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Abstract

Althoughdivisionis lessfrequenthanadditionandmul-
tiplication, becausef its longer latencyit dissipatesa sub-
stantial part of the enegy in floating-pointunits. In this
paperweexplore therelationbetweertheradix andtheen-
ergy dissipated. Previouswork has beendoneon radix-4
andradix-8division. Here we extendthis studyto a radix-
16 schemewith two overlappedadix-4stagesandcompae
thelatency area,andenegy of thethreeimplementations.

Resultsshowthat by applyingthelow-powertechniques
the enegy dissipationis reducedfrom 30% to 40%, with
respecto thestandad implementationAn additional20%
reductioncan be obtainedusinga dual voltage. Moreover,
theenegy dissipatedo completahedivisionis roughlythe
samefor the three radices. However, the power dissipa-
tion, proportionalto theaverage current,increasewith the
radix. If reducingtheenegyis thepriority, for thesamda-
tencyradix-16with dual voltage produceshe smallesten-
ergy dissipation.

1 Intr oduction

Enegy consumptioris becomingmoreimportantevery
day becauseof the increaseddensitieson chip and faster
clocks.Althoughit is aninfrequentoperationcomparedo
additionandmultiplication, the longerlateny makesdivi-
sion dissipatea substantiaportion of the enegy in arith-
metic units. For example,a roughevaluationof the enegy
dissipatedn a floating-pointunit, similar to the one pre-
sentedn [8] shows thatthe enegy consumptiorin the di-
videris comparabldo thatof the othercomponents.

In this paperwe explore the relation betweendivision
radix andenegy dissipated.Previous work hasbeendone
in [5, 7, 6]. Herewe extendthetechniquesisedfor radix-4
andradix-8to a radix-16schemepbtainedby overlapping
two radix-4 stages. All implementationsare for a 53-bit

roundedquotient. A comparisonof the threeimplemen-
tationis madewith respecto thelateng, enegy consump-
tion, andarea.Resultsshov thatby applyingthelow-power
techniqueghe enegy dissipationis reducedfrom 30% to
40%, with respecto the standardmplementation.An ad-
ditional20%reductioncanbeobtainedisingadualvoltage.
Moreover, theenegy dissipatedo completethe divisionis
roughlythe samefor thethreeradices.However, the power
dissipation,proportionalto the averagecurrent,increases
with the radix. If reducingthe enepy is the priority, for
the samelateny radix-16 with dual voltage produceshe
smallesienepy dissipation.

The units are implementedusing the Passport0.6m,
3.3V, three-metalayers, CMOS standardcell library [2]
andthelayoutis obtainedby automatidloor-planning.The
delayis computedby multiplying the numberof cyclesby
thecritical pathobtainedfrom simulations.The areais ob-
tainedfrom the layout and the enegy dissipationis esti-
matedusingPET [4], a power evaluationtool which com-
putesthe power dissipatedn a circuit from the netlist ex-
tractedfrom thelayout(thatincludesthe effect of intercon-
nectioncapacitance)the standardcell library characteris-
tics, andthe resultsof a logic-level simulation. We report
theenegy dissipatedn a completedivision andthe power,
whichis proportionatto the averagecurrent.

2 Algorithm and Implementation for Radix-
16 Divider

In this Sectionwe review the division algorithm de-
scribedin detailin [3]. Thedivisionis implementedy the
residualrecurrence

w(j + 1] = 16w[j] — gj+1d j=0,1,...13

with initial valuew[0] = =z, wherez the dividend, d the
divisor, andg;+1 thequotientdigit atthe j-th iteration,such
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Figure 1. Selection function for radix-16

thatthe quotientis
14 )
g=Y q167 (1)
j=1

where g;41 is determinedby the selectionfunction de-
scribedbelon. Two additionalcycles,for initializationand
rounding,arerequiredto producethe quotientin corven-
tionalrepresentatio(b3bitsfor IEEE double-precisionfor
atotalof 16 cycles.Bothd andz arenormalizedn [0.5, 1)!
andz < d.

Theradix-16divisionunitis obtainedby overlappingthe
computationof two radix-4 digits [9]. Consequentlythe
guotientdigit is split into two partsqg and gy suchthat
¢; = 4qm + g1 with digit set{—2, —1,0,1, 2} in eachpart,
resultingin thedigit-set[—10, 10] for ¢; (a = 10). Thequo-
tient digit is determinedat eachiteration, by the selection
functiondepictedn Figurel. Oncethedigit g is chosen,
its valueis usedto selectamongall the possiblecombina-
tions of ggd. Theredundang factoris p = %5 = §
Theresiduahw[j] is storedin carry-saerepresentatiotws
andw¢). Thesigned-digitrepresentationf the quotientis
convertedto conventionaltwo’s complementepresentation
androundedby the on-the-flycorvert-and-roundinit.

The implementatiorof the standarddivider, optimized
for shortestateng, is shavn in Figure2. Therecurrencés
implementedwith the selectionfunction (SEL), two multi-
ple generator§MULT), two carry-sae addergCSAY and
two registers(REG) to storethe carry-sae representation
of theresidual.Becausef the carry-sae representatioof
theresidualtheselectiorfunction(SEL R-4)in Figurelis
composedy a 7-bit carry-propagatadderanda function
implementedwith logic gates. The corverterperformsthe
conversionandtheroundingaccordingo the signof thefi-

ln |EEE standardfloating-pointnumbersare normalizedin [1,2).
However thisis equialentto right-shiftthe operand®neposition.
2Eachbit of the CSA s implementedvith two half-addergHA).
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Figure 2. Implementation radix-16

nal residualandthe signalthat detectsif it is zero,which
areproduceddy a sign-zero-detectdiSZD).

Table 1 shaws the delaythroughthe two partsof SEL.
Notethatthe largerdelayof SELg;, is compensatebly the
additionalCSA thatexistsin the pathfrom SELgy.

The critical path post-layoutis 9.2 ns and 16 iterations
arerequiredto completethe operation,correspondingo a
lateng of 150ns.

path delay[ns]
qrL SElgr, - MULT - HA - REG
57+1.4+06+15 = 9.2
qg | SElgg - MULT - HA - FA - REG
40+14+06+1.1+15 = 8.6

Table 1. Critical path through ¢z and qg.
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Figure 3. Retiming the recurrence

3 Low-Power Implementation

Low-powerdesigntechniquesreappliedto thestandard
implementationof the divider to reducethe enegy con-
sumptionwithout penalizingthe lateng. The techniques,
reviewed below, were originally developedfor radix-4[7]
andarehereadaptedo theradix-16case.

3.1 Retiming of the recurrence

Theretimingof therecurrencés doneby moving the se-
lection function from the first part of the cycle to the last
partof the previouscycle. Thisis shawvn in Figure 3 for a
radix+ divider. A new registeris neededo storethe quo-
tientdigit.

This retiminghasthe advantageof limiting thecritical path
to the b most-significanbits of therecurrencgb = 10 for
radix-16),sothattherestcanberedesignedor low power.
For instancefor the paththroughSELgy,, thetwo pathsare

HA - SEL Q - REG
HA - CSA - REG

MSBs:
LSBs:

MULT -
MULT -

On the otherhand,the retiming requiresa small extra reg-
ister Moreover, now the Mux is in the critical path,but be-
causdt change®nceperdivision, its delaycanbe masled
by earlierselectior?

As indicatedin the previous section,andshavn in Fig-
ure 4a, the larger delay of SELg;, is compensatetby the

3The mux-selectis the only signal sentfrom the controllerto the re-
currenceandit canbe skewed (anticipated)at the end of the first cycle
maskingthe delayof the multiplexer.
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Figure 4. Retiming and critical path. a) before
retiming, b) after retiming, c) after retiming
and skewing the clock.

additional carry-sae adderin the path of SELgy. This
compensations eliminatedby the retiming, as shavn in
Figure4b. Consequentlyin ordernotto increasehe cycle
delay the clock of registerqy, is skewed, resultingin the
pathsof Figuredc. Theclockcanbeskewedby addingthe
appropriatedelay(e.g. somebuffers)in the clock distribu-
tion tree.

Sincein the retimedimplementatiorthe selectionfunc-
tion is placedafterthe secondCSA, insteadof directly af-
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ter the registers,thereis a large increasan the numberof
glitches,which areresponsibldor theincreasedlissipation
of the selectiorfunction. Oneway to filter thoseglitchesis
to buffer the selectionfunctionwith multiplexersactingas
latchesasdescribedn Figure5. Theselectsignalis driven
by a differentclock (sameperiod,differentphasethaten-
ablesthemuxesto transmitthevaluefrom the CSAwhenit
is stable,andhold the currentvalueotherwise.However, in
this casethe delayof the mux affectsthe critical path. For
radix-16the enegy dissipatedn the selectionfunctionis
halved, but the critical pathis increasedy about5%. For
thisreasonthevalueis notincludedin Table2, which sum-
marizegheenegy reductions.

3.2 Changingthe redundantrepresentation

As explained above, after the recurrencehasbeenre-
timedthe critical pathis limited to the 10 most-significant
bits andtherestcanberedesignedor low powver. Oneway
of doingthis is to replacethe (radix-2) CSA for the least-
significantbits by aradix-16CSA (R16 CSA) thatfor each
digit of theradix storesonly onecarrybit. Thisis shavn in
Figure6 for a genericradix. This modificationincreases
the delay of the CSA but reduceghe numberof flip-flops
in the registersfor the residual,resultingin a reductionof
the enegy (and of the area). This canbe donefor the 44
LSBsby implementingll radix-16 CSAsin eachCSA, so
thatthe numberof flip-flopsin registerWc is reducedrom
57to 25.

Moreover, an additionalreductionin the enegy dissi-

patedis obtainedby usinglow-drive cells for the LSBsin
therecurrence.

In ordernotto increasehecycle time whenusingradix-16
CSAthetwo following pathsshouldhave the samedelay:

MSBs: MULT - ( HA - SEL QL) - REG
LSBs: MJLT - (R16 CSA - R16 CSA) - REG

Thereforetheconditionto besatisfieds:

tga +1sEL,, 538
——— =28 mns

tri6 csa <
The easiestvay to implementthis R16 CSA is by usinga
4-bit carry-rippleadder The correspondinglelay in our
library, is

tsn =tc, + 3t'r’ipple +tga =08+ 3(0.35) + 0.5 ns

which correspondso about2.0 ns.

Furthermoresincethe most-significanbits of theresid-
ual areassimilatedn the selectionfunction, theseassimi-
latedbits could be storedin theregisterWs, saving 7 addi-
tional flip-flops. However, in theradix-16case the assim-
ilatedvaluemustbe selectedamongthe 5 possiblealterna-
tives (seeFigure 1) and this requiresan additional multi-
plexerdrivenby gy thatincreasesheloadbothon gy and
qr. Forthisreasorthe7 MSBshits arestoredin carry-sae
representation.

Thecombinatiorof theretimingandchangingherepre-
sentatiorresultsin a reductionof about10%in the enegy
dissipatedn thedivider.

3.3 Conversionand Rounding

Thecorversionandroundingis performedy theon-the-
fly corvert-and-roundalgorithm([3]. In the original algo-
rithm the partial quotientis storedin two registersupdated
in eachiteration and the final quotientis chosenamong
thoseregistersduringtherounding. Theupdateof theregis-
tersis doneby shift-and-loadperationsThelargeamount
of power dissipatedn the unit is mainly dueto the shifting
during eachiterationandto the numberof flip-flops, used
to implementtheregisters.

In [7] a modifiedalgorithmis describedwhich reduces
theenepgy by changingheway theregistersareloadedand
theirnumber The samemodificationscanbe appliedto the
radix-16case Becausef the higherradix, thereductionin
thenumberof theflip-flopsis larger.

With the implementatiorof the modifiedalgorithmthe
numberof flip-flops in the corvert-and-roundunit is re-
ducedirom 108to 69 andthepowerdissipatedrom 10.7.J
t0 2.4n.J, resultingin areductionof about20%in thewhole
divider.

In addition, the sign-zero-detectiohlock (SZD), which
is only usedfor the rounding,is switchedoff by forcing a
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Figure 7. Low-power radix-16 divider

constantogic valueatits inputsduringtherecurrenceteps.
Thereductionin the enegy dissipateds about5% with re-
spectto the standardmplementation.

3.4 Results

Table 2 reportsthe averageenegy dissipationand area
for the standardand low-power implementationwhich is
shavnin Figure?. In the Table,entry stdrefersto the stan-
dardimplementationpptimizedfor speedandentryl-p is
the low-power implementatiorwith the samedelay Some
of thelow-powertechniquesised suchasmodifiedcorver-
sion algorithm and changedredundantrepresentationte-
ducethe numberof flip-flops in the registersand, conse-
qguently thearea.

4 Dual Voltagefor Radix-4,8 and 16

In this sectionwe evaluatethe impactof the useof dual
voltagefor unitsimplementingradix-4,8 and 16, division.

blocks std I-p

nJ nJ
control 0.5 0.5
clk tree 0.5 0.5
mux 2.6 0.4
mul. gen.H 2.5 1.6
CSAH 3.3 3.3
mul. gen.L 2.7 1.8
CSAL 5.0 4.3
sel.func. 5.9 8.2
registerswW 8.6 5.9
registersq - 0.4
SZD 3.7 1.0
C&R unit 10.7| 24
Egiy [nJ] 46 30
Ratio 1.00 | 0.66

Areamm? | 2.2] 18]

Table 2. Energy-per -division for radix-16.

MsSB LsSB
l b | | s-b

o C— > MZ///{%//{//{//{//{///{/{////////

”////////

Reglsters W
\//////////////////

cycle time

Register q

Iogzr

% low-voltage gates

Figure 8. Low-voltage cells in the recurrence .

The power dissipatedn a cell depend®n the squareof the
voltagesupply(Vpp) sothatsignificantamountof enegy
canbesaredby reducingthisvoltage[1]. However, by low-
eringthevoltagethedelayincreasessothatto maintainthe
performancethis techniqueis appliedonly to cells not in
thecritical path.In therecurrencehe s — b least-significant
bits can be redesignedor low voltage, as shovn in Fig-
ure 8. By usingtwo voltageswe only needto level-shift
whengoingfrom thelowerto the highervoltage[10]. As a
consequencéhe voltage-level shiftersarenot neededintil
aspecificdigit movesinto theb MSBs.

Our library wasdesignedo operatewith Vpp = 3.3 V.
To obtainthedependengof thedelaywith respecto Vpp,
we performedSPICE simulationson a 4-bit carry-ripple
adderand obtainedFigure 9. The delay is normalized
to the onefor Vpp = 3.3 V. The plot shaws that for
Vbp = 2.0 V the delayis doubled,andthat for voltages



scheme | critical path Teyete No.iter. lateny speed-up
radix-4 | SEL- MULT - HA - REG
3.9+1.4+0.6+1.1= 7.0 30 210 1.0
radix-8 | SElgr, - MULT - HA - REG
45+1.4+0.6+1.5= 8.0 20 160 1.3
SElgy - MULT - HA - FA - REG
35+1.4+0.6+1.0+1.5= 8.0
radix-16 | SELg;, - MULT - HA - REG
57+1.4+0.6+1.5= 9.2 16 150 1.4

Table 3. Critical path, latency and speed-up for radix-4, 8 and 16.

delay (norm.)
8 | | |

- spice data O
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Figure 9. Delay with diff erent Vpp

below 1.7 V thedelayincreases excess.

In orderto evaluatethe possiblelower voltage Vs to be
usedn adualvoltageimplementatiorwe needto determine
thetime slackavailablefor the LSBs. Thetime slackis the
differencebetweerthedelayin thepathsthroughthe MSBs
andLSBs,andit givesthe amountof time availablefor the
delay of gateswhosevoltageis scaledto ;. To compute
thetime slack,dataon critical pathandlateng (ns)for the
implementatiorof radix-4,8 and16 arereportedn Table3.

Thedelayof theleast-significanportiondepend®nthe
typeof CSAadderused sincethedelayof theradix-r CSA
is larger than that of the radix-2 CSA. For instance,for
radix-4 the critical pathis 7.0 ns. By implementingthe
LSBsof therecurrencavith radix-2 CSAs,thedelayin the
LSBsis 3.1 ns, resultingin atime slackof 3.9 ns. In this
casédl; = 2.0 V withoutaffectingthelateng of thedivider.
On the otherhand,by opting for the useof radix-4 CSAs,
thetime slackis reducedo 3.0nsand,consequentlyl, can
beloweredto 2.2 V.

The enegy consumptiorfor dualvoltagewasestimated
onablock basis by usingthefollowing expression:

2
Fao=iy |4+ (35) (1= 1)
whereE;_, is the enegy dissipatedn the blockin thel-p

implementationThis assumeso variationsin neitherload
capacitancenor actiity. SPICE simulationsshaved that
the valuesprovided by the above expressionare an over
estimateof theactualpower dissipation(lessthan10%)for
V4 valuesfrom 3.3V t0 2.0V

Theestimatedraluesarereportedn Table4 andinclude
the contrikution of voltage-level shifters.

Sincethereducedvoltagecanbelowerfor radix-2CSA,
this mightresultin areductionof thetotal enegy. Thereis
atradeof betweerthefollowing:

e Thevoltagecanbelowerfor radix-2CSA

e Thereis areductionin the numberof flip-flops by us-
ing theradix-r CSA.

As seenin Table4, alargerreductionis obtainedfor radix-
2 CSA. For radix-4,the sameestimatedsaluesareobtained
sothattheradix-4 CSAsolutionmightbepreferrecbecause
of the smallerarea. We have alsoappliedthe dual-wltage
techniqueo the corvert-and-roundinit.

with radix-2CSA with radix+ CSA
t.slack Vo Eg;, | t.slack Vo  Eg;,
[ns] V] [nJ] | [ns] [V] [nJ]

radix-4 39 20 17 30 22 17

radix-8 35 20 20 12 30 26

radix-16 | 46 20 22 18 27 27
Table 4. Energy-per-division after voltage

scaling.

5 ComparisonbetweenRadix-4,8 and 16

Table5 summarizeshe enegy dissipationandareafor
theimplementation®f radix-4,8 and16. It wasnot possi-
ble to implementdual voltagewith our cell library sothat
entryd-vis anestimateof a possibleémplementation.

The resultsshav that techniquedor low-power design
areeffective for thethreeradices(Figure10). However for



Eqiv [nJ] Area[mm?] | Speed-up
std I-p d-v | std I-p

radix-4 45 27 17 1.4 1.2 1.0
ratio 1.0 0.59 0.37

radix-8 48 29 20 2.2 1.8 1.3
ratio 1.0 0.61 0.42

radix-16 46 30 22 | 2.2 1.8 1.4

ratio 1.0 0.66 0.48

Table 5. Energy-per -division, area, speed-up.

the dual-wltageimplementatiorthe increaseccompleity
in the recurrencedatapathfor the higher radices(double
MULT andCSAandlarger SEL) reducesheimprovement.
Thelongercritical pathnotonly reflectsin alongerZ.,.,
but alsolimits thelower voltageto beused.In fact,voltage

scalingis more effective for simpler datapathsywherethe
. delayMSBs

ratio elayLSBs > 2.
The datafrom Table 3 and Table 5 are plotted in Fig-

ure 11. Thetargetis to obtainanimplementatiornthat is
ascloseaspossibleto the origin: minimumenegy andla-
teng. It is interestingto notethatfor the threeradicesthe
enegy-peroperatioris in acloserangefor eachtypeof de-
sign(std I-p, d-v).

Finally, we commenton the enegy per cycle andthe
power. Thisis shovnin Figurel2. As expectedtheenegy
percycleincreasesvith theradixbecausef thelargercom-
plexity of the implementationresultingin a larger num-
ber of transitions. In contrastto the lateng, which is re-
ducedfor higherradicesthe reducednumberof iterations
for higherradicescannototally compensatéhehigherE,.
iN Eqiv = Epe x (n0. cycles.

Thepower, whichis

E,. -

P = =Vppl
Tcycle b

also increaseswith the radix. However, the increaseis
smallerthanthatof E,. becaus®f theincreasen T.ce.

In conclusion for reducingthe power (i.e. the average
current)in a divider the bestsolution is to use a radix-
4. On the otherhand, if low enenpy is the priority, like
for portableelectronicavherethe life time of batteriesde-
pendson Eg;,,, onemight think of usinga radix-16with a
lower voltageto keepthe lateng of a radix-4, but smaller
Ey;,,. For example,considera divider with lateng of 210
ns. This canbe achieved with radix-4 andl-p implementa-
tion (E4:,», = 27nJ)or with radix-16with alower voltageof
Vbp = 2.5V, dissipatingonly E4;,, = 18nJ.
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