ + ∂D

∂θi
u∗ + ∂F

∂θi
e∗

(125)

(126)

All matrices are evaluated in θ∗
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Recursive parameter estimation
Linearized system
Linearized system

x̄t+1 = Āx̄t + B̄ut + Ḡv̄t + dt, (127)
yt = C̄x̄t + D̄ut + F̄ et + rt (128)

Offset models

dt+1 = dt, d0 ∼ N(d∗, 0), (129)
rt+1 = rt, r0 ∼ N(r∗, 0) (130)

Further augmented systemx̄t+1
dt+1
rt+1

 =

Ā I
I

I


x̄t

dt

rt

+

B̄
ut +

Ḡ
 v̄t, (131)

yt =
[
C̄ 0 I

] x̄t

dt

rt

+ D̄ut + F̄ et (132)
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Recursive parameter estimation
Linearized system: Compact notation

Compact notation

Ã =

Ā I
I

I

 , B̃ =

B̄
 , G̃ =

Ḡ
 , (133)

C̃ =
[
C̄ 0 I

]
, D̃ = D̄, F̃ = F̄ (134)

Xt+1 = ÃXt + B̃ut + G̃v̄t, (135)
yt = C̃Xt + D̃ut + F̃ et (136)
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Recursive parameter estimation
Linearized Kalman filter
Measurement update

X̂t|t = x̂t|t−1 + κ̃t(yt − (C̃X̂t|t−1 + D̃ut)), (137)
κ̃t = P̃t|t−1C̃T (C̃P̃t|t−1C̃T + F̃ F̃ T )−1, (138)

P̃t|t = P̃t|t−1 − κ̃tC̃P̃t|t−1 (139)

Time update

X̂t+1|t = ÃX̂t|t + B̃ut, (140)
P̃t+1|t = ÃP̃t|tÃ

T + G̃G̃T (141)

Initial distribution

X̂0|−1 =

ˆ̄x0|−1
d∗

r∗

 , P̃0|−1 =

Px̄x̄,0|−1
 (142)
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Recursive parameter estimation
Linearized Kalman filter: Time update

Mean update

ˆ̄xt+1|t = Āˆ̄xt|t + B̄ut + d̂t|t, (143)
d̂t+1|t = d̂t|t, (144)
r̂t+1|t = r̂t|t (145)

Covariance update

Px̄x̄,t+1|t = ĀPx̄x̄,t|tĀ
T + ĀPx̄d,t|t + Pdx̄,t|tĀ

T + Pdd,t|t + ḠḠT , (146)
Px̄d,t+1|t = ĀPx̄d,t|t + Pdd,t|t, (147)
Px̄r,t+1|t = ĀPx̄r,t|t + Pdr,t|t, (148)
Pdd,t+1|t = Pdd,t+1|t, (149)
Pdr,t+1|t = Pdr,t|t, (150)

Prr,t|t = Prr,t|t (151)
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Recursive parameter estimation
Linearized Kalman filter: Measurement update

Measurement update [ˆ̄xt|t

d̂t|t
r̂t|t

]
=

[ˆ̄xt|t−1
d̂t|t−1
r̂t|t−1

]
+

[
κx̄,t
κd,t
κr,t

](
yt −

([
C̄ 0 I

][ˆ̄xt|t−1
d̂t|t−1
r̂t|t−1

]
+ D̄ut

))
, (152)[

κx̄,t
κd,t
κr,t

]
=

[
Px̄x̄,t|t−1 Px̄d,t|t−1 Px̄r,t|t−1
Pdx̄,t|t−1 Pdd,t|t−1 Pdr,t|t−1
Prx̄,t|t−1 Prd,t|t−1 Prr,t|t−1

][
C̄T

0
I

]
(153)([

C̄ 0 I
][Px̄x̄,t|t−1 Px̄d,t|t−1 Px̄r,t|t−1

Pdx̄,t|t−1 Pdd,t|t−1 Pdr,t|t−1
Prx̄,t|t−1 Prd,t|t−1 Prr,t|t−1

][
C̄T

0
I

]
+ F̄ F̄

T

)−1

,

(154)[
Px̄x̄,t|t Px̄d,t|t Px̄r,t|t
Pdx̄,t|t Pdd,t|t Pdr,t|t
Prx̄,t|t Prd,t|t Prr,t|t

]
=

[
Px̄x̄,t|t−1 Px̄d,t|t−1 Px̄r,t|t−1
Pdx̄,t|t−1 Pdd,t|t−1 Pdr,t|t−1
Prx̄,t|t−1 Prd,t|t−1 Prr,t|t−1

]
(155)

−

[
κx̄,t
κd,t
κr,t

][
C̄ 0 I

][Px̄x̄,t|t−1 Px̄d,t|t−1 Px̄r,t|t−1
Pdx̄,t|t−1 Pdd,t|t−1 Pdr,t|t−1
Prx̄,t|t−1 Prd,t|t−1 Prr,t|t−1

]
(156)
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Recursive parameter estimation
Linearized Kalman filter: Measurement update

Output prediction mean and covariance

ŷt|t−1 = C̄ ˆ̄xt|t−1 + D̄ut + r̂t|t−1, (157)

Py,t|t−1 = C̄Px̄x̄,t|t−1C̄
T + C̄Px̄r,t|t−1 + Prx̄,t|t−1C̄

T + Prr,t|t−1 + F̄ F̄
T (158)

Measurement update

ˆ̄xt|t = ˆ̄xt|t−1 + κx̄,t(yt − ŷt|t−1), (159)

d̂t|t = d̂t|t−1 + κd,t(yt − ŷt|t−1), (160)

r̂t|t = r̂t|t−1 + κr,t(yt − ŷt|t−1), (161)

κx̄,t =
(

Px̄x̄,t|t−1C̄
T + Px̄r,t|t−1

)
P

−1
y,t|t−1, (162)

κd̄,t =
(

Pdx̄,t|t−1C̄
T + Pdr,t|t−1

)
P

−1
y,t|t−1, (163)

κr̄,t =
(

Prx̄,t|t−1C̄
T + Prr,t|t−1

)
P

−1
y,t|t−1, (164)

Px̄x̄,t|t = Px̄x̄,t|t−1 − κx̄,t(C̄Px̄x̄,t|t−1 + Prx̄,t|t−1), Px̄d,t|t = −κx̄,t(C̄Px̄d,t|t−1 + Prd,t|t−1), (165)

Pdd,t|t = Pdd,t|t−1 − κd,t(C̄Px̄d,t|t−1 + Prd,t|t−1), Px̄r,t|t = −κx̄,t(C̄Px̄r,t|t−1 + Prr,t|t−1), (166)

Prr,t|t = Prr,t|t−1 − κr,t(C̄Px̄r,t|t−1 + Prr,t|t−1), Pdr,t|t = −κd,t(C̄Px̄r,t|t−1 + Prr,t|t−1) (167)
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Recursive parameter estimation
Linearized Kalman filter

Trivial estimates

d̂t|t = d̂t|t−1 = d∗, r̂t|t = r̂t|t−1 = r∗, (168)
Px̄d,t|t = Px̄d,t|t−1 = 0, Px̄r,t|t = Px̄r,t|t−1 = 0, (169)
Pdd,t|t = Pdd,t|t−1 = 0, Pdr,t|t = Pdr,t|t−1 = 0, (170)
Prr,t|t = Prr,t|t−1 = 0, (171)
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Recursive parameter estimation
Linearized Kalman filter
Measurement update

ŷt|t−1 = C̄ ˆ̄xt|t−1 + D̄ut + r∗, (172)
ˆ̄xt|t = ˆ̄xt|t−1 + κx̄,t(yt − ŷt|t−1), (173)
κx̄,t = Px̄x̄,t|t−1C̄T (C̄Px̄x̄,t|t−1C̄T + F̄ F̄ T )−1, (174)

Px̄x̄,t|t = Px̄x̄,t|t−1 − κx̄,tC̄Px̄x̄,t|t−1 (175)

Time update

ˆ̄xt+1|t = Āˆ̄xt|t + B̄ut + d∗, (176)
Px̄x̄,t+1|t = ĀPx̄x̄,t|tĀ

T + ḠḠT (177)

Linearized nonlinear equations

ˆ̄xt+1|t = f(x̄∗, u∗, v̄∗) + ∂f

∂x̄
(ˆ̄xt|t − x̄∗) + ∂f

∂u
(ut − u∗), (178)

ŷt|t−1 = g(x̄∗, u∗, e∗) + ∂g

∂x̄
(ˆ̄xt|t−1 − x̄∗) + ∂g

∂u
(ut − u∗) (179)
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Recursive parameter estimation
Extended Kalman filter
Linearization point (time update)

x̄∗ = ˆ̄xt|t =
[
x̂t|t
θ̂t|t

]
, u∗ = ut, v̄∗ = 0 (180)

Transform back to nonlinear equations[
x̂t+1|t
θ̂t+1|t

]
= ˆ̄xt+1|t = f(ˆ̄xt|t, ut, 0) =

[
A(θ̂t|t)x̂t|t + B(θ̂t|t)ut,

θ̂t|t

]
(181)

Linearization point (measurement update)

x̄∗ = ˆ̄xt|t−1 =
[
x̂t|t−1
θ̂t|t−1

]
, u∗ = ut, e∗ = 0 (182)

Transform back to nonlinear equations

ŷt|t−1 = g(ˆ̄xt|t−1, ut, 0) = C(θ̂t|t−1)x̂t|t−1 + D(θ̂t|t−1)ut (183)
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Recursive parameter estimation
Extended Kalman filter: Measurement update
Predicted output

ŷt|t−1 = Cx̂t|t−1 + Dut (184)

Filtered estimates

x̂t|t = x̂t|t−1 + κx,t(yt − ŷt|t−1),

θ̂t|t = θ̂t|t−1 + κθ,t(yt − ŷt|t−1)

(185)

(186)

Kalman gains

κx,t =
(

Pxx,t|t−1C
T + Pxθ,t|t−1M

T
)(

CPxx,t|t−1C
T + CPxθ,t|t−1M

T

+ MPθx,t|t−1C
T + MPθθ,t|t−1M

T + F F
T
)−1

,

κθ,t =
(

Pθx,t|t−1C
T + Pθθ,t|t−1M

T
)(

CPxx,t|t−1C
T + CPxθ,t|t−1M

T

+ MPθx,t|t−1C
T + MPθθ,t|t−1M

T + F F
T
)−1

,

(187)

(188)

(189)

(190)

Covariances

Pxx,t|t = Pxx,t|t−1 − κx,t

(
CPxx,t|t−1 + MPθx,t|t−1

)
,

Pxθ,t|t = Pxθ,t|t−1 − κx,t

(
CPxθ,t|t−1 + MPθθ,t|t−1

)
,

Pθθ,t|t = Pθθ,t|t−1 − κθ,t

(
CPxθ,t|t−1 + MPθθ,t|t−1

)
(191)

(192)

(193)

C, D, and F are evaluated in θ̂t|t−1 and M is evaluated in x̂t|t−1 and θ̂t|t−1
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Recursive parameter estimation
Extended Kalman filter: Time update

Predicted estimates
x̂t+1|t = Ax̂t|t + But,

θ̂t+1|t = θ̂t|t,

(194)
(195)

Covariances

Pxx,t+1|t = APxx,t|tA
T + APxθ,t|tS

T

+ SPθx,t|tA
T + SPθθ,t|tS

T + GGT ,

Pxθ,t+1|t = APxθ,t|t + SPθθ,t|t,

Pθθ,t+1|t = Pθθ,t|t + HHT

(196)
(197)
(198)
(199)

A, B, and G are evaluated in θ̂t|t and S is evaluated in x̂t|t and θ̂t|t
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Adaptive control
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Adaptive control
Self-tuning adaptive control

Self-tuning methods: Combine identification, design, and control

Furthermore, assume that the certainty equivalence principle holds
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Adaptive control
Certainty equivalence principle

Replace the true value by an estimate

θ → θ̂ (200)

Control law

ut = −Lxt → ut = −Lx̂t (201)

Basis for separation theorem between the design of Kalman filters and LQR

Control law in adaptive control

ut = −Lxt → ut = −L̂x̂t (202)

The principle does not guarantee optimality, but is assumed for convenience
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Adaptive control
Explicit self-tuning controllers: Pseudoalgorithm

1 Use yt to compute filtered estimate of states, x̂t|t

2 Use yt or {yt−j}N
j=0 to estimate parameters, θ̂t|t

3 Update controller feedback gain

4 Use x̂t|t to compute the manipulated input, ut

Design

Controller System

Identification

w

v

u y
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Adaptive control
Questions

Questions?
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Appendix
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Derivatives
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Derivatives
Negative log-likelihood function: Derivatives

First-order derivative

∂JN

∂θi
= 1

2

N∑
t=0

(
Tr
(

Py,t|t−1
∂Py,t|t−1

∂θi

)
+
(

∂ϵt

∂θi

)T

P −1
y,t|t−1ϵt (203)

− ϵT
t P −1

y,t|t−1
∂Py,t|t−1

∂θi
P −1

y,t|t−1ϵt + ϵT
t P −1

y,t|t−1
∂ϵt

∂θi

)
(204)

=
N∑

t=0

(
1
2 Tr

(
Py,t|t−1

∂Py,t|t−1
∂θi

)
+
(

∂ϵt

∂θi

)T

P −1
y,t|t−1ϵt (205)

− 1
2ϵT

t P −1
y,t|t−1

∂Py,t|t−1
∂θi

P −1
y,t|t−1ϵt

)
(206)
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