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Model Predictive Control:
motivations for its success

Fundamental features

TZI\/IPC IS the most successful advanced control technique
applied in the process industries

TZI\/IPC can ensure (for linear and nonlinear multivariable systems)
» closed-loop stability
e constraint satisfaction
e robustness against modeling errors and disturbances
e setpoint tracking (often hierarchically)

A MPC enhances the process profitability
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Large scale systems:
some examples

Large industrial plants Power generation networks

Systems of Systems
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MPC for large scale systems:
different approaches

One or more MPCs?

[4] One centralized MPC
* Pros: global (plant-wide) optimality, stability
e Cons: limited flexibility, high computational cost
[A Several decentralized MPCs
e Pros: lower computational cost, high modularity
* Cons: global suboptimality, stability issues

Middle field...

[A Distributed MPC
* Pros: high modularity, stability
» Pros/Cons: global optimality (high computational cost)
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Part |
A comprehensive overview of
distributed MPC

G. Pannocchia Distributed MPC: overview and advances 6




Models for distributed MPC - |

Overall DLTI system

x € R™ current state

,//

xT=Ax+ Bu 7 xT € R™ successor state

—————

y =Cx ‘ u € R™: manipulated input
y € RP: controlled output

X-+ — Ai X; + B,’ u; + Z B,J Uj e

—

JEN; ~ M: number of subsystems

vi = G x; N;: set of neighbors of subsystem /
I I |

) “%;\7777777 —

x;, x; € R™: current/successor i—th state

u; € R™: manipulated i—th input

yi € RP': controlled i—th output
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Models for distributed MPC - Il

Interconnected systems and neighbors definition
Overall system
—P>
1 | > 51 /1 >
|—’\ N ={2,3}
l <
"2 [ SZ Y2 >
Ny = {1}
& 1 s “,
Nz = {2}
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Models for distributed MPC - Il

— —N

Why not coupling through states?

lZfThe state of each subsystem includes all modes from local and
neighboring inputs to local output

 An example of 2 subsystems “coupled by states”:
_|_ = = = =

x1| A Az |x1 " Bii 0 | |

X2 - 0 A22 X2 0 822 us

[)/1] G 0| |x

Y2 0 (o |x

e Equivalent subsystems coupled by inputs:

: X1 | Ain A B11 0
Subsystem 1: x3 « X . A — [ 0 A22] . By + [ 0 ] . Bio [822] G+ {Cll 0}
Subsystem 2: Xy <— :X2] : A2 < [AQQ] : 82 < [822] : 821 < [], C2 < [CQQ]

W— —
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Taxonomy

Based on dynamics and objective of local controllers

IZ[CentraIized MPC: a single MPC computes all inputs to
optimize a global objective

[A Decentralized MPC: each MPC computes its local input,
disregarding interacting dynamics, to optimize a local objective

[/ Non-cooperative MPC: each MPC computes its local input,
considering interacting dynamics, to optimize a local objective

[A Cooperative MPC: each MPC computes its local input,
considering interacting dynamics, to optimize a global objective
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Decentralized MPC

Model (decentralized) Cost (local)
= A; x; + B; u;+ i Uj N—1
N Vi =" (xi(k)T Qixi(k) + ui(k) T Riui(k)) + xi(N) T Pixi(N)
k=0
yvi= G X
Reference Scheme
X1 = emmmmmmmssssssssmmmaa- -
MPC, ] aa : 59 E]/l
ming, V1 | M1 = @J E ] E
MPC» ] 1 : : S» —Ey2>
ming, Vo | N7 = @J E ) E
., N ;
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[ —

Model (interacting)

— A; x; + B; u; + Z B,'J'Uj
JEN;

yi = G X

G. Pannocchia

N—-1
Vi =Y (xi(k)T Qixi(k) + ui(k) T Riui(k)) + xi(N) T Pixi(N)
k=0

Non-cooperative Distributed MPC

—EE

Cost (local)

Reference Scheme

------------------------

X1
MPC; ] i
miny, V1 J
B
ug: Euz
MPC, |
miny, V» J
X2

------------------------
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Cooperative Distributed MPC

—EE

Model (interacting) Cost (global)
X,-Jr:A,X,—I—B, u; + Z Bjj u; ” il
jeN V=2 piVi=) (x(k)TQx(k)+ u(k)" Ru(k)) + x(N)" Px(N)
fil k=0
Yi = Ci Xi
Reference Scheme
X1 R L PP -
MPC; 1 U 3, /1
minu1 p1V1 == PszJ E ) E
. . : .
1115 Euz
v : E o
MPC, | w - 5, 172,
Il’lil’lu2 p1V1 == PszJ E ) E
T -
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Properties of different architectures

——

lZDecentraIized MPC

e Due to neglected dynamics, stability (as well feasibility, tracking, etc.) are
not guaranteed

e Possible remedies are based on robust (tube) MPC paradigms [Alessio
et al., 2011; Riverso et al., 2013]

[M Noncooperative distributed MPC

* Due to local objectives, convergence of iterations and stability is not
guaranteed

* \WWhen convergence occurs, Nash equilibrium is reached. Still, stability
may not hold [Rawlings and Mayne, 2009]

lZCooperative distributed MPC

e Convergence of iterations and stability is guaranteed [Rawlings and
Mayne, 2009]

» Global optimality can be guaranteed [Stewart et al., 2011]
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Cooperative distributed MPC - |

—

FHOCP and cooperative iterations

[A Each local MPC, knowing candidate sequences of all other
MPCs, solves the FHOCP

P; (X, {uj}j#i) : rr;m V(x, u) s.t.

u; € U; (X, {uf}j;éi) : X(N) =D\¥F Keep track of overall
[ Input feasibility space -
Ui (% {ujty) = {ui | ui (k) €U, x(K) € X}
[ Cooperative iterations, givenu? : solution to P; (x, {u[.q_l]} >
J#i

ugq] = wiu; + (1 — W;)qu_l]
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ooperative distributed MPC - |l

[— —

Main properties

[A Feasibility of each iterate
u " eyN =l eyV, foralli=1,..,M and q € Isg
[ Cost decrease at each iteration

V(x(0), ul?) < V(x(0), uld=1]) for all g € I>g

[A Cost convergence to centralized optimum
lim V(x(0), ul¥) = min V(x(0),u
Jim V(x(0), ul¥) = min V(x(0), u)
roved via subo

[ Stability, for any finit arguments

Can reduce
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Tracking in centralized MPC

A — —

Equilibrium target

X
A—Il B 0 > 0
4 Any equilibrium solves: { c 0 —l} { }

Ys

[A Given desired setpoint Yt the optimal equilibrium is:

min  Ve(ys, ¥:) s.t. above constraint and x; € X, wus € U

Xs,Us,Ys
Tracking MPC problem
[A Deviation variables: X = x — XSO , U= u— ug
P (X) : VO (%) =min{V (%(0), &) | & € Un (%)}
u

[A Single step approaches are also possible [Limon et al., 2008]
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Distributed cooperative MPC for
tracking - |

Single step approach [Ferramosca et al., 2013]

[A Centralized cost function, including centralized target
N—1

Ve (x, 0, Xs, Us, ¥s) = ¥ €(x(k) = xs, u(k) — us) + Ve(x(N) — xs)

_|_Vss (ys, yt)
s.t.  x(0) = x
x(k+1) :Ax(k)+Bu_(k)_

A—1 B 0] || [o0]
c o —1|"™]| = o
Iy 1
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Distributed cooperative MPC for
tracking - |l

FHOCP and cooperative iterations

IZEaCh local MPC, knowing candidate sequences of all other
MPCs, solves the FHOCP

P; (x, {uj}j#i> - min Vi (x, u, X5, Us, ¥s) s.t.

u €U (x{ui}s ) (x(N), ) € Q

M Q is an invariant set for tracking [Ferramosca et al. 2013]

L . . o sl
lZfCooperatlve iterations, givenu; - Soo ]}_#)
JF1

uE-q] = wiu? + (1 —w,
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Part
Advances in cooperative MPC for tracking
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Some reminders of graph theory

I —

Useful definitions

« Agraph G =(V,E) : set of vertices V and edges ‘E
e A directed graph is composed by oriented edges
» Inletstar: S = {v; € V| (v;,v;) € £}

e Outletstar: SPY" = {v; € V| (v;,v}) € £}

An example
xfr = A1 x3 + By g @ ’
Xy = Ao xo + Baux + By iy
X3 = A3 x3 + B3 uz + Bs1 ug + Bsp u» ;

5 SIN _ OUT {2 3} _ {1}' 52()UT _ {3}’ SIN _ {1’2}, 53OUT :@

Distributed MPC: overview and advances 1




The augmented system - |

T — e —

Key observations

E[The evolution of /-th subsystem is influenced by inputs of
subsystems In its inlet star

[A The input of i-th subsystem influences evolution of subsystems
in its outlet star

XI-_I_ = A; x; + B u; + E B uy
keSN

X" = Aixi + Bjiui + | Bjuj + Z Bixug |, j€SPYT
keSM\{i}

fZOther subsystems are not affected by the /-th subsystem input

Xt =Aix+ | Biu+ Y Buu |, j¢ ST

keS J.”V
G. Pannocchia Distributed MPC: overview and advances
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The augmented system - |

Augmented i-th subsystem
lZAugmented Inlet star

SIN « SNy sPUT ( L) s™ {i})

IZfAugmented local variables and matrices

X =

A; = diag {Ai' {Aj}jES.OUT} , Bi =

Xi

I [Xj]jesiow_

, Uj =

i

[A Final augmented dynamics

G. Pannocchia

/

[BJ"'L'eSI.OUT

Yi
[.y_]:| jESiOUT

[”k]keSf’V’ Vi =

] . BI-IN — [hOF{B;k}kegll_N, hOI’{Bjk jeSiOUTikGSII.N]

)_(._|_:/_4i)_(i—|—BiUi_|_B!Nl_li
=G %
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Augmented system based
- cooperative MPC for tracking - |

——

Local (augmented system) cost function

IZfThe global cost function can be reduced to a local (augmented) cost

N—1

Vii(:) = Y Li(xi(k) — Xsi, ui(k) — usi) + Va(Xi(k) — Xoi) + [lys — vellF
k=0

S.1.

xi(0) = X;

A x _ | e —. .
%:(k 4+ 1) = A; x:(k) + B; uj(k) + BN 54
Local (augmented) cost functions = RIS = e
1

Zi()_(,', U,‘) — 5 ()?iTQ,')_(,' -+ U,'Tl'gi’ Xi’ F_)i)_<i

2
[A Discarded terms in the global function are not affected by u;
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Augmented system based
~ cooperative MPC for tracking - |l

——

FHOCP and cooperative iterations

lZ[Each local MPC, knowing candidate sequences of all MPCs in
its inlet star, solves the FHOCP

]P),' ()_<,', {uj}jGS,’-N) : u,-,>r<Ts],iur:,ys Vt,-(u,-,xs, US,yS) S.t.
ui € Uy (%5, {uhiean ) (Ri(N), 7) € O
~ _ i -I‘
A—I B 0] |

Need to keep track of

cC 0 —I

o

[ Input feasibility space 7
Ui (>'<;, {Uj}jeg,w) ={ui | ui(k) € Ui, Xi(k) € Xj}
[A Cooperative iterations: “E‘q] — w4 (1— Wi)ugq—l]
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Overall algorithm

[—— —

Require: Augmented subsystems, S/ Vi = 1... M, tolerance €, maximum no. cooper-
ative iterations gmax, convex combination weights w; > 0, such that Z,Ai1 w; = 1.

1: Set g+ 0 and e < 2e.
2: while g < gmax and 37 such that ¢ > € do
5% qg<—q-—+1
4: for i =1to M do
5: Solve problem P; to obtain the optimal input sequence u? (x) and the cen-
tralized state-steady triple (xs, us, ys).

6: if g =1 then
R
8: end if
9: Define new iterate: ugq] = wiu; + (1 — W,-)uE.q_l].

10: Compute convergence error: e — Hugq]—u%q] i

1+ u; ™)

11: end for

12: end while

13: return Overall solution u = (u&q], u[zq], uk},]).

OSE Dy
: G. Pannocchia Distributed MPC: overview and advances
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A two-step variant

Step 1
[4] Solve the centralized target problem to obtain (Xs, Us, )/s)
Step 2

lZfEaCh local MPC, knowing candidate sequences of all MPCs in
its inlet star, solves the FHOCP with known (Xs, Us, ¥s)

[4 Cooperative iterations: uE_q] ~ w4 (1 — W;)ugq_ll
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D—

Complexity of different methods

——

Three alternatives

EZ[DI\/IDCO: available method [Ferramosca et al., 201 3]

EZ[DI\/ID(H: proposed method (single step)

EZ[DI\/IDCZ: proposed method (two steps)

DMPCO DMPC1 DMPC2

Prediction model Centralized Augmented Augmented
Target calc. (TC) Embedded Embedded Separate
TC decision var. — = (Xs, Us, Vs)
OCP decision var. (uj, X, Xs, Us, ys) (u;, X;, Xs, Us, Vs) (u;, X;)

G. Pannocchia
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' Application example - |

A triple effect evaporator process
Vi Vs
M17X17T1 <_M27X27T2 <_M3,X3,T3
\____ \____ \___
Ly | Ly | L3
G. Pannocchia Distributed MPC: overview and advances
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Application example - I

——
ldentified linear model
Ly Q1 Vi Lo V5 L3 V3
0.04797 0.0339
M, T Zz—2.717 B T z—2.717 - - - B
T i 0.564 _0.1745 i i i i
1 z—2.500 z—2.500
0.009394 i i
X1 - - z—2.549 - -
M 0.05726 i i _0.07207 _ 0.09465 i i
2 z—2.716 z—2.716 z—2.716
T 0.0080292—0.01856 0.089z—0.02579 0.24312—0.6396 i —0.60572+1.451 i i
2 22—4.913246.029 22—4.9132+46.020 22—4.9132+6.029 22—4.913246.029
_0.01418 0.01038 0.02976 i i
X2 Z—2.604 - Z—2.604 - Z—2.604
M i i i 0.07503 i ~ 0.08504 _0.1255
3 z—2.712 z—2.712 z—2.712
T 0.00113824+0.03875  —0.025262+0.3423 0.066712—0.127 0.09903z—0.2557 2.4727—6.521 i _2.8957+7.385
3 22— 4.898245.986 22— 4.8982+5.986 22— 4.8982+5.986 22— 48982159086  z°—4.8982+5.086 22— 4.898215.986
—0.010132+0.01865 0.004064z—0.005355 | —0.2224z4+0.6029  0.012447—0.02893 i 0.4647—1.249
X3 22—5.041716.864 - 22— 5.0412+6.864 225041716864  22—5241216.864 22— 5.241716.864
Neighbors and local (augmented) systems
[ Neighbors sets: N1 =0, N> = {1}, N3 = {1,2}
X1 = (X1,X2,X3), X2 = (X27X3), X3 — X3
[ Augmented systems:

St ={2,3}, S§¥ ={1,3}, S{" ={1,3}

G. Pannocchia Distributed MPC: overview and advances
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Application example - I

Comparison of computation time

. 0672 5 5 | |

Sosk 5o S— T — -
= O4F:: ................................ SUNU — DMPCO ||
03h§ ''''''''''''''''''''''''''''' I DMPC1 [
Ot fooFo i |
0_2_..5......}.5 .............. S . DMPC2 |-

(P SE— | | i . A 1
1 2 5 10 20 30

Computation Time (s)

e Simulations performed in Matlab, MacBook Pro (3 GHz Intel Core i7, 16 GB RAM)
e Horizon N=100, QP solved (non condensed form) using quadprog (interior-point)
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Application example - [V

Comparison of closed-loop outputs

2.415

2410+

--- DMPGC2
— DMPCO
i DMPC1
- - Setpoint

— 2.405

M, (ton

2.400

2.395

2.390

Subsystem 1

.

108

107 |-

106 |-

104

T (C)

103

102

101

--- DMPC2
| — DMPCO |
i DMPC1
| = - Setpoint ||

100
0

13.55

ot
(=)
~
oo

13.50
13.45

1340}

13.35

X1 (%)

13.30
13.25
13.20
13.15

-~ DMPC2
1 — DMPCO |
i DMPC1
| == Setpoint |

13.10
0

1.830 Subsy}stem 2 1
-+- DMPC2
1.825 — DMPCO |
mn DMPCA
1.820 - - Setpoint ||
1815} %
§ @
£ 1.810
=
1.805
1.800
1.795 ]
1790 L Il L Il L L Il
0 1 2 3 4 5 6 7
Time (hr)
100
95k A .
QO |- oeeme e i
c
)
B | e 1
) p s --- DMPC2
....... — DMPCO
w DMPC1
75 L Il L Il L Il
0 1 2 3 4 5 6 7 8
Time (hr)
23.4 T
_~ BuipGo
23.2 | v DMPGA ||
Setpoint
DT[N S R | n—— ———
g‘mg rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr
SOOTr | (PR NI SRGGUN: ISR | | SRR MR NV, SO
DAL |Locsoasoascooassassassandimsassassasdioassassassanfbo igooassdboasoansassecfassensansasodpoaasassees
222 £ - _'—' """"""
22.0 L Il L Il L L Il
0 1 2 3 4 5 6 7 8

Time (hr)

Subsystem 3

-~ DMPC2
— DMPCO
TIPS H e DMPGCT |-t e
- - Setpoint
e o s e
=
] e S ISR SN IS . —
1.160 Il Il L Il L Il
0 1 2 3 4 5 7
Time (hr)
64 T
-+- DMPC2
021 —— DMPCO [+t
e DMPCH1
G | S — S -
B8 S
Q BB |[poseoossssndosssssccasadbeocasasessagassasscas prmmneancfacon:
ST | S RN \, -
B2yt WETT—————
BO -
A -
46 Il Il L Il L Il
0 1 2 3 4 5 7
Time (hr)
52 T
-+- DMPC2
— DMPCO
,,,,,,,,,,,,,,,,,,,,,,,,, - DMPCH1 ||
- - Setpoint
S i
~ i
= 1
SN AN S— 2 8
1
1
! i
Ao £
1
=
47 Il Il L Il L Il
0 1 2 3 4 5 7
Time (hr)
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Application example - V

Comparison of closed-loop inputs

Subsystem 2 Subsystem 3

34

Subsystem 1

TLA |t g : : : : : : :
B3 T ST SIS SRS Sne
11.2 B2 b e e . e . . . e e .
0 YT T -
= : : : i e : 9 : = = : : : g : : :
= = 5 Z0)|beccoccanasedunasscosansadsoccananscasage 693000000000000900050 ooood
§ 108 : : S | A T R - S S s s s '\..ﬂ 1 1 :
— . ; : : . : : : = = 90R : : : S e e T =
~ 10.6 S ; L RRRRREEE | REEEE e e e EEL Lt SRR e ~ ~ 1,,.7 : : : : : : :
: : : : : : DY S S U N U P RS SRR Ut .
104 ‘ ‘ ‘ 9.7 H— N S— [~ owpcz|
— DMPCO (| — DMPCO
1(1}3| SesoasoaseatbaRoas0aR0o: N P DMPGT S 6.4 : : L : - o6 T TITTTTSTTTITTT TS TorToon| v DMPCT [T
1 1 1 1 1 - - Bounds SEmmTsEEmsssEsEsmmsss=Te==S oo Bounds [ : 1 1 1 1 - - Bounds
10.0 I I I I I I 6.2 I I I i I L 2.5 I I I I I T
0 1 2 3 4 5 6 7 8 0 1 2 3 4 5 6 7 8 0 1 2 3 4 5 6 7 8
Time (hr) Time (hr)
! : : : : : ! 5.0 : : : : : : :
== DMPG2 ] R S R e Y DMPGC2 || [t ol S A
| = DMPGCO - S| S o o — - DMPGO [ : : : : : : :
- DMPCH1 : : : : : mn DMPCH1
| == Bounds || : : : : : - - Bounds L s aos000aassdeannascannnsdgbonseananscanfionsensnasans fesanasssanasabonnseaaasscagansssnnnasanteosan |
: : : : : 4.5
T s s |z o N
L] RSN NN PR RS S ———— 3 anir s ‘,.w
= 35 = = 1 1 1 |
3.4H 35H ... pDMPC2 | """ """ -
— DMPCO
3.3H | v DMPCT |_ _ _ i oo il R B Lo
| : : : : : - - Bounds :
3.2 Il L L L L L L L L L L L L L 3'0 Il L L L L L
0

1 2 3 4 5 6 7 8 0 1 2 3 4 5 6 7 8 0 1 2 3 4 5 6 7 8
Time (hr) Time (hr) Time (hr)

3.8 : : : : : !

N P L L) S [FR -

BB o poe e == DMPGCO [
: : : : mwn DMPC1
| == Bounds

B

O (Mkcal/h)

T e e e

1] SRS BRSO NSRS S SRS P S
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Part Il
Conclusions
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Conclusions - |

Summary

lZfPresented a comprehensive overview on linear distributed MPC

[A Focus on cooperative algorithms, which share compelling
properties with centralized architectures

[A Discussed available distributed MPC for tracking algorithms

[A Proposed novel distri
rely “as local as possib

G. Pannocchia

outed MPC for tracking approaches that

e” iInformation instead of plant-wide state
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Conclusions - |

Take home messages

lZDistributed MPC is a solid and reliable alternative to
centralized MPC

[ Cooperative architectures should be preferred

[A Distributed MPC is preferable with respect to centralized MPC
for organizational reasons, not computational

Research directions

[A Nonlinear distributed MPC

lﬂReoonfigurability and reliability with respect to communication
disruptions

Distributed MPC: overview and advances
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