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Abstract

Althoughdivisionis lessfrequentthanadditionandmul-
tiplication,becauseof its longer latencyit dissipatesa sub-
stantial part of the energy in floating-pointunits. In this
paperweexplore therelationbetweentheradixandtheen-
ergy dissipated.Previouswork hasbeendoneon radix-4
andradix-8division. Here weextendthis studyto a radix-
16schemewith twooverlappedradix-4stagesandcompare
thelatency, area,andenergyof thethreeimplementations.

Resultsshowthatby applyingthelow-powertechniques
the energy dissipationis reducedfrom 30% to 40%, with
respectto thestandard implementation.Anadditional20%
reductioncanbeobtainedusinga dual voltage. Moreover,
theenergydissipatedto completethedivisionis roughlythe
samefor the three radices. However, the power dissipa-
tion,proportionalto theaveragecurrent,increaseswith the
radix. If reducingtheenergyis thepriority, for thesamela-
tencyradix-16with dual voltage producesthesmallesten-
ergydissipation.

1 Intr oduction

Energy consumptionis becomingmoreimportantevery
day becauseof the increaseddensitieson chip and faster
clocks.Althoughit is aninfrequentoperation,comparedto
additionandmultiplication,the longerlatency makesdivi-
sion dissipatea substantialportion of the energy in arith-
meticunits. For example,a roughevaluationof theenergy
dissipatedin a floating-pointunit, similar to the one pre-
sentedin [8] shows that theenergy consumptionin thedi-
vider is comparableto thatof theothercomponents.

In this paperwe explore the relation betweendivision
radix andenergy dissipated.Previouswork hasbeendone
in [5, 7, 6]. Hereweextendthetechniquesusedfor radix-4
andradix-8to a radix-16scheme,obtainedby overlapping
two radix-4 stages. All implementationsare for a 53-bit

roundedquotient. A comparisonof the threeimplemen-
tationis madewith respectto thelatency, energy consump-
tion,andarea.Resultsshow thatby applyingthelow-power
techniquesthe energy dissipationis reducedfrom 30% to
40%,with respectto thestandardimplementation.An ad-
ditional20%reductioncanbeobtainedusingadualvoltage.
Moreover, theenergy dissipatedto completethedivision is
roughlythesamefor thethreeradices.However, thepower
dissipation,proportionalto the averagecurrent, increases
with the radix. If reducingthe energy is the priority, for
the samelatency radix-16with dual voltageproducesthe
smallestenergy dissipation.

The units are implementedusing the Passport
��� �����

,��� �
	
, three-metallayers,CMOS standardcell library [2]

andthelayoutis obtainedby automaticfloor-planning.The
delayis computedby multiplying thenumberof cyclesby
thecritical pathobtainedfrom simulations.Theareais ob-
tainedfrom the layout and the energy dissipationis esti-
matedusingPET [4], a power evaluationtool which com-
putesthe power dissipatedin a circuit from the netlist ex-
tractedfrom thelayout(thatincludestheeffectof intercon-
nectioncapacitance),the standardcell library characteris-
tics, andthe resultsof a logic-level simulation. We report
theenergy dissipatedin a completedivisionandthepower,
which is proportionalto theaveragecurrent.

2 Algorithm and Implementation for Radix-
16Divider

In this Sectionwe review the division algorithm de-
scribedin detail in [3]. Thedivision is implementedby the
residualrecurrence

�
� ����������� � �
� �����������! �" �#� �%$ � $&�'�&� � �
with initial value �
� � �(�*) , where ) the dividend, " the
divisor, and � ���! thequotientdigit atthe � -th iteration,such
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Figure 1. Selection function for radix-16

thatthequotientis

-/.103245�6 0
- 587&9�: 5 (1)

where - 5�; 0 is determinedby the selectionfunction de-
scribedbelow. Two additionalcycles,for initializationand
rounding,arerequiredto producethe quotientin conven-
tionalrepresentation(53bitsfor IEEEdouble-precision)for
atotalof 16cycles.Both < and = arenormalizedin > ?%@ A�B 7DC 0
and =FEG< .

Theradix-16divisionunit is obtainedby overlappingthe
computationof two radix-4 digits [9]. Consequently, the
quotientdigit is split into two parts -&H and -'I suchthat- 5 .KJ
-&HGLM-'I with digit set NPORQSB&O 7 B�?%B 7 BTQVU in eachpart,
resultingin thedigit-set >WO 7 ?�B 7 ?�X for - 5 ( Y . 7 ? ). Thequo-
tient digit is determined,at eachiteration,by theselection
functiondepictedin Figure1. Oncethedigit - H is chosen,
its valueis usedto selectamongall thepossiblecombina-
tions of - H < . The redundancy factor is Z . [\ : 0

.^]_ .
Theresidual̀
> a�X is storedin carry-saverepresentation( `cb
and `ed ). Thesigned-digitrepresentationof thequotientis
convertedto conventionaltwo’scomplementrepresentation
androundedby theon-the-flyconvert-and-roundunit.

The implementationof the standarddivider, optimized
for shortestlatency, is shown in Figure2. Therecurrenceis
implementedwith theselectionfunction(SEL), two multi-
ple generators(MULT), two carry-save adders(CSA)] and
two registers(REG) to storethe carry-save representation
of theresidual.Becauseof thecarry-saverepresentationof
theresidual,theselectionfunction(SELR-4) in Figure1 is
composedby a 7-bit carry-propagateadderanda function
implementedwith logic gates.Theconverterperformsthe
conversionandtheroundingaccordingto thesignof thefi-f

In IEEE standardfloating-point numbersare normalizedin g h�ikj�l .
However this is equivalentto right-shift theoperandsoneposition.m

Eachbit of theCSA is implementedwith two half-adders(HA).
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Figure 2. Implementation radix-16

nal residualandthe signal that detectsif it is zero,which
areproducedby a sign-zero-detector(SZD).

Table1 shows the delaythroughthe two partsof SEL.
Notethatthe largerdelayof SEL- I is compensatedby the
additionalCSAthatexistsin thepathfrom SEL-'H .

The critical pathpost-layoutis 9.2 ns and16 iterations
arerequiredto completetheoperation,correspondingto a
latency of 150ns.

path delay[ns]u�v SELu�v - MULT - HA - REG
5.7+ 1.4+ 0.6+ 1.5 = 9.2u�w SELuTw - MULT - HA - FA - REG

4.0+ 1.4+ 0.6+ 1.1+ 1.5 = 8.6

Table 1. Critical path thr ough -'I and -'H .
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Figure 3. Retiming the recurrence

3 Low-Power Implementation

Low-powerdesigntechniquesareappliedto thestandard
implementationof the divider to reducethe energy con-
sumptionwithout penalizingthe latency. The techniques,
reviewed below, wereoriginally developedfor radix-4 [7]
andarehereadaptedto theradix-16case.

3.1 Retiming of the recurrence

Theretimingof therecurrenceis doneby moving these-
lection function from the first part of the cycle to the last
partof thepreviouscycle. This is shown in Figure3 for a
radix-� divider. A new registeris neededto storethequo-
tientdigit.
This retiminghastheadvantageof limiting thecritical path
to the � most-significantbits of therecurrence( �
����� for
radix-16),sothat therestcanberedesignedfor low power.
For instance,for thepaththroughSEL�'� , thetwo pathsare

MSBs: MULT - HA - SEL QL - REG
LSBs: MULT - HA - CSA - REG

On theotherhand,the retimingrequiresa smallextra reg-
ister. Moreover, now theMux is in thecritical path,but be-
causeit changesonceperdivision, its delaycanbemasked
by earlierselection.�

As indicatedin theprevioussection,andshown in Fig-
ure 4a, the larger delay of SEL� � is compensatedby the�

The mux-selectis the only signalsentfrom the controller to the re-
currenceand it canbe skewed (anticipated)at the endof the first cycle
maskingthedelayof themultiplexer.
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and skewing the clock.

additionalcarry-save adderin the path of SEL�&� . This
compensationis eliminatedby the retiming, as shown in
Figure4b. Consequently, in ordernot to increasethecycle
delay, the clock of register � � is skewed, resultingin the
pathsof Figure4c. Theclockcanbeskewedby addingthe
appropriatedelay(e.g. somebuffers) in theclock distribu-
tion tree.

Sincein theretimedimplementationtheselectionfunc-
tion is placedafter thesecondCSA, insteadof directly af-
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ter the registers,thereis a large increasein the numberof
glitches,whichareresponsiblefor theincreaseddissipation
of theselectionfunction.Oneway to filter thoseglitchesis
to buffer theselectionfunctionwith multiplexersactingas
latches,asdescribedin Figure5. Theselectsignalis driven
by a differentclock (sameperiod,differentphase)thaten-
ablesthemuxesto transmitthevaluefrom theCSAwhenit
is stable,andhold thecurrentvalueotherwise.However, in
this casethedelayof themux affectsthecritical path. For
radix-16the energy dissipatedin the selectionfunction is
halved,but thecritical pathis increasedby about5%. For
thisreason,thevalueis not includedin Table2, whichsum-
marizestheenergy reductions.

3.2 Changing the redundant representation

As explainedabove, after the recurrencehasbeenre-
timedthecritical pathis limited to the10 most-significant
bitsandtherestcanberedesignedfor low power. Oneway
of doing this is to replacethe (radix-2)CSA for the least-
significantbitsby a radix-16CSA (R16CSA) thatfor each
digit of theradixstoresonly onecarrybit. This is shown in
Figure6 for a genericradix. This modificationincreases
the delayof the CSA but reducesthe numberof flip-flops
in the registersfor the residual,resultingin a reductionof
the energy (andof the area). This canbe donefor the 44
LSBsby implementing11 radix-��� CSAsin eachCSA,so
thatthenumberof flip-flops in registerWc is reducedfrom
57to 25.

Moreover, an additionalreductionin the energy dissi-

patedis obtainedby usinglow-drive cells for the LSBs in
therecurrence.
In ordernot to increasethecycle timewhenusingradix-16
CSAthetwo following pathsshouldhave thesamedelay:

MSBs: MULT - ( HA - SEL QL) - REG
LSBs: MULT - (R16 CSA - R16 CSA) - REG

Therefore,theconditionto besatisfiedis:

�3���3���!�P�M� �3� ��� � �P���%�k ¡ ¢ ¡�£ ¤*¥�¦
Theeasiestway to implementthis R16CSA is by usinga
4-bit carry-rippleadder. The correspondingdelay, in our
library, is�§�P¨ ¢ �3��© �«ª �3¬�­¯®°®�±W² � � � � ¢´³ £ ¤ �Mª%µ ³ £ ªP¶8·�� ³ £ ¶ ¥�¦
whichcorrespondsto about

¡S£ ³ ns.
Furthermore,sincethemost-significantbitsof theresid-

ual areassimilatedin the selectionfunction, theseassimi-
latedbits couldbestoredin theregisterWs,saving 7 addi-
tional flip-flops. However, in theradix-16case,theassim-
ilatedvaluemustbeselectedamongthe5 possiblealterna-
tives (seeFigure1) and this requiresan additionalmulti-
plexerdrivenby ¸ � that increasestheloadbothon ¸ � and¸ � . For this reasonthe7 MSBsbitsarestoredin carry-save
representation.

Thecombinationof theretimingandchangingtherepre-
sentationresultsin a reductionof about10%in theenergy
dissipatedin thedivider.

3.3 Conversionand Rounding

Theconversionandroundingis performedby theon-the-
fly convert-and-roundalgorithm[3]. In the original algo-
rithm thepartialquotientis storedin two registersupdated
in eachiteration and the final quotient is chosenamong
thoseregistersduringtherounding.Theupdateof theregis-
tersis doneby shift-and-loadoperations.Thelargeamount
of powerdissipatedin theunit is mainlydueto theshifting
duringeachiterationandto the numberof flip-flops, used
to implementtheregisters.

In [7] a modifiedalgorithmis described,which reduces
theenergy by changingthewaytheregistersareloadedand
theirnumber. Thesamemodificationscanbeappliedto the
radix-16case.Becauseof thehigherradix, thereductionin
thenumberof theflip-flops is larger.

With the implementationof the modifiedalgorithmthe
numberof flip-flops in the convert-and-roundunit is re-
ducedfrom108to 69andthepowerdissipatedfrom10.7

¥�¹
to 2.4

¥�¹
, resultingin areductionof about20%in thewhole

divider.
In addition,thesign-zero-detectionblock (SZD), which

is only usedfor the rounding,is switchedoff by forcing a
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Figure 7. Low-po wer radix-16 divider

constantlogic valueatits inputsduringtherecurrencesteps.
Thereductionin theenergy dissipatedis about5%with re-
spectto thestandardimplementation.

3.4 Results

Table2 reportsthe averageenergy dissipationandarea
for the standardand low-power implementation,which is
shown in Figure7. In theTable,entrystdrefersto thestan-
dardimplementation,optimizedfor speed,andentry l-p is
the low-power implementationwith thesamedelay. Some
of thelow-powertechniquesused,suchasmodifiedconver-
sion algorithm and changedredundantrepresentation,re-
ducethe numberof flip-flops in the registersand, conse-
quently, thearea.

4 Dual Voltagefor Radix-4, 8 and 16

In this sectionwe evaluatetheimpactof theuseof dual
voltagefor units implementingradix-4,8 and16, division.

blocks std l-pÀ�Á À�Á
control 0.5 0.5
clk tree 0.5 0.5
mux 2.6 0.4
mul. gen.H 2.5 1.6
CSAH 3.3 3.3
mul. gen.L 2.7 1.8
CSAL 5.0 4.3
sel. func. 5.9 8.2
registersW 8.6 5.9
registersq - 0.4
SZD 3.7 1.0
C&R unit 10.7 2.4Â�Ã�ÄWÅ�Æ ÀSÁ8Ç 46 30
Ratio 1.00 0.66

Area ÈÉÈ�Ê 2.2 1.8

Table 2. Energy-per -division for radix-16.
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Thepowerdissipatedin a cell dependson thesquareof the
voltagesupply( Ö�×Ø× ) so thatsignificantamountof energy
canbesavedby reducingthisvoltage[1]. However, by low-
eringthevoltagethedelayincreases,sothatto maintainthe
performancethis techniqueis appliedonly to cells not in
thecritical path.In therecurrencethe ÙÛÚÝÜ least-significant
bits can be redesignedfor low voltage,as shown in Fig-
ure 8. By using two voltageswe only needto level-shift
whengoingfrom thelower to thehighervoltage[10]. As a
consequence,thevoltage-level shiftersarenot neededuntil
aspecificdigit movesinto the Ü MSBs.

Our library wasdesignedto operatewith Ö ×Ø×´Þ´ß�à ß Ö .
To obtainthedependency of thedelaywith respectto Ö ×Ø× ,
we performedSPICE simulationson a 4-bit carry-ripple
adderand obtainedFigure 9. The delay is normalized
to the one for Ö�×Ø× Þáß�à ß Ö . The plot shows that forÖ%×â× Þäã�à å Ö the delayis doubled,andthat for voltages



scheme critical path æèçêé'çìëîí no. iter. latency speed-up
radix-4 SEL- MULT - HA - REG

3.9+ 1.4+ 0.6+ 1.1= 7.0 30 210 1.0
radix-8 SELï'ð - MULT - HA - REG

4.5+ 1.4+ 0.6+ 1.5= 8.0 20 160 1.3
SELï'ñ - MULT - HA - FA - REG
3.5+ 1.4+ 0.6+ 1.0+ 1.5= 8.0

radix-16 SELï ð - MULT - HA - REG
5.7+ 1.4+ 0.6+ 1.5= 9.2 16 150 1.4

Table 3. Critical path, latenc y and speed-up for radix-4, 8 and 16.
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below
ò8ú
ø
û

thedelayincreasesin excess.
In orderto evaluatethepossiblelower voltage

û#"
to be

usedin adualvoltageimplementationweneedto determine
thetimeslackavailablefor theLSBs.Thetime slackis the
differencebetweenthedelayin thepathsthroughtheMSBs
andLSBs,andit givestheamountof time availablefor the
delayof gateswhosevoltageis scaledto

û "
. To compute

thetime slack,dataon critical pathandlatency (ns)for the
implementationof radix-4,8 and16arereportedin Table3.

Thedelayof theleast-significantportiondependson the
typeof CSAadderused,sincethedelayof theradix-rCSA
is larger than that of the radix-2 CSA. For instance,for
radix-4 the critical path is 7.0 ns. By implementingthe
LSBsof therecurrencewith radix-2CSAs,thedelayin the
LSBs is 3.1 ns, resultingin a time slackof 3.9 ns. In this
case

û "%$ óSú & û
withoutaffectingthelatency of thedivider.

On theotherhand,by opting for the useof radix-4CSAs,
thetimeslackis reducedto 3.0nsand,consequently,

û "
can

beloweredto
óSú ó û

.
Theenergy consumptionfor dualvoltagewasestimated

ona blockbasis,by usingthefollowing expression:')(+*-, $ ' ë *�.0/+12436587+97+:#:);
"4< ò>= 12@?BA

where
' ë *�. is theenergy dissipatedin theblock in the l-p

implementation.Thisassumesnovariationsin neitherload
capacitancenor activity. SPICEsimulationsshowed that
the valuesprovided by the above expressionarean over-
estimateof theactualpowerdissipation(lessthan10%)forû "

valuesfrom
ô�ú ô û

to
ó�ú & û

.
Theestimatedvaluesarereportedin Table4 andinclude

thecontributionof voltage-level shifters.
Sincethereducedvoltagecanbelower for radix-2CSA,

this might resultin a reductionof thetotal energy. Thereis
a tradeoff betweenthefollowing:C Thevoltagecanbelower for radix-2CSAC Thereis a reductionin thenumberof flip-flops by us-

ing theradix-rCSA.

As seenin Table4, a largerreductionis obtainedfor radix-
2 CSA.For radix-4,thesameestimatedvaluesareobtained
sothattheradix-4CSAsolutionmightbepreferredbecause
of thesmallerarea.We have alsoappliedthedual-voltage
techniqueto theconvert-and-roundunit.

with radix-2CSA with radix-D CSA
t. slack E@F GIH�JLK t. slack E@F GIH�JLKM NPORQ M E Q M N�S@Q M NPORQ M E Q M N�S@Q

radix-4 3.9 2.0 17 3.0 2.2 17
radix-8 3.5 2.0 20 1.2 3.0 26
radix-16 4.6 2.0 22 1.8 2.7 27

Table 4. Energy-per -division after volta ge
scaling.

5 ComparisonbetweenRadix-4, 8 and 16

Table5 summarizestheenergy dissipationandareafor
theimplementationsof radix-4,8 and16. It wasnot possi-
ble to implementdual voltagewith our cell library so that
entryd-v is anestimateof apossibleimplementation.

The resultsshow that techniquesfor low-power design
areeffective for thethreeradices(Figure10). However for



TIU VXWZY []\@^
Area

Y _)_a`�^
Speed-up

std l-p d-v std l-p
radix-4 45 27 17 1.4 1.2 1.0

ratio 1.0 0.59 0.37
radix-8 48 29 20 2.2 1.8 1.3

ratio 1.0 0.61 0.42
radix-16 46 30 22 2.2 1.8 1.4

ratio 1.0 0.66 0.48

Table 5. Energy-per -division, area, speed-up.

the dual-voltageimplementationthe increasedcomplexity
in the recurrencedatapathfor the higher radices(double
MULT andCSAandlargerSEL)reducestheimprovement.
Thelongercritical pathnot only reflectsin a longer bIced�cgfLh ,
but alsolimits thelowervoltageto beused.In fact,voltage
scalingis moreeffective for simplerdatapaths,wherethe

ratio delayMSBs
delayLSBs ikj .

The datafrom Table3 and Table5 areplotted in Fig-
ure 11. The target is to obtain an implementationthat is
ascloseaspossibleto theorigin: minimumenergy andla-
tency. It is interestingto notethat for the threeradicesthe
energy-per-operationis in acloserangefor eachtypeof de-
sign(std, l-p, d-v).

Finally, we commenton the energy per cycle and the
power. This is shown in Figure12. As expected,theenergy
percycleincreaseswith theradixbecauseof thelargercom-
plexity of the implementation,resultingin a larger num-
ber of transitions. In contrastto the latency, which is re-
ducedfor higherradices,the reducednumberof iterations
for higherradicescannottotally compensatethehigher lnm�c
in l)oqpLrtsulnm�c)vxw no. cyclesy .

Thepower, which isz s l m+cbIced�cgfLh s|{#}~} �
also increaseswith the radix. However, the increaseis
smallerthanthatof lnm�c becauseof theincreasein bIced�cgfLh .

In conclusion,for reducingthe power (i.e. the average
current) in a divider the best solution is to use a radix-
4. On the other hand, if low energy is the priority, like
for portableelectronicswherethe life time of batteriesde-
pendson l oqp�r , onemight think of usinga radix-16with a
lower voltageto keepthe latency of a radix-4,but smallerl oqpLr . For example,considera divider with latency of 210
ns. This canbeachievedwith radix-4andl-p implementa-
tion ( l oqp�r s j�� nJ)or with radix-16with a lowervoltageof{�}~}us j]��� { , dissipatingonly l oqpLr s���� nJ.
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