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Lecture Plan

@ Systems theory

@ Stochastics

© State estimation - Kalman filter 1
@ State estimation - Kalman filter 2
@ Optimal control 1 - internal models

@ External models

@ Prediction + optimal control 1 -
external models

=
—
=

M

@® Optimal control 2 - external models
© System identification 1
@ System identification 2

@® System identification 3 + model
validation

@® Adaptive control 1

® Adaptive control 2

Design
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Controller

System
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Today’s Agenda

® Follow-up from last lecture
® Model structures
® Spectral signals

® Properties of external systems
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Follow-up from last time: General Pole placement

Last time, we saw how we could change the poles of a system on controller
canonical form, by a control law:

[y

)

u=—Lz L:[al—al an—an} (

where a and a are the coefficients of the A polynomial of the desired and
current system respectively.

We will now consider the general linear system:
Tyl = Axy, + Buy (2)
and remember the controllability matrix:

W.=|B AB A’B ... A"B (3)
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Follow-up from last time: General Pole placement

We use a similarity transformation to transform the original system to
controller canonical form. The transformed state variables are £ = T'x and

Tpp1 = Topp (4)
= T Axy, + T Buy, (5)
= TAT 'z}, + TBuy (6)
= A% + Buy. (7)

Next, we compute the feedback matrix such that
ug = —LecT. (8)

Finally, the feedback law for the original system is
up, = —LecT'y, (9)
= —Luxy, (10)

where

L =L.T. (11)
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Follow-up from last time: General Pole placement
@ Choose the desired poles (eigenvalues of the system matrix), {\s;}/_;, and
compute the actual poles, {\;}7 ;.

@® Compute the polynomial coefficients of the desired, {«;}!_,, and actual,
{a;}_,, polynomial:

n n

Aa(g) = [T(a = a0, Alg) =]J(a= ). (12)

i=1 i=1
In our case, Aq(q) = ¢*> — (Aa.1 + Aa2)q + Aa,1Aa,2 and similarly for A(q).

© Compute the feedback matrix, L., for the system transformed to controller
canonical form:

Lee = [al —ai ... Oy — an.] (13)

@ Compute the similarity transformation matrix by
T = WeeeW:, (14)
where W, .. is the controllability matrix of the controller canonical form.
@ Compute the feedback matrix for the original system:
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Follow-up from last time

Questions?
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Follow-up from last time

M

The pole placement approach is relatively simple. Which control aspects do
we not address with this approach?

Think about it for yourself for one minute and
then discuss with the person next to you for one minute.
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The Moving-Average (MA) Process =
The MA(q) process is defined according to:
The process {y;} given by
n
Yt =&+ Z Ck€t—k, Co=1 (16)

k=1

where {e}} represents a white-noise process (i.e. independent and Gaussian

with variance ¢2), is called a moving average process of order n.
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The Moving-Average (MA) Process

Let g denote the shift-operator defined according to
¢ 'y =y,

then the MA(q) process can defined using the compact notation
yr = 0(q)et,

where the shift-polynomial 6 is defined according to
n
0(q) =1+ Org "
k=1

The corresponding transfer function is given as 6(z).

P Zzzl ekzn—k
on

0(z) =
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The Moving-Average (MA) Process

M

Finite-order MA processes have the following properties:
® They are always stationary.

® Invertible if the zeros 6(z) = 0 lie within the unit circle.

Remember that a process is invertible if the innovations can be represented
as a function of past observations.
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The Moving-Average (MA) Process =
The auto-covariance function of an MA(q) process is given by
2 ... =
(k) = {crE (ck +cicgp1+--- + cq_kcq), |k| =0...q (21)
0, |k| > 0...q,
and in particular, the (always stationary!) variance is given by
q
02— 4(0) = o2 (1 iy cz) | 2)
k=1
The spectral density of the MA(q) process is given by
o2 4 4 o2 q N 2
_ Y w —iw) _ e —tkw _
f(w)—zﬁe(e )0(6 ) 5, 1+kz::16ke , we€[-m,m. (23)
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The Auto-Regressive (AR) Process =
The AR(m) process is defined according to:
The process {y;} given by
m
Ye + Z apYi—k =€, ap =1 (24)

k=1

where {e}} represents a white-noise process, is called an auto-regressive
process of order m.

13 DTU Compute Stochastic Adaptive Control 7.3.2023



=
—
=

The Auto-Regressive (AR) Process

M

The AR(m) process can defined using the compact notation

A(Q)yr = &t, (25)

where the shift-polynomial A(q) is defined according to

m
Alg) =1+ arg™ . (26)
k=1
The corresponding transfer function is given as !
rr ndain ran r runction | ven .
p g g A(z)

The term auto-regressive is framed based on the fact that y; can be viewed
as a regression on past values

m
Yt =€t — Z ARYt—k- (27)
k=1
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The Auto-Regressive (AR) Process

M

Finite-order AR processes have the following properties:
® They are always invertible.
® Stationary if the roots A(z) = 0 lie within the unit circle.

The equation
A(z) =0 (28)

is also called the characteristic equation.
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The Auto-Regressive (AR) Process

M

The auto-covariance function of an AR(m) process satisfies the linear
difference equations given by

~v(k) + i ajy(k—j)=0, k>0, (29)
j=1

with initial conditions given by
m
9(0) + > av(5) = o2, (30)
j=1
where we remember the symmetry of auto-covariance functions

~v(k) = v(—k). The spectrum of the process is given by

2
Top 1

T or 1+ 3m, ake—ikw|2

f(w) (31)
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The ARMA Process =
The ARMA(m,n) process is defined according to:
The process {y;} given by

Yt + Z apYi—k = €t + Z CkEt—k) (32)

k=1 k=1

where {€;} represents a white-noise process, is called an auto-regressive,
moving-average process of order (m,n).
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The ARMA Process

M

The ARMA(m,n) process can defined using the compact notation

AlQ)y: = C(q)e, (33)

where the shift-polynomials A(gq) and C(q) are defined according to
AlQ)=1+> arg™™ and C(qg)=1+> g * (34)
k=1 k=1

C(q)
Alq)

The corresponding transfer function is given as
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Advanced External Model structures

The ARMAX structure:
Alq Nye = Blqg ug + Clg Hes

The Box-Jenkins Structure:

~ B(g! Clg!
e T D
The L-Structure:
_ B(q! C(q™!
A(q 1)yt = FEq1;Ut+ D(qil)et
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Covariance functions - reminder

Auto covariance function:

r2(5,t) = cov(xs, 2) = B(zsxl ) — E(zs)E(z])
cross covariance function:

ray(s,t) = cov(ws, ye) = E(zsyi ) — Bws) E(y/)

Rules and Notation:

re(k) =re(t+k,t) ray(k) =rey(t +k,t)
ra(k) =13 (=k)  ray(k) =y, (=k)

2t =T+ Yy ro(k) = ra(k) + Ty(k) + "”wy(k’) + rg:cry( k)
roa(k) = ro(k) + L, (—k)

2z = Axy (k) = Arg (k) AT 1. (k) = Arg (k)
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Variance and Spectral properties

Let us now continue with the ARMA model:
Alg Ny =Clg Ner & ye = thq er, er~N(0,00)  (45)

The cross covariance of the ARMA model is given by:

_ _ 1 k=0
Alg rye(k) = Clg~h)opo?, o = (46)
0 else
rye(k) = hyo? (47)
The auto covariance, can be obtained from the Yule-Walker equation:
Alg)ry(k) = Clq)rey (k) (48)
ry(k) = o2hy x h_y (49)
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Spectrum and Spectral density

While covariance is a time-domain characteristic, a corresponding
characteristic in the frequency-domain is the spectrum

Go) = 2 = S ralk)et (50)
k=—oc0

Vo) = Zoray(B) = S ray(k)et (51)
k=—o0

A subset of the spectrum is the spectral density z = e/ of the unit circle:
$u(w) = Ua (&) = Fro(k)), w € [~7,7] (52)

re(k) = % /: bo(w)e?Fdw (53)

F and Z, indicating Fourier transform and bilateral Z-transform,
respectively.
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Spectrum and Spectral density

Considering an ARMA model with the transfer function:
Cbo+ bz bz
S ldarzl 4 tap,z e

Then its spectrum is given by:

H{(z)

bo + % bi(2h + 277
U(z) = H(z)H(z") = o
ag + ;1 &i(zi + Zﬁi)

Ng ny
C_LZ‘ = E Q5 —3, bi = E bjbj_z‘
j=i j=i

The spectrum density is then given by

bo + i 2b; cos(iw)

$(w) = V() = o
ap + . 2a; cos(iw)

i=1
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Spectrum and Spectral density =
Continuing with the ARMA model:
ye = H(z2)er (58)
Then its spectrums is given by:
Uy(z) = HH(")o?  Uy(z) = H(z)o? (59)
With the spectrum density given by
¢y(z) = H(E@)H (e 7)o ¢ye(z) = H(e ¥)o? (60)
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Spectral Factorization

M

Let us consider the opposite situation, Spectral factorization.

Consider a stationary process given by its spectral density ¢(w) > 0 and
rational, then there exists a H(z) with only zeroes/poles inside the stability
area, such that:

$(w) = H(e/*)H (7)o (61)

The representation theorem: Given a weak stationary stochastic process
with rational spectral density ¢(w) > 0, this can be represented by:

yr = H(q)er, ey (white) (62)

where H(q) and its inverse is asymptotically stable, and the spectral density
of y; is Pp(w)
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Spectral Factorization

If we have a polynomial ¥(z) with ¥(e=7%) >0 € R:
V() =Tz "+ 11z ") 2" e (63)
then there exist a polynomial P(z), such that:

U(z) = P(z71)P(z) (64)
Pz Y =po+pz ' +.. . +p.z" (65)

with all zeros lying within the unit circle.
The spectrum of H(z) can be considered a ratio of spectra:

Up(z) = H)H(z71) = = = (66)
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Spectral Factorization

Using a correction polynomial, X (z), we can compute the factorized
polynomial in iterative approach:

O Lz HXi(2)+ Pi(2)X;(271) =2U(2)
@ Pii(x7) =3Pz + X(271)

with each correction been computed from:

Pn 0o ... 0 o 0 ... 0 po | [xo Tn
Pn-1 Pn --- 0] |21 0O ... po p1]| |71 Trn—1
_ ) . B =2 :
Do Pr ... Dn Tn Po ... DPn—-1 DPn Tn To
(67)
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Stochastic systems on external form =
Consider the system
ye = Hy(q)us + Hy(q)ve, v ~ N(0,0%) (white) (68)
The stochastic description then becomes
E{y} = my = Hy(q)uy (69)
Alg™ryo(k) = ClaHro(k) (70)
Alg™Hry(k) = Clq)ruy(k) (71)
ruy(k) = 1y (=) (72)

In the case of non-white disturbance, a rational assumption, makes the
substitution of v, = H,e; sufficient. where H,, and its inverse are asymp.
stable.
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Stochastic systems on external form =
Consider the asymp. stable system
ye = Hu(@)us + Ha(@)vs, v ~ F(py, 03) (73)

If vy is weakly stationary process, then y; is also a weakly stationary process
given by

E{y:} = pyr = Hu(1)ug + Hg(1) (74)
A(g ryo(k) = Clg~ro(k) (75)
Al ry(k) = Cg~ )ruy (k) (76)
Fuy(K) = 1 (— k) (77)
If vy is Gaussian, y; is strongly stationary process.
In the frequency-domain we have:
W, (2) = Ha(2) W, () H] (=) (78)
Wyo(z) = Ha(2) ¥ (2) (79)
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System gains
Consider the system on both internal and external form:

Ti41 = Axt + Bet

yt = Cxy + De; = (C(gI — A)"'B + D)e; = H(q)es
Any system then have a DC-Gain:
Kge=22 =H1)=0CI-A)"'B+D
€

Similarly for a stochastic process, systems also have an AC-Gain or
Variance-Gain:

if e; ~ N(0,02). The relations can also be expressed as:

P, = AP, AT 4+ Bo2BT op= | H(e)H(e7")dwo?
oy = CP,C" + Do?D"
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System gains - Variance

If we consider the external description of the variance

i . . B(z)
05 = /_7r H(/“YH(e7¥)dwo?, H(z) = e
The variance of a nth order system can be computed by
1 n
2 i
ol = — b: 3;
V= o 20
where the parameters are given by
af =t =af — apaf_,, o = al/ak, al = a;,
0 = 0F = Brbli_s, By, = by /ag, bi" = bi
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System gains - Variance
If we consider the system

_1+40.25¢7!

_ ~ N(0,1
W= TrosgTer @~ N0,

then we have n = 1:

1
oy = ;0(5850 +b151)

where the parameters are given by
a1 :al/a0:0.5, ,81 :bl/a0:0.25
a8 = ag — 1a1 = 0.75, bg = bo — Blbl = 0.875
Bo = b9 /ah = 1.1667
with the variance being:

oy =1.0833
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System Gains - multiple inputs and multiple outputs

M

Let us consider the MIMO system:

1| |Hii(w) Hiz(w)| e
L/?] B [Hzl(w) sz(w)] LQ] (96)

The DC-gains are then given by
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System Gains - multiple inputs and multiple outputs
Let us consider the MIMO system:

yi| _ |[Hu(w) Hix(w)| |e (98)
Yo Hay(w) Ha(w)| |e2
For the variance or AC-Gain, we will consider independent noises e;. Under
this assumption, the AC-gain is given from:

2
Py = Z Kaqiazzn,z‘ (99)
i=1

Where K ; is defined as:
ST Hug(e7)Hyg(e77)dw [T, Hiy(e7") Hyi(e™7™)dw

Kac,i = fjﬂ H2i<6jw)H1i(€7jw)dw firw H%(ejw)H%(efjw)dw (100)
Py = AP AT + Biaé_BZ’ (101)

2
P} =3 CiP,;C] + Dio?, D} (102)

i=1
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Questions

Questions?
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Examples

Today's Matlab example topics:

® Spectrum/Spectral density: back and forth
® Spectral factorization

® Addition of Spectra

® Plotting Spectra

® Matlab functions
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