01622 Advanced Dynamical Systems:

Applications in Science and Engineering
Week 9: Distributed time delays

Tobias K. S. Ritschel,
Assoc. Prof. in Stochastic Adaptive Control

Department of Applied Mathematics and Computer Science,
Technical University of Denmark

Last updated on April 10, 2026

1/39



What are distributed time delays?
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What are distributed time delays?

Infectious Susceptible
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Shortly after ...

Infectious Infected
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A while later (incubation period)

Infectious Infectious
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The incubation period varies across the population
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Distribution of incubation periods
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Distribution of incubation periods
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Susceptible-infectious-recovered model

SIR model without delays

S(t) = =BSHI(1),
1(t) = BS(DI(t) -
R(t) = nI(t)

nl(t),

SIR model with distributed time delay
t
() = —BS(1) / ot — $)I(s)ds,

i) = BS() [ alt — $)I(s)ds — nI(2),

R(t) =nI(t)
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Population dynamics (modified logistic equation)

Logistic equation

N(t) = 6N (2) (1 - Z\;((t))

Logistic equation w. distributed time delay

om0 (o= o)
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Diabetes (or physiology in general)

Meal Stomach
glucose
—
Pylorus < ---o Absorption
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Ritschel, T.K.S., Reenberg, A.T., Carstensen, P.E., Bendsen, J., Jgrgensen, J.B., 2023.
Mathematical Meal Models for Simulation of Human Metabolism. arXiv: 2307.16444.
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https://doi.org/10.48550/arXiv.2307.16444

Particle flow in velocity field
Particle subject to Stoke's drag force and Basset history force

Tp = Up,

. 1 Lo . .

i = e F @y =)+ C [ —liy =) ds
Nonlinear drag Basset history force

Collaboration with PhD candidate Zejian You,
Asst. Prof. Qi Wang, and Prof. Gustaaf Jacobs
from San Diego State University.




Why are distributed time delays important?
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Why are distributed time delays important?
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Why are distributed time delays important?

8= -ss@I0, S =-550)[ alt-s)1(s)ds
I(t) = BS(OI(t) —nl(t), I(t) = 5S(t)[ a(t — s)I(s)ds —nI(2),
R(t) = nl(t), R(t) = nl(t)
= Susceptible
= Infectious |4
Recovered
5 6 7

Time [days|
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Why are distributed time delays important?
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Why are distributed time delays important?

S(t) = —BSH)I(t —T), S(t) = —ﬁS(t)/_ aft — s)I(s)ds,
1) =BSWI -~ ) = nl(e), 1) =350) [ alt - )I(5)ds —ni(®),
R(t) = nI(t), R(t) = nl(t)
1
= Susceptible
0.5+ ——Infectious |4
Recovered
0 .
0 6 7

Time [days]

17/39



Stability analysis
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Stability — Linear systems

For linear system systems in the form

t

z(t) = Ax(t) + / a(t — s)x(s)ds + Bu(t) + Ed(t)

— 00

the stability is determined by A and « (which is a matrix)

Characteristic equation

P(\) = det <A + /OOO e Ma(s)ds — )J) =0

In general, infinitely many solutions
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Stability — Nonlinear systems

For nonlinear systems in the general form
a(t) = f(@(t), 21(t), - - -, zm(t), u(t), d(t), p),
zi(t) = / a;(t —s)x(s)ds

—0o0

the stability is determined by A and a;; fori=1,...,m

Steady state (z(t) = Z for all t)

(42)
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Stability — Nonlinear systems

Characteristic equation

P()\) = det (A + Z G; /OC e May(s)ds — )J) =0 (5)
0

i=1
Matrices

ofr df1 ofr ... f
Oz e Oz, 0z4,1 0z,

of ! . of .

A— e T G; = o=
T ote . 0fa “i 0fn .. Of
(9%1 63% 82»;,1 Bzi,k
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Nuclear reactor models
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Molten salt nuclear reactor and nonuniform flow in pipes
Molten salt

1 |

Heat exchanger Nuclear reactor

1 T

Non-uniform velocity profile
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Kernel for Hagen-Poiseuille flow (quadratic velocity profile)

Ritschel, T.K.S., 2025. Numerical Optimal Con-
trol for Distributed Delay Differential Equations:
A Simultaneous Approach based on Lineariza-
tion of the Delayed Variables. In:  Proceed-
ings of the 2025 European Control Conference
(ECC), June 24-27, Thessaloniki, Greece. DOI:
10.23919/ECC65951.2025.11187183.
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https://doi.org/10.23919/ECC65951.2025.11187183

Nuclear reactor model 8 — Model 7 revisited
Reactivity and thermal reactivity

p(t) = pin(t) + peat(t), pen(t) = 7‘%TT
Mass balance equations (p; is the salt density and v, is the average
velocity)
Loy Pt) =B o
Cu(t) = =—Cu(t) + ;Azcz(t),
Cult) = S0 (t) — NCalt) + (Coanlt) — Ci(E)D
ng, f=psF, F=Av,
Energy balance equations
: f Qq(t)
To(t) = —(Tpin(t) — T, xg
1) = 2 (Toan(t) = To(0) + 227,
Toe (1) = (T (1) = Tha (1)) =~ (T3(t) ~ T2)
T nht xr,an xr nhTCP X (&

(7)

(8a)
(8b)

(8¢c)
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Memory states
Memory states

t

Cranl®) =< [ aslt=5)Cil5)ds

— 00

t

Tr,in(t) = / Oéh(t — S)T]—m(s) dS,
t
Thz,in(t) = / Oéh(t — S)TT(S) ds
Decay time
T =279
Kernels
2
270 t>7
o t == 3 =10 T0 = -—,
7 {O, otherwise, °7 20,

175
Olh(t): 57(’;’ tzTO/za
0, otherwise

(10a)
(10b)

(10c)

(12a)

(12b)
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ODE approximation
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ODE approximation through kernel approximation
DDE with distributed time delay

Approximate kernel

M a
= Z i (1), b (t) = tme (14)
m=0

Derivatives of basis functions

Ui (8) = a(lp_1(t) — (1)), lo = —aly(t) (15)
Substitute into integral

M t M
t) = z_:ocm [m ém(t - S)JI(S) ds = Z_:OC"LZm(t) (16)

Differentiate z,,
. 0 [ fute-syas= {16020 m=0
a(zm-1(t) = 2m(t)), m=1
(17)
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Approximate ODEs

Approximate system

M
() = f(2(1), 2(t)), 2t) = cmzml(t) (18)
m=0
Auxiliary memory states
Zo(t) = a(&(t) — 20(1)), (19)
Zm(t) = a(szl(t) - Zm(t))v m=1 , M (20)
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Approximate ODEs and stability analysis

Approximate ODEs

&(t) = f(&(t), 2(¢)) (21)
Z(t) = AZ(t) + Bi(t), (22)
2(t) =CZ(t) (23)
Matrices
1 1
-1 1
A=a . , B=a (24)
-1 1
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Approximate steady state and stability analysis
Steady state (&(t) = Z for all t)

0= f(z,2),
0= AZ + Bz,
z=CZ

M
— _ —“1ps -
=—-CA "Bz = Zcm T
m=0

The steady state state is the same as for the original system if

Zm ocM_fo

Characteristic equation

P(A) = det ({g GACD —0

Jacobian matrices (evaluated in steady state)

of o0t

FZ@?’ G

(26a)
(26b)
(26¢)

(26d)
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Does it work?
Choose the coefficients

Sm41
Cm = / a(s)ds, Sm = MAS, As=1/a

m

As a — oo and M/a — oo, the kernel approximation converges
» uniformly

a(t) — af(t), t €[0,00)
» weakly

/Ot a(s)ds — /Ot a(s)ds,

» in Li-norm

/OC |&(s) — a(s)|ds — 0,
0

if a is continuous and bounded

(29)

(31)

(32)
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Does it work?

If a is also exponentially bounded,

» The steady state converges

K
8l
—~~
w
w
N—

» The state and memory state converge uniformly

&(t) — x(t), 2(t) = 2(t), t € [to, ty] (34)

» For every isolated root, there are roots of the characteristic equation
that converge*
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Numerical example: Bifurcation analysis
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Numerical example

» System
1 t
N(t) = kN (1) (1—K / ot — $)N(s) ds)
» Kernel
a(t) = 1 F(t; pa,01) + Y2 F(t; p2, 02),
1 (t—p 1 (t4+p)\2
exp (—3 (5*)7) +exp (—5 ()
F(t;:U/7 ) - )27T0' ( )
5
0 L
0 0.5 1

Time [mo]
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Numerical example: Bifurcation analysis

Model parameter

Kernel parameter
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Numerical example: Bifurcation analysis

Tmaginary part [1/mo]
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Numerical example: Bifurcation

Model parameter

analysis

Kernel parameter
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The numerical simulations are obtained with Euler's implicit method and
a right rectangle rule for approximating the integral.
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Questions?
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