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Lecture Plan

@ System theory

® Stochastics

© State estimation 1
@ State estimation 2
@ Optimal control 1

@ System identification 1 + adaptive

control 1

@ External models + prediction

=
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Design

>
>
>
® Optimal control 2
© Optimal control 3
i System identification 2
@® System identification 3 + model
validation
® System identification 4 + adaptive
control 2
® Adaptive control 3
Identification
u Yy
Controller System
v
Stochastic Adaptive Control 5.3.2024
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Today’s Agenda

® Follow-up from last time

® | east-squares parameter estimation

® Maximum likelihood parameter estimation

® Fisher's information matrix and the Cramér-Rao lower bound (CRLB)
® Recursive parameter estimation (extended Kalman filter)

® Adaptive control
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Follow-up from last time: General pole placement

System
I ls/lo I L (H | [1/100 0 D
7/10 3/2 0 0 0 1/50
(1)
Task: Find a control law that places the closed-loop poles in 1/5
Control law
up = — Ly (2)
Closed-loop system
Tp1 = (A — BL)x) + v (3)

4 DTU Compute Stochastic Adaptive Control 5.3.2024



Follow-up from last time: General pole placement

e (10 o|) 0509

Eigenvalues

Polynomials

Ag(q) = (g —0.2)(g—0.2) = ¢* — (0.2 +0.2)q + 0.2*
=¢>—04¢4+0.04, = a3=-04 ay=0.04,
AlQ) =(g—15)(¢g—03)=¢*— (1.5+0.3)¢+1.5-0.3
=¢*—18¢+045 = a3 =-18 ay;=045

Controller gain (for controller canonical form)

Lee=[a1 a1 as—as] = [-04—(~1.8) 0.04-0.45]
=[14 —041]
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Follow-up from last time: General pole placement

System matrices in controller canonical form

o —a] —ag . 1
ACC - [ 1 O ‘| BCC - [O‘|
_|1.8 —0.45
1 0
Controllability matrices

Wc,cc = [Bcc Acchc} 5 WC = [B AB}
|1 1.8 |1 03
01 |0 07
Similarity transformation matrix

B o[t 15
T'=WeeWe™ = lo 0.7

6 DTU Compute Stochastic Adaptive Control
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Follow-up from last time: General pole placement

Controller gain
L= LT =[14 24143]
Closed-loop system matrix

A= A—BL— [—1.1 2.4143]

0.7 1.5
Closed-loop eigenvalues (poles)

eig(Ay) = {0.2,0.2}
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Demonstration
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Temperature control laboratory (TCLab) =
* USB Serial Connection
Sensor
LED £
> P
Temperature 1
Actuator - @ Digital Pin 9
Analog Pin 0 Digital Pin 5 {
Analog Pin 2 e
Heater 2

Controller . @

Temperature 2

Digital Pin 3

o Heater 1

Link: https://apmonitor.com/pdc/index.php/Main/ArduinoTemperatureControl

9 DTU Compute Stochastic Adaptive Control 5.3.2024
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TCLab model

M

AN AN

ou] N 1

[Body 1 ] Q12 ‘ Body 2 ]

7 N 7 N Q32 T 7 N
(31 Qa2
Q3aT Q41 | TQZLa
Heater Heater
N S
Q3 Q4

Figure: Four-compartment model of TCLab device.
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System =
System
T4l = A(G)(Et + B(H)Ut + G(@)Ut, (19)
Y = C((g)l’t + D(G)ut + F(H)et, (20)

Stochastic vectors
:Z:ONN(mO(Q)?PO(Q))a Vg NN(Oa-[)) etNN(()?I) (21)

Note: The process and measurement noise are standard normal such that
we can linearize wrt. 6 in the recursive formulation

12 DTU Compute Stochastic Adaptive Control 5.3.2024
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Least-squares parameter estimation problem =
State prediction
Tir1 = AZy + Buy, To = myg (22)
Output prediction
:l?t = Cf?t + Dut (23)
Residuals
€& =Yt — Ut (24)
Least-squares parameter estimation problem
. 1Y
0 = argmin Jy(0; Yn), JIN(O;YN) = 5 Z €; €t (25)
0 =0

This problem is nonlinear in the parameters, @, and the solution must be

approximated numerically, e.g., using Matlab’s fmincon.
13 DTU Compute Stochastic Adaptive Control 5.3.2024
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Matlab’s fmincon
Syntax
x = fmincon(fun,x0,A,b)
x = fmincon(fun ,x0,A,b,Aeq, beq)
x = fmincon(fun,x0,A,b,Aeq,beq,Ib, ub)
x = fmincon(fun,x0,A,b,Aeq,beq,|b,ub,nonlcon)
x = fmincon(fun,x0,A,b,Aeq,beq,Ib,ub,nonlcon, options)
x = fmincon(problem)
[x,fval] = fmincon(__)
[x,fval ,exitflag ,output] = fmincon(__)
[x,fval ,exitflag ,output,lambda,grad, hessian] = fmincon(___)
Description
Nonlinear programming solver.
Finds the minimum of a problem specified by
c(z) <0
ceq(z) =0
min f(x) such that A-xz<b (26)
® Aeq -z = beq
b <z < ub,

b and beq are vectors, A and Aeq are matrices, c¢(x) and ceq(x) are functions that return vectors,
and f(x) is a function that returns a scalar. f(x), c(x), and ceq(x) can be nonlinear functions.
%, Ib, and ub can be passed as vectors or matrices; see Matrix Arguments.

Link: https://de.mathworks.com/help/optim/ug/fmincon.html
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https://de.mathworks.com/help/optim/ug/fmincon.html

Matlab’s fmincon: Least-squares objective function

15

(A

[YA
/0

O©OONOOHE WN -

11 for

28 end
29 end

DTU Compute

function JN = least_squares_objective_function(theta, Y, U, m0, p)
% Create system matrices (provided by the user)

B, C, D] = p.create_system_matrices(theta, p);

% Initial state
xhatt = m0;

Objective function
JN =

0;

t = 1:N+1 % (the real t is actually 0:N)

% Manipulated input and output

ut = U(:, t);
yt =Y(:, t);

% Predict output and residual

Cxxhatt + Dxut;
yt — yhatt;

yhatt
epsilont

% Predict state

xhattpl = Axxhatt + Bxut;

% Add to objective function

JN = JN + 0.5%(epsilont "xepsilont);

% Update states

xhatt = xhattpl;

Stochastic Adaptive Control
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Likelihood

Multiplication rule

M

P(4,B) = P(AIB)P(B),  P(A,BIC) = P(A|B,C)P(BIC)  (27)
Probability density function

p(yNanyla .. 7y0‘9) :p(yN‘yN*h v 7y079)p(?/N717 o 7y0|0) (28)

Likelihood

N
L(0) = p(yn,yn—1,---50l0) = p(wol®) [ [ pwelye-1,- -, v0,60)  (29)
t=1

Log-likelihood

N
In £(6) = Inp(yol) + > _ mp(yely—1, - -, o, 0) (30)
t=1

17 DTU Compute Stochastic Adaptive Control 5.3.2024
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Likelihood for normally distributed variables
Probability density of normal distribution

1 1 _
O exp (5 Prhier) (31
\/(27T)ny det Py,t|t—1 2 ’
Residuals
€& =Yt — gt\t—l (32)

Logarithm of probability density of normal distribution

n 1 1 _
Inp(yelyi—1,-.-,y0,0) = —?y In 27 — B Indet P ;1 — Py 1€

(33)
Log-likelihood

(N + 1)n 1Y _
L£(0) = — =5 2w — 03 (Indet Py + €/ By ) (34)
t=0

18 DTU Compute Stochastic Adaptive Control 5.3.2024
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Maximum likelihood estimation
Maximum likelihood estimation
0 = argmax  L(0) (35)
6
Equivalent formulation
0 =argmin  Jy(6), Jn(0) = —In L(6) (36)
0

Negative log-likelihood function

N —|— 1)n _
JIn(0) = ( W+ ny In27m + = Z (ln det Py 44— + Gz’Py7t1‘t,1€t) (37)

Key differences to least-squares objective function
@ Determinant of covariance is penalized

@ Residuals are weighted by the inverse of the covariance

19 DTU Compute Stochastic Adaptive Control 5.3.2024



Kalman filter equations

Measurement update (vectors)

Gtje—1 = CZyp—1 + Duy,
€ = Yt — Ytjt—1,

Tyt = Tyfg—1 T Ke€e

Measurement update (matrices)

Time update

20 DTU Compute

P
ny,t|t—1 = Pt\t—10T>

_ —1
Kt = P:Uy,t|t—1Py’t|t,17

_ T
Py = Pyp1 — ’{tpzy,th‘,fl

wtlt—1 = CPt|t710T + Ra,

Zyy1ye = AZyy + Buy,
Py = APt\tAT + R

Stochastic Adaptive Control

(45)
(46)
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Matlab’s fmincon: Negative log-likelihood objective function

21

(theta, Y, U, m0, p)

and Kalman gain

"% (Pyttml\epsilont));

1 function JN = maximum_likelihood_objective_function
2 % Create system matrices (provided by the user)
3 [A, B, G, C, D, F] = p.create_system_matrices(theta, p);
4

5 % Initial state and covariance

6 xhatttml = mO0;

7 Pttm1 = PO;

8

9 % Objective function

10 JN = 0.5xnumel(Ybar)xlog(2%pi);

11

12 for t = 1:N+1 % (the real t is actually 0:N)
13 % Manipulated input and output

14 ut = U(:, t);

15 yt =Y(:, t);

16

17 % Predicted output and covariance, residual,
18 yhatttml = Csxhatttml + Dxut;

19 Pyttm1l = CxPttm1xC’' + R2;

20 epsilont = yt — yhatttml;

21 kappat = Pttm1xC'/Pyttm1;

22

23 % Measurement update

24 xhattt = xhatttml + kappat*epsilont;

25 Ptt = Pttml — kappat*xC*Pttml;

26

27 % Time update

28 xhatttpl = Axxhattt + Bxut;

29 Pttpl = AxPtt*A’ + R1;

30

31 % Add to objective function

32 JN = JN + 0.5%(log(det(Pyttml)) + epsilont
33

34 % Update states

Bru Compute xhatttml = xhattpl;
36 end

37 end

Stochastic Adaptive Control
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Fisher’'s information matrix
and Cramér-Rao’s lower bound
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Cramér-Rao lower bound
Lower bound on individual parameter variances'

Cov(f) = F~1 (47)
where A = B means that A — B is positive semidefinite.
Fisher's information matrix

8JN aJN

F;,=E ;Y ;Y] 4

Typically, maximum likelihood estimators are efficient, which means that
equality holds in the bound

1 Theorem 4.4 in the book by A. van den Bos, 2007. Parameter estimation for

scientists and engineers. Wiley.
23 DTU Compute Stochastic Adaptive Control 5.3.2024
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The prediction problem: Compact notation (recap) =
Compact notation
xo Yo uo vo €0
1 Y1 ul v1 el
XN = , YN = , Un = , VN = ) En = ) (49)
TN YN UN UN EN
r I 0 0
A B 0 G 0
Toy = . Tou= : . Loy = : : (50)
LAl AN-'p ... B o0 AN-lg ... G o
r C D 0
CA CB D cG 0
q’yw: : s Fyu: : - - ) FyU: : - - s
LcaN caN-lp ... ¢cB D caN-lg ... cG o
(51)
F
F
Fye = . ) RV =1, (52)
L F
XN =®zz20 + TouUN + Taw VN, VN ~ N(0, Ry ), (53)
YN = Pyzzo + TyuUN + Ty VN + Tye EN, ENn ~ N(0,REg) (54)

*The superscript N on the matrices and the dependencies on the parameters, 0, have been omitted for brevity of notation.
24 DTU Compute Stochastic Adaptive Control 5.3.2024



Output expectation and covariance (recap)

Expectation

E[YN] = (I’ymE[xo} + FyuUN + Fva[VN] + FyeE[EN]
= q)ymm() + I‘yu[]N

Deviation from expectation
YN — E[YN] = <I>y$(x0 — m[)) + FyvVN + FyeEN
Covariance

Cov(Yy) = E (Y — E[Yn])(Vy — E[Y))]

= Byl (wo — mo)(wo — mo)" @,

+ rva[VNV§]F§U + ryeE[ENE]TV]PZe +.e-

— <1>yxpoq>§x + rvavrgv + ryeREF;fe

25 DTU Compute Stochastic Adaptive Control
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Distribution of prediction

Distribution of output prediction
YN ~ N(my, Py)
Mean
my = E[YN] = (I)ymmg + FyuUN
Covariance
_ _ T T T
Py = COV(YN) = (I)ya;PO(I)yx + FvaVFyv -+ FyeREFye

Negative log-likelihood function (multiplication rule not used)

In(@)=—InL(6;YN) = (N+21)ny In(27) + %lndet Py
1 _
+ §(YN —my)T Py Yy — my)

26 DTU Compute Stochastic Adaptive Control
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Linear algebra hints =
Problem 1: det (PY) might round to zero even though Indet Py > —o0
Compute logarithm of determinant of covariance matrix using eigenvalues
Ny
Indet Py = » In ), Ny = (N + 1)n, (67)
i=1
A fori=1,..., Ny are eigenvalues of Py
Problem 2: PY\epsilon might give imprecise results (and a warning)
Use an LDL factorization (Py = LDLY)
LZ =, Z =DL"X, (68)
DY = Z, Y = LTX, (69)
L'X =Y (70)

27 DTU Compute Stochastic Adaptive Control 5.3.2024



Derivative of negative log-likelihood

First-order derivatives

1 _10Py __
— 5 (Yy — my)T Pyt 85 Pyi(Yy —my)
— oW —my) By 5
Simplify
S = 3T (RS ) - (- TR
0Py
— =(Yy —my)" P! ag,YPyl(YN—mY)

28 DTU Compute Stochastic Adaptive Control
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Derivatives of mean and covariance

Derivative of mean

Omy 8<I>ym Omo aryu
= b -
00, ~ ap, 0T Puegg T 5 UN
Derivative of covariance
OPy 0%y, Py . OBy \ T
— Py® D, r q) D, P
90, — 09, [0%u T Purgy Pue T Py °<aei>
Ry ORy r Ty \ T
20, RyTy, + Tyogg a6, L Ty RV< 09); )

L e ORE 7 arye>T
) RpT), +Tye—— 56 L +ryeRE<30i

29 DTU Compute Stochastic Adaptive Control

=
=
=

M

(76)

5.3.2024



Derivatives for prediction matrices

Derivative of matrix power

aAN N

_aAN 1,4 104

’L

00; 00;
Derivative of matrix product
0 N oC OAN NOB
a7, (CAYB) = 5 a0, BT 5,

30 DTU Compute Stochastic Adaptive Control
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Product in Fisher’s information matrix

Product
oJn oJnN 1 ( ,13Py) _1 0Py
0;Y, 0;Yn) =~ Tr (P T (P
a0, N)aej(’ N) =7 Y 90, Y 96,

31

omy\T __, T p—19my
P, YN — Yy — P,

+< 20, ) y (YN —my)(YN —my)" Py 20,

1 _, 0P _ _1 0P _
+=(Yn —mY)TPy1 YPYI(YN —my)(Yn _mY)TPY1 YPYI(YN —my)

1 0, 00,

— 8PY _ 8my

—Tr (P71 =) (YN — Tp;l—L

r( 0% 90, )( N mY) 0% 809j

1 ,18Py> T,-10Py __1
— T (PP ) (v — Pt Y poliyy —

2 (Yaei(NmY)Yaer(NmY)

_10Py __ _10m
PYITQ_YPYI(YN—WY)(YN—WY)TP B
1

YN — T
+( N mY) Y 89]’

DTU Compute Stochastic Adaptive Control
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Expectations of quadratic, cubic, and quartic forms
Let e € R™ be a zero-mean normally distributed variable, i.e., e ~ N(0, R),
let b € R™, and let A, B € R™*™ be symmetric matrices. Then,

O Elel Ae] = Tr(AR),

@ E[e” Ace™b] = 0, and

O E[e” AceT Be] = Tr(AR) Tr(BR) + 2 Tr(ARBR).

From lIsserlis’ theorem?
E[eiej] = Rij, (89)
Elesejer] = 0, (90)
Elesejere)] = Elesej]Elere;] + Eleser]Elejer] + Eleiel|Elejer] (91)
= RijRi + RixRji + Ry R, (92)

2J. V. Michalowicz, J. M. Nicols, F. Bucholtz, C. C. Olson, 2009. An lIsserlis’ theorem
for mixed Gaussian variables: Application to the auto-bispectral density. Journal of
Statistical Physics 136, pp. 89-102. DOI: 10.1007/s10955-009-9768-3

32 DTU Compute Stochastic Adaptive Control 5.3.2024
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Proof of expectation of quadratic and form
Expand the quadratic form

EleT Ae] = E Z Z eiAije;| = Z Z Ele;ej]A (93)
i=1j=1 i=1j=1
=Y "> RijA;; = Tr(AR") = Tr(AR) (94)
i=1j=1

The last equality follows from the symmetry of the covariance matrix, R.

Expand the cubic form

i=1j=1

= i i i Ele;ejer]Aijbr =0 (96)

E[eTAeeTb] =E |:(zn: zn: eiAZ-jej> (Zn: ekbk>] (95)
k=1

33 DTU Compute Stochastic Adaptive Control 5.3.2024
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Proof of expectation of quartic form

M

Expand the quartic form

E[eTAeeTBe] =E [(i i 61'Aij6j> (i i ekBklel>

i=1j=1

3 k=1 1=1

n n n n
+3 3 ) (AR BuRj + AijRjiBuRy)  (100)
i=1j=1k=11=1
= Tr(ART) Tr(BRT) 4+ Tr(A(RBRT)T) + Tr(ARBRT)
(101)
= Tr(AR) Tr(BR) 4 2 Tr(ARBR) (102)

In the last equality, we have used the symmetry of A, B, and R.

34 DTU Compute Stochastic Adaptive Control 5.3.2024
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Fisher’s information matrix

M

Fisher's information matrix

a.J a.J
Fj=E [ 80N (0;Yn) aQN (0; YN)] (103)
_ 1 _18Py _18PY 8my T 1 _18my
T 1 <PY ae) (PY ae)*(ae) BBy
(104)
1 13PY -1 _19Py 4
4 ( Y 80 Py) Tr (P ae] Py (105)
+ iy 1‘913‘/131,1131/133,1a Y polpy, (106)
2 06,
0Py 0Py __
I )a(ethen) o

35 DTU Compute Stochastic Adaptive Control 5.3.2024
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Fisher’s information matrix

M

Simplify expression

T
Fij = Iy (P—lapy) Tr (P—lapy> + <amy) po1omy (108)

4 Y00 Y00, 90; Y00,
+ 4T1" <PY 26, )Tr (PY —aej ) + 2TI“ (PY 7391‘ Py 7393'
(109)
1 _10Py _10Py
_-T 1z r 127 r
— (Py 20, )Tr (PY 7, ) (110)

Simplify further

R 8my T —18mY 1 _18PY —1aPY
F”‘(a&) B g, T Y e 1Y 5, (111)

36 DTU Compute Stochastic Adaptive Control 5.3.2024
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Recursive parameter estimation
(extended Kalman filter)
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Augmented system: Parameter model
Parameter model

Ot+1 =0 + Hny,
Augmented system
T4l = A(G)l‘t + B(G)ut + G(G)vt,

Orv1 = 0 + Huy,
Yt = C(@)J?t + D(H)ut + F(@)et,

Compact notation

Tip1 = f(Zg,ue,0),  f(@e,ug, Vp)

Yt = 9(Te,ur, er),  g(Tt,ur, e) = C(0)wy + D(0)us + F(0)eq

38 DTU Compute

M NN(OaI)

vy ~ N(0,1),
ng ~ N(07I)a
et ~ N(0,1)

_ (0
Ut = 3

0+ Hn

[A(e)xt + B(0)u; + G(0)v;

Stochastic Adaptive Control
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Linearized system

Linearize around z*, u*, v* =0, and e* =0

of of of

f(@e,up, vp) = f(25, 0", 0%) + %(jt - )+ %(Ut —u’) + %(Ut —v%),
(119)
— — % x % 8 — —% 8 * 8 *
9@ wer) ~ g(a " €) + 58 (@ — 7 + S (= ) + S (e — )
(120)

The Jacobian matrices are evaluated in the linearization point, e.g.,

a—i—ai(x u*, v*)

Offsets

Of o« Of _ Of
25 "o o’
r*=g(x*,u",e*) — 83: ~ 5.4 T 5.¢ (122)

d* = f(z*,u*, %) — (121)

39 DTU Compute Stochastic Adaptive Control 5.3.2024
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Jacobians
Jacobians
- of (A S - Of
A‘ax_[ 11’ P=
-~ _Og - 0Og
C_£_[C M}, D=3
Jacobians wrt. parameters
0A o
Si = 96,
oC

OB

00;
8D

06;

oG
+>E%;v

oF
+_E%fe

All matrices are evaluated in 6*

40 DTU Compute
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Linearized system
Linearized system

Typ1 = AZy + Buy + Gy + d,
yt:C_'it—i—Dut—i—Fet—Frt

Offset models
dt+1 - dt7
Tt4+1 =T,

Further augmented system

Ny

Tty
dip1| =
Tt+1

Tt

do ~ N(d*,0),
ro ~ N(r*,0)

yt:[C_’ 0 I} d;| + Duy + Fey

41 DTU Compute

Tt
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Linearized system: Compact notation

Compact notation
AT
A= I ,

ool
Il
[}
Il

]
I
S
eS]!
Il
S]]

42  DTU Compute

Xt+1 = AXt + But + Gi_Jt,
yr = CX; + Duy + Fey

Stochastic Adaptive Control
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Linearized Kalman filter

Measurement update

Xt|t = g1 + Re(ye — (C'Xtuq + Duy)),
it = By CT(C Py O + FFTY Y,
Pt|t = P11 — RtCPﬂtq
Time update
Xt—l—llt = AXﬂt + BUt,
Pt+1|t = Apt\tAT +GGT
Initial distribution

Zo|—1 3 Pzz.01-1

Xo1=| & |, Pyy =

r*

43  DTU Compute Stochastic Adaptive Control
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Linearized Kalman filter: Time update

Mean update

Ty = ATy + Bug + dy,
dit1e = dys
T4t = Tt

Covariance update

P.
Pragv1e = APa?d,t|t + Paq it
Prriiie = APg‘cr,ﬂt + Par gt
Paatv11t = Pades11t

Pdr,t+1|t = Pdr,t|t7
P'r'r,t|t = Prr,t|t

44  DTU Compute Stochastic Adaptive Control

TE 1t — APii,ﬂtAT + Api;d7t|t + Pd:E,t|tAT + Py e + GGT,
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Linearized Kalman filter: Measurement update

Measurement update

Tl
dyt
Tt|t
Kzt

Kd,t
Kot

Pzz t1t  Pzatit  Prrt|t
Paz t1t  Padt|t  Part)t
Prztit  Pratie  Pre)t

45 DTU Compute

T|t—1
= |dge—1 | +
Tt|t—1
Pzz t)t—1
= | Paz,t|t—1
Prgz tjt—1
[C‘ 0 1}
Pzz t)t—1
= | Paz,t|t—1
Prz t|t—1
Kzt | .
— | Ka,t [C
Kot

=
—
=

<
>
.
[kz,e B ij\t—l -
rat| | we— [C 0 1} dyje_y | +Due | |, (152)
L firt Telt—1
Pza,tjt—1  Pzrtjt—1 cT
Paa,tjt—1  Partjt—1 0 (153)
Pratjt—1  Pretjt—1 I
- _ -1
Pia’c,t\t—l Pind,t|t—1 Pir,t\t—l cT .
Paz t1t—1  Pad,tjt—1  Partjt—1 0| +FF s
_Pri,t\tfl Prd,t|t71 Prr,t\t—l I
(154)
Pzatjt—1  Prrtjt—1
Paatjt—1  Partjt—1 (155)
Pratit—1  Pretjt—1
Pzz tit—1  Pzatjt—1  Pzartjt—1
0 I] Paz tjt—1  Pad,tjt—1  Pdrtjt—1 (156)
Prztjt—1  Prdtjt—1  Prrtjt—1
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Linearized Kalman filter: Measurement update

Output prediction mean and covariance

Gtjt—1 = CZy g1 + Due + P43 1,

= =T | A =T = =T
Py t1t—1 = CPzz ¢1t—1C" + CPzp tjt—1 + Prz ¢|t—1C" + Prpgjt—1 + FF

Measurement update

Pian.t\t =

Pad,t|t
P

rrt|t

~T
t = (Piiv,t\t—lc +Pir,t\t—1) P

¢ = Tyje—1 + mz, e (Yt — Geje—1),

=dyjg—1 + ra,t (Ut — Tgjp—1),
=Pee—1 T ort (Yt — Geje—1),

y,t)t—1’
. 1
= (Pd.'?:,t\t—lc + Pdr,t\t—l) P17

~T —1
= (Pri.t\t—lc + Pw,t|t—1) Py te—17
Piz t|t—1 — Ni,t(éPia’c,L\t—l + Prg tjt—1)
= Paq,tjt—1 — ®d,t(CPzqjt—1 + Pratjt—1)s

= Prprtjt—1 = 5rt(CPgptjt—1 + Prrtjt—1),

46 DTU Compute

)
o |
=

M

(157)

(158)

(159)
(160)
(161)

(162)
(163)

(164)

Pza,t)t = *”i,t(épid,ﬂt—l + Prg¢t—1), (165)

Pzrtit = —k5,t(CPgpjt—1 + Prr¢jt—1), (166)
Pap it = —#d,t(CPgryjt—1 + Prpyje—1) (167)
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Linearized Kalman filter

Trivial estimates

7 7 *
dyjy = dyjp—y = d",
P&:d,t|t = Pi:d,t|t—1 =0,
Pdd,t|t = Pdd,t\t—l =0,

Prr,t|t = Prr,t|t71 =0,

47 DTU Compute

A . _ *
Tt = Ttjt—1 =T
P:?:r,t|t = Pi:r,t|t—1 =0,

Pdr,t|t = Pdr,t|t—1 =0,

Stochastic Adaptive Control
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Linearized Kalman filter =
Measurement update

Qijt—1 = Cyy—1 + Dug + 17, (172)
i't\t = i't\tfl + Kzt (Yt — Geje—1)s (173)
Kzt = Pj;&:,t|t—1éT(C_'Paz§;,t|t—1éT +FFT)7, (174)
mez,t\t = Pj:?:,t|t—1 - ’fi,tépgz:at\t—l (175)
Time update
Tp1ye = A%y, + Bug + d*, (176)
Prz i1t = APﬂ,t\tAT +GG" (177)

Linearized nonlinear equations

2 —% ok =% 8f o —% af *

Tip|t = f(Z*u*, v )+%(5Et\t—$ )—i—%(ut—u ) (178)
~ —% B 8 2 —x 8 *

Ye)t—1 =g(",u", e") + 87;(%“_1 -7+ 8Z(ut_u ) (179)
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Extended Kalman filter
Linearization point (time update)

M

_ o 2 _
=Ty = [A”t] ) u* =y, 0" =0 (180)
Transform back to nonlinear equations

i A A A(0y) 2y + B0y, )us,
[éz—‘:i:j =Ty = f(xt‘t’ut’()) _ [ ( t|t) tt - (O )ue (181)

Linearization point (measurement update)

T =

K

o1 = [gﬂt—l} 7 uwt = ug, e* =0 (182)
tlt—1

Transform back to nonlinear equations

Geje—1 = g(‘%thﬁfla ug, 0) = C(éﬂtfl)@ﬂtfl + D(ét|t71)ut (183)
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Extended Kalman filter: Measurement update

Predicted output

Filtered estimates

Kalman gains

Gtjt—1 = C24p—1 + Dut

Byp = Beje—1 T Kat (Yt — Tepe—1),

o0 = O¢je—1 + ro,e (Ut — Geje—1)

T T T T
Ka,t = (Pm,t,\t—lc + Pro,tjt—1 M )(Cpxm,t,\t—lc + CPrg tjt—1 M

-1
+ JLIPgJ’t‘t_lcT + I\/IPegyt‘t_lMT + FFT) ,

T T T T
Kot = (Pea;,t\t—lc + Pgg t)t—1M )(CPM,WAC + CPyg gjt—1 M

—1
+ MPyy 41y 1CT + MPyy 1y M7+ FFT) )

Covariances

Prot)t = Pewt|t—1 — Fa,t (Cpmm,t\tfl + Adp@x,ﬂtfl) )
Pro,t|t = Pro,t|t—1 — Ka,t (CPze,ﬂt—l + ]‘4P99,t\t—1) )

Poo t1t = Poo,t|t—1 — Kot (CchQ‘t\t—l + MPGQ,tIt—l)

C, D, and F are evaluated in ét|t—1 and M is evaluated in it\t—l and ét\t—l
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(184)

(185)
(186)

(187)
(188)
(189)

(190)

(191)
(192)

(193)
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Extended Kalman filter: Time update =

Predicted estimates

£t+l|t = A'ffjﬂt + BUt, (194)
Oiape = O (195)
Covariances
Prviv1t = Ame,ﬂtAT + Aan,t|tST (196)
+ 5Py 1y AT + SPyg ST + GG, (197)
Prg i1t = APpo it + SPag 4t (198)
Poo i1t = Poose + HH" (199)

A, B, and G are evaluated in étlt and S is evaluated in Z;; and ét‘t
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Adaptive control
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Self-tuning adaptive control

Self-tuning methods: Combine identification, design, and control

Furthermore, assume that the certainty equivalence principle holds

Design

w l
4>|ﬂu’oller

D

System
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Certainty equivalence principle

Replace the true value by an estimate
0—0 (200)
Control law
u =—Lr; — u=—Liy (201)
Basis for separation theorem between the design of Kalman filters and LQR
Control law in adaptive control

uy = —Lxy — U = —Lfﬁt (202)

The principle does not guarantee optimality, but is assumed for convenience
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Explicit self-tuning controllers: Pseudoalgorithm

@ Use y; to compute filtered estimate of states, Z;;
@ Use y; or {y,_;}I_, to estimate parameters, §t|t
© Update controller feedback gain

O Use ), to compute the manipulated input, u;

| G
Design Identification
| —

Controller System

i
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Questions

Questions?
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Appendix
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Derivatives
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Negative log-likelihood function: Derivatives

First-order derivative

oIy 1Y OP, 411 de\"
o0, :2Z<Tr(Py’“‘1 00, )*(aei) P

t=0

OP, 41— P
T p-1 yitlt—1 51 oo Oe
—€ Py’ﬂt*lTﬁl’Py,tlhlet + € Py’t“l@&i)
al T
1 OPy 411 Oey 4
-3 (51 (P =) + (52) P

1 751 aPy,t\t—l -1
— 5% P i1 0, P16t

59 DTU Compute Stochastic Adaptive Control

=
—
=

M

(203)

(204)

(205)

(206)

5.3.2024



	Demonstration
	Least-squares parameter estimation
	Maximum likelihood parameter estimation
	Fisher's information matrix and Cramér-Rao's lower bound
	Recursive parameter estimation
	Adaptive control
	Derivatives

