TIME SERIES ANALYSIS
Solutions to problems in Chapter 10




Solution 10.1

Question 1.

The predictions are given - as always - by the conditional expectation

A

X(to + 1) = E[X(to + 1)|X(to), X(to — 1),....]

=[] ons oo || 2oy |+ o |t

i 61(t0 —+ 1)
| ealto+ 1) X (t), X(to + 1), ...
~_[0.70 020 ][ —3.0 L 08 ], [0
004 095 || —1.2 0.02 | °~ | —1.22
. (070 0207 [ Xi(to+1) 0.8
X(to+2) = | 0.04 0.95 | | X,(to+1) } [0.02 } Urlto +1)
[ 070 020 ][ —0.74 I P
~ 004 095 ]| —1.22 0.02 | | —=1.15
. 1070 0207 [ Xi(to+2) 0.8
X(o+3) = | 004 0.95 | | Xou(ty+2) ] * [ 0.02 } Urlto +2)
(070 020 ][ 0.84 L 08 ], 196
004 095 ]| —1.15 0.02 | © | 1.02

Since U, (t) is a deterministic input to the system, the variance contribution
is only from €, and the variance of the /-step prediction is given by Equation
(10.102), where

0.70 0.20
A= [0.04 0.95]



This gives the following variances
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Question 2.

At the new reference level holds

x01= | geainy ] = | | =

Since the mean value of €(t) is zero
w=Au+ BU,

where

0.70 0.20 0.8
A= {0.04 0.95} and B = {0.02]

Rewriting the above equation we get
p=(I-A)"'BU,
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where U, = 2. The old reference temperature was 21°C, so the new reference
level will be 33.56°C for the indoor temperature and 31.88°C for the wall
temperature.



Solution 10.2

Question 1.
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Or shorter
Xt — ¢Xt_1 = € — ¢9€t_1 (2)

The one-step prediction

Xip1 — Xy = €41 — Oey =
Xt+1|t = E[Xt+1|Xt> Xt—1, .- ]
= (bXt — HEt

In order to be able to predict Xt+1 we must know €. An estimate of € can
be obtained by taking a few steps back in the time series and here set ¢, = 0.
We can then predict X one step ahead and the prediction error can be used
as € at the next prediction and so forth. By observing how the influence of
previous values ”dies out” we can determine how many steps back we need
to take. A rewriting of (1) to an AR-form shows that det(#(B)) = 1 —0.4B.
Le. the influence of previous X-values decays as 0.4F (1/det(6(B))). Since
0.4% ~ 0.06 it is sufficient to go 3 steps back.



Xt—2|t—3 = ¢Xt—3 -0-0

[o08 —06][29] [124
“lo04 07 || 18] | 242

—1.04 }

t—2: €_o=Xi9— Xt—z\t—?, = { 9 48

Xt—1|t—2 =X 0 —0-¢_,
108 =06 02 10 0 —1.04
104 07 4.9 0 04 2.48
| —2.78
| 2.52

t—1: 6;_1 = X1 — Xt—l\t—z = l

0.48
0.98

Xt|t—l =Xy —0- 62_1
108 =06 231 |0 0 0.48
104 07 3.5 0 04 0.98
[ —-3.94
| 114

62 = X; — Xzt|t—1 = l

IT.e.
0.54 }

0.66
The one-step prediction from week ¢ is then

Xt+1|t = ¢X; — ¢,
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The two-step prediction from week ¢ is
Xy = E[Xeso|Xe, Xga, .. ]
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The variance is found by rewriting equation (2) into MA-form.

(2) = (I-¢B)X;=(I—-60B)¢ (I is the unity matrix)
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Le. ¥4 = (¢ — ), which leads to the following estimates of the variances
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Question 2.

We introduce the notation

X
KX X

3

Furthermore we assume that X,,1|X; is normal distributed!. Previously
EXi|X] = X and V[X444]|A;] = V[1] were calculated. We wish to

determine

E[ X141 Xotr1, X&) and V[ X41]| Xorr1, X

!The assumption about the normal distribution is not essential since the formulas
for the conditional expectation and the conditional variance holds, provided that the

conditional expectation is assumed to be linear in Xs.



They can be determined using Theorem 10.1 in Chapter 10 in the book.

E[ X141 Xots1, X&) = E[Xyi1| X+
Cov[Xip41| X1, Xt]V_I[X%—l—l‘Xt] (Xot+1 — E[Xot1|X])

= 380+ (~1)5(~1.20 — (-0.36)) = ~3.38

VX141 | X1, X = VX | X -
COV[X1t+1 |X2t+17 Xt]v_l [X2t+1 ‘Xt]COV[X1t+1 |X2t+17 Xt]
1

=2 (-1)5(-1) =15



Solution 10.3

Question 1.

The system described by the system equation
Xe=Xi 1+ e
Since {e;} is white noise {X;} is a random walk (equation (5.126))

Question 2.

For the given system and observation equation C = A = 1, V; = 1 and
Vo = 2. Since XX =1
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In general we get
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Which leads to ]
Kesae = Xpur — 5 (Vo= Ko ) (3)

Question 3.



Equation (3) can be written as

. 1 .
Xiy1 = 3 (Yt + Xt\t—l)

1 1\’ 1\ .
= §Y2 + (5) Y1+ (5) Xi—1)i—2
t ; t
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which is seen to be exponential smoothing.
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Solution 10.4

Question 1.

(1—¢1B)(1— ¢4B4)Xt = (1-0b)e -
Xi =01 X1 — PaXyoa + 0104 X5 = € — ey

On state space form
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Question 2.

Xi(t) = =1 Xq(t — 1) + Xo(t — 1) +e(t) } N
Xg(t) = —¢2X1(t — 1) — 91€(t>

Xl(t) = —¢1X1(t — 1) — ¢2X1(t - 2) + €(t> - Hle(t — 1)
Since

we get
Y(t) 4+ ¢ Y (t—1)+ g (t —2) = e(t) — bre(t)

Le. {Y(t)} can be described by an ARMA(2,1)-process.
Question 3.

11

€t



Determination of the auto-covariance function of {X;(t)}

Xl(t)Xl(t — k‘) = 08X1(t — I)Xl(t — k’) + €(t)X1(t — 1)

Taking the expected values leads to

Vx,(k) =08yx,(k—=1)  (k=1) (5)
Furthermore by multiplying (4) by X;(t) we get

X, (0) = 0'87X1(1) + Ug
By using (5) for k =1 we get

1 o2
0) = 2= ¢ 7
10 = 708 % = 536 (7)
and .
0.8
k) =02

Determination of the auto-covariance function of {Y ()}
vy (k) = Cov[Y (t),Y (t + k)]
= Cov[Xi(t) +v(t), Xy (t + k) + v(t + k)]
_ { 7x,(0) + o7 (k=0) (9)
Vx, (k) (k #0)

From equation (8) and (9) we get the auto-correlation

Yy (k)
k) =
v(£) 7y (0)
0.8k o
036% __ _ 0.8*
= 05336 +02 1+0.36§§ (k#0)
1 (k #0)

In figure 1 the auto-correlation function is plotted for ¢2/0? = 0 and for
02/c? = 1 in figure 2. In the latter case it is observed that the exponential
sequence is not starting in 1, but from a point further down the y-axis. The
placement of the point depends on the relationship between the variance of
the measurement noise o2 and the variance of the process noise o2. In figure
3 the auto-correlation is shown for ¢2/02 = oo
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Figure 1: Auto-correlation function for ¢2/0? = 0.
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Figure 2: Auto-correlation function for o2/02 = 1.
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Figure 3: Auto-correlation function for 02/0? = cc.
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