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Inverse Problems: Image Deblurring 

blurring 

deblurring 

Io (moon of Jupiter) 

You cannot depend on your eyes when 
your imagination is out of focus 

– Mark Twain 
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Sound Source Reconstruction 
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Potential Field Inversion 
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Seismic Tomography 

Surface 

Seismographs 

Incoming seismic waves 

Reconstruction 

Colors represent 
slowness (recip. 
of sound speed). 
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Inverse Problems 

Goal: find the (hidden) source that gives rise to the 
measured data through a model for the source’s action. 
 
Inverse problems are examples of ill-posed problems: 
 the solution may not exist, 
 the solution may not be unique, or 
 the solution may not depend continuously on data. 

 
The linear systems of equations  A x = b  associated with 
our discretizations are always ill conditioned! 
 

Consequence: solutions are extremely 
sensitive to errors in our data!! 
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SVD Analysis 



Norrköping, Dec. 2008 8 A Parameter-Choice That Exploits Residual Information 

Regularization 
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Semi-Convergence of CGLS 
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The Quest for the Holy Grail = λ (or k) 
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The Three Golden Rules of Inversion 

According to Bill Lionheart, Manchester University 
(augmented by PCH): 
 

1. Understand the measured data and their errors. 

2. Be precise about what you want from the solution. 

3. Incorporate what you already know about the solution. 

4. Understand the forward model, incl. model errors. 

5. Don't expect mathematics to compensate for lack of 

knowledge of the above. 

6. There is no parameter-choice rule that will work for all 

problems! 
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A New Approach 
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The Discrete Fourier Transform (DFT) 
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The 1D Normalized Cumulative Periodogram 
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Example of NCP Analysis 

Sound signal x = ”big storm” (from sound database). 

Dominated by 
low frequencies 
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The NCP Reveals White Noise 
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Examples of NCPs with K-S Limits 
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The 2D NCP 

Don’t read this – it’s only here to show that we can treat 2D! 



Norrköping, Dec. 2008 19 A Parameter-Choice That Exploits Residual Information 

Properties of the Residual 
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The Fourier Transform of the Residual 
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The New Parameter-Choice Rule 
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NCPs for deriv2 Test Problem 
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NCPs for phillips Test Problem 
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Image Deblurring Example 

Exact image Blurred noisy image 

”Optimal” solution NCP solution 
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Does It Work? 

Error 
history 

Distance 
from NCP 
to straight 
line 



Norrköping, Dec. 2008 26 A Parameter-Choice That Exploits Residual Information 

3D Tomography in Crystallography 

Solution shows distribution 
of orientations in imperfect crystal. 

Single-ODF reconstruction: 
 Data: X-ray diffraction 
 Reconstruction:orientation 
    distribution function (ODF) 
 Smoothing norm: || ∇2f ||2 

Reconstruction method: 
 CGLS regularizing iterations 
 NCP stopping criterion. 

Joint work with Metals in 4D, Risø DTU, Denmark. 
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Final Comments 

• Our paper demonstrated the often-observed relationship 
between Fourier and SVD bases. 

• Our study gives insight into how to exploit Fourier 
components of the residual. 

• Our insight leads to convenient parameter-choice rule 
based on the FFT and the NCP. 

• Related transforms can be used, such as the DCT. 

• Can also be used in the presence of (low frequent) signal-
correlated noise (see our paper). 

• Sets the stage for other methods based on statistical 
analysis of residuals. 

Thank you! 
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