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Abstract

Consider a partial differential equation (PDE) of evolution type, such as the wave
equation or the heat equation. Assume now that you can influence the behavior of
the solution by setting the boundary conditions as you please. This is boundary
control in a broad sense.

A substantial amount of literature exists in the area of theoretical results con-
cerning control of partial differential equations. The results have included existence
and uniqueness of controls, minimum time requirements, regularity of domains, and
many others.

Another huge research field is that of control theory for ordinary differential
equations. This field has mostly concerned engineers and others with practical
applications in mind.

This thesis makes an attempt to bridge the two research areas. More specifically,
we make finite dimensional approximations to certain evolution PDEs, and analyze
how properties of the discrete systems resemble the properties of the continuous
system.

A common framework in which the continuous systems are formulated will
be provided. The treatment includes many types of linear evolution PDEs and
boundary conditions. We also consider different types of controllability, such as
approximate, null- and exact controllability.

We will consider discrete systems with a viewpoint similar to that used for the
continuous systems. Most importantly, we study what is required of a discretization
scheme in order for computed control functions to converge to the true, continuous,
control function. Examples exist for convergent discretization schemes for which
divergence of the computed controls occur.

We dig deeper for three specific cases: The heat equation, the wave equation,
and a linear system of thermoelasticity. Different aspects of the theory are exem-
plified through these case studies.

We finally consider how to efficiently implement computer programs for com-
puting controls in practice.






Resumé

Betragt en tidsafthaengig, partiel differentialligning (PDE), sasom bglgeligningen el-
ler varmeledningsligningen. Antag nu, at man kan pavirke lgsningens opfgrsel ved
at justere pa randbetingelserne efter behov. Dette er randkontrol i bred forstand.

En anselig meengde litteratur omhandler teoretiske resultater for kontrol af
partielle differentialligninger. Disse resultater omfatter eksistens og entydighed af
kontrolfunktioner, tidskrav, domaeners regularitet og mange andre.

Et andet stort forskningsomrade er kontrol/regulering af ordinaere differenti-
alligninger. Dette omrade optager mest ingenigrer og andre, der arbejder med
praktiske anvendelser.

Denne athandling forsgger at bygge bro mellem de to forskningsomrader. Vi vil,
mere konkret, foretage endelig-dimensionelle tilnzermelser til visse tidsafhsengige
PDE’er, og analysere hvorledes egenskaber for de diskrete systemer tilnsermer det
kontinuerte systems egenskaber.

Vi praesenterer et falles teoretisk grundlag for de kontinuerte systemer, som vi
vil betragte. Dette vil omfatte mange linezre, tidsatheengige PDE’er og forskellige
randbetingelser. Vi vil ogsa studere forskellige typer af kontrollérbarhed, sasom
nul- og eksakt kontrollérbarhed.

Vi betragter diskrete systemer fra den samme vinkel som for de kontinuerte sys-
temer. Vi studerer ogsa det vigtige sporgsmal om hvad der kraeves af en diskretise-
ring, for at beregnede kontrolfunktioner konvergerer mod den korrekte, kontinuerte,
kontrolfunktion. Eksempler findes hvor de beregnede kontrolfunktioner, pa trods
af at en konvergent diskretisering benyttes, divergerer.

Vi graver dybere for tre bestemte ligninger: Varmeledningsligningen, bglgelig-
ningen og et lineaert termoelasticitets-system. Forskellige aspekter af den etablerede
teori vil blive konkretiseret gennem disse eksempler.

Endelig vil vi betragte hvorledes man, pa en effektiv made, kan implementere
computerprogrammer, der kan beregne kontrolfunktioner i praksis.
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CHAPTER]

It’s a control freak thing.

I wouldn’t let you understand.

S. H. UNDERWOOD

One type of control system is probably already working in your home right now: The
thermostat of your refrigerator. How does it work? If you put into your fridge some
hot dish, the temperature of the fridge rises. The thermostat senses this and starts

cooling. On the other hand, if the temperature gets

too low, the cooling system

is shut down, and the surroundings of the fridge will make the temperature rise.

This kind of control is called bang-bang control, and
control, a self-adjusting system.

Many types of control exist. A system exposed
to bang-bang control will typically keep on oscillat-
ing about a desired state in some way (the state be-
ing, for instance, the temperature of the fridge). One
could also consider stabilizing a system, where a con-
trol aims to make all oscillations of a solution disap-
pear as time goes by.

This thesis focuses on exact controllability for ordi-
nary differential equations, ODEs, and, in particular,
partial differential equations, PDEs. Given such a sys-
tem with some initial state, and where we are allowed
to control the system in some way, we want to steer
the solution ezxactly to some desired state at a specific
time. What happens thereafter, is not important.

is a simple type of adaptive

NN

_

7

Figure 1.1: The tempera-
ture u(t) of a small object is
controlled by the surround-
ing temperature k(t).

As an example, let us consider a simple ordinary differential equation:

u'(t) = a(k(t) —u(t)),
u(0) = u® .

(1.1)
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Figure 1.2: Two different controls k(¢) that do the same job: Lead the state u(¢t) from
u(0) = u® to u(T) = u*. Figure (b) on the right furthermore shows the unique control of
minimal L?(0, T')-norm.

The state u(t) denotes the temperature of some small object at time ¢. The whole
object is assumed to have the same temperature throughout. The surroundings has
everywhere the temperature k(¢) at time ¢, and « is some positive heat transfer
constant. Initially, at time ¢ = 0, the object has the temperature u°. See Figure 1.1.

Assume now that we can control the temperature k() of the surroundings and
that we would like the object at time t = T to have a certain temperature, say
u(T) = u'. Since we can write the solution to (1.1) explicitly,

¢
u(t) = el + aef’lt/ e*’k(s)ds,
0

this is not difficult to achieve. Inserting the information we have, we just have to
find k(t) such that

T
a/ e k(t)dt = e*Tul —u®.
0

For instance, if we seek a constant valued control function, k(t) = ko, we easily
arrive at

eazTul _ ’LLO

K =ko="ar 1
see Figure 1.2(a).

There are obviously an infinite number of controls k(t) that steer the temper-
ature from u° to u!. One may be interested in finding a control that is optimal
in some sense. For instance, what if we want to find a control that has minimal
L?(0,T)-norm, that is, make the quantity

T
JREOURE
0



the smallest possible? Such a control does exist and is in fact unique. It is further-
more the perhaps easiest optimal control to find. It turns out that in this case, the
control function has the form
1 —aT, 0
U —e *u
k/’(t) = ’era(t_T) where 'UO = QW s

see Figure 1.2(b). We shall later see how to compute such an optimal control, as

part of a much more general theory for partial differential equations.
Note two things in this example: A control can be found no matter how small
the final time T > 0 is, and the initial and final states can be arbitrary real numbers.

We can clearly extend the previous concepts to higher order differential equa-
tions and multidimensional systems. In such cases we can arrive at a common
setting of the form

{ u'(t) = Au(t) + Bk(t),

u(0) = u’,

where A is a square matrix and B has any number of columns. We now seek
a control that steers the system from state u® to some state u! at time ¢t = T.
When A is diagonalizable, each eigenmode of A can either be controlled arbitrarily
fast or not at all. This depends on the choice of B, of course. The case of a
non-diagonalizable A is slightly more complicated, but it is still easily analyzed
whether one has controllability or not. The point is, everything is known about
controllability of ODEs of the above form.

We now increase the difficulty considerably. We go from an ODE to a PDE;,
and consider a string on the interval (0,1). When the transversal oscillations are
relatively small, the movements of such a string can be described by a simple linear
PDE, typically denoted the wave equation:

Pu  ,0%u

oz~ a2 )
uw(0,z) = u’(z), E(O,x) =a(z),
u(t,0) =0, wu(t,1)==Ek),

for 0 <t <T and 0 < x < 1. The constant c is related to the material of the string
and represents the speed with which waves of a solution propagate. The initial
state, at time ¢ = 0, is dictated by u°? and @®. The most interesting quantities
here are the boundary conditions. The left end-point is fixed at position 0, but
the position of the right end-point is determined by the function k(¢). This is the
control and since it acts through a boundary condition, it is called a boundary
control. (One should of course be precise about the function spaces in which we
operate, but we will postpone such details until later.) See Figure 1.3 for an
illustration.
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u(t, x)

Figure 1.3: The state of a string at some time ¢. The left end-point is fixed at 0, while
the position of the right end-point is determined by k(t).

Our control problem is similar to the previous one: We wish to determine k(t)
such that we reach a particular state at time t =T,

w(T,z) = u'(x), %(T, z) =a"(z).

Is this possible no matter the initial conditions, u® and u°? The answer depends
on how much time we have: If T' < 2/¢, the answer is no; if T > 2/¢, we can steer
the solution to any final state (again, in appropriate function spaces). This makes
sense for the following two reasons: We can only control the solution through a
single point, the right end-point, and the fact that waves propagate with constant
speed c. How long does it take for a pulse to travel from the right end-point, to
be reflected at the left end-point and to travel back again? Exactly 2/c time units,
and this is the reason for the requirement on the control time.

Let us turn our attention to another, in its formulation, simple PDE. It is the
well-known heat equation:

ou_ o
ot~ ‘ox?’
u(0,2) = uo(x) ,

u(t,0) =0, u(t,1)=k(t),

for 0 <t < T and 0 < z < 1. The quantity u(t,z) denotes the temperature at
time ¢ and at position z, in a rod of unit length. The ¢ is a physical constant
related to the thermal properties of the material in question.

The heat equation is, however, very different from the wave equation, also when
it comes to controllability. Let us again consider the question: Is it possible for
any initial state u° and final state u! to find a control k(¢) such that

uw(T,x) = u'(x)?

The answer is no. It is possible, though, always to find a control that steers
any initial state u® to the zero state (this type of controllability is called null-
controllability). This can, as opposed to the wave equation, be done arbitrarily



t = 0.002

t=0.1 t=1

Figure 1.4: Illustration of the smoothing effect of the heat equation. The initial state
at t = 0 is non-continuous, but every state with ¢ > 0 is infinitely smooth. On top of this,
the solution quickly approaches the zero state.

fast. Figure 1.4 provides a hint as to why this is so. Here is illustrated a solution to
the heat equation at different times, without any control. The initial state is a non-
continuous “hat” function, but the solution quickly gets very smooth. Actually, the
solution is infinitely smooth for any time ¢ > 0. This makes it impossible to steer
the solution to any non-smooth state (non-smooth meaning that some derivative
is non-continuous).

The heat equation also has a strong damping effect that makes the solution
strive towards the zero state. This makes it possible, given a suitable control,
always to steer the solution to the zero state.

So when it comes to possible final states, the heat equation is more restrictive
than the wave equation. But when it comes to the control time T, the heat equa-
tion has no restrictions. Any state can be driven to zero arbitrarily fast. This is
possible because for the heat equation, the temperature at one point can affect the
temperature at another point arbitrarily fast.

Let us turn our attention to discretizations. In order to fix ideas we will consider
a simple finite difference discretization of the wave equation.

A robust and constructive method called HUM (Hilbert Uniqueness Method)
exists in the continuous case for finding a control that steers the solution to a
given final state. This method also applies for finite dimensional systems and, in
particular, for discretizations of the wave equation. One might, quite sensibly, make
the following hypothesis: Using a convergent approximation of the wave equation,
boundary derivatives and other “ingredients” of HUM, the discrete approximations
of the control must converge to the true, continuous one, as time and space steps
go to zero. This is not true in general! Understanding why this is so and how to
make sure the controls do converge is the main theme of this thesis.

Let us give some pointers as to why it can go wrong. Consider Figure 1.5. It
illustrates wave propagation according to a finite difference approximation of the
one dimensional wave equation. The true solution should be an exact translation
to the right of the initial state, the “peak” shown in gray. The numerical scheme
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A

A
VS vV

Figure 1.5: Solving the wave equation by a simple finite difference scheme. The exact
solution should be a translation to the right of the initial wave, shown in gray. The
numerical scheme approximates this solution, but also introduces some spurious waves
travelling at wrong speeds and some even in the wrong direction.

approximates this solution, shown in black, but we note some spurious waves. Some
highly oscillatory waves travel too slowly, both to the left and right. Actually, if
the grid-point distance is h, high frequency waves will travel at a speed of order
h in this discrete medium. This is very bad for control! As we have argued for
the continuous wave equation, the speed with which waves propagate is essential
when it comes to how must time is needed for control. And here, in the discrete
setting just described, as h — 0 we are going to need more and more time. This
means that if we compute controls for a fixed control time, say T, the controls will
diverge.

1.1 Structure of the Thesis

Style and Structure are the essence of a book;
great ideas are hogwash.

— VLADIMIR NABOKOV (1899-1977)

Chapter 2 kicks off by establishing the theoretical foundation for this thesis. The
type of PDE systems with which we will work, central function definitions and
theorems.

Chapter 3 concerns discretizations. First we look at discretizing in space. Es-
pecially the Laplace operator in one dimension will be considered. Even though
this is a relatively simple subject, we need to obtain various important facts, to
be used later on. We then move on to discretizing in time, with focus on two
(ODE) discretization schemes. We finally introduce the concept of group velocity
for discretizations of hyperbolic equations.

Chapter 4 is to some extent a repeat of Chapter 2, but for discrete systems.
Some things are different, though, such as function spaces, norms, how to impose
boundary conditions, etc. Important tools for proving that computed controls will
converge to the true ones will also be given.

Chapter 5 focuses on an essential part of the Hilbert Uniqueness Method, the
controllability operator. Methods for computing a matrix representation of this
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operator will be given. The controllability operator depends on the control time,
the amount of time available for control. For some PDEs, the operator turns out
to have some interesting properties as this control time approaches infinity.

Chapter 6 is the first of three chapters to consider specific PDE systems. This
chapter concerns the heat equation. Different aspects concerning control for both
the continuous systems and discretizations thereof are considered.

Chapter 7 turns to the wave equation. Again, we will apply the theory of Chap-
ter 2 to the continuous system. The treatment of controllability for discretizations
of the wave equation, and convergence thereof, is considered in this chapter and is
one of the central subjects of the thesis.

Chapter 8 considers a linear system of thermoelasticity, which can be considered
a coupling between a heat equation and a wave equation. We consider only the
continuous case in one dimension and show, using the knowledge gathered in the
previous chapters, how to prove a result concerning boundary controllability of this
system.

Chapter 9 goes through an actual implementation of how to compute boundary
controls for a two dimensional wave equation. Algorithm complexity, memory usage
and other practical aspects will be addressed.

Chapter 10 finalizes by providing an overview of the most important contribu-
tions of this thesis. Undoubtably, several areas touched upon are worth digging
further into. Several such areas, open questions and also new, but related, research
subjects will be mentioned.

Appendix A contain theorems, proofs and derivations that will be referred to
from the main text. They have been placed in the appendix in an attempt to
not drown the reader in too many detailed derivations that are not essential when
reading. They have been included for the interested reader because the results are
either not found elsewhere in the literature, or because they are so important that
they have been included for completeness.

Appendix B presents a quick reference guide to the notation used throughout
the thesis.






CHAPTER2

Boundary Control of
Linear Evolution PDEs

There is nothing more practical than a good theory.

— LEONID ILICH BREZHNEV (1977)

We begin by laying the theoretical foundation for boundary control. This includes
introducing the types of evolution equations, whose solutions we wish to control,
but also defining the different types of controllability we shall consider.

Many results of this chapter are already known, but most of them have been
presented in connection with a particular equation, such as the wave equation or
the heat equation. We present here a unified approach, that in an abstract setting
formulates a number of results that can easily be applied to a specific PDE system.

Let us note here that Partial Differential Equations, especially in a control

context, are often referred to as Distributed Parameter Systems in the literature
(Zuazua, 2002b).

2.1 Setting the Stage

Let © be an open and bounded subset of the d-dimensional Euclidean space R?.

We denote the boundary I' = 92, and a subset of the boundary, I'y C T', will be

referred to as the control boundary. Given T > 0, we introduce the time-space

cylinders Q@ = (0,7) xQ, X = (0,7) X' and Xg = (0,T) x Iy, for shorter notation.
Consider the linear system of partial differential equations:

u = Au nQ@ ,
B k iDZO,
Bu—{o T\ (2.1)

u(0) = u® inQ,
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where u® € H'. Here, H' is a Hilbert space and u; denotes the time derivative of u,
the state vector. The operator A is a partial differential operator, generator of a
strongly continuous semigroup e*A : H' — H’ t > 0; the operator B : H' — T is
a linear boundary operator and k € L?(Xg) is the control (function). We introduce
the notation

u(t) = L(u®, k)(t), t>0,

to emphasize the solution’s dependence on the initial data «° and the control k.
We assume L(u®, k) € C([0,T]; H') for all u® € H' and k € L?*(Xg). We will return
to the question of how one can show that the system actually is well posed, as is
assumed here. The above system will be referred to as the control system.

In this chapter we will consider three different, although related, control prob-
lems, where a control k is sought such that the solution is steered to, or towards,
a given final state.

2.1.1 The Adjoint System

Before studying controllability we need to introduce the so-called adjoint system.
It turns out that controllability of the control system is equivalent to certain prop-
erties of the adjoint system. This section, and the following two, will present the
adjoint system and miscellaneous mappings and relations, which connect the con-
trol system and the adjoint system (and thereby providing a reason for the name
“adjoint”).

The formal adjoint operator of A is the uniquely defined operator A* for which

(Au, V) grxmg = (U, A"0) s V(u,v) € H x H,

where A is considered as an operator with homogeneous boundary conditions,
k=0.

It is, however, often impractical to work with this operator in the sense that A*
often represents a PDE system in a somewhat indirect way (an illustrative example
of this can be found in Chapter 8, where a linear system of thermoelasticity is
studied). We will therefore consider another operator A that represents a system
which is essentially equivalent to that of A*. This is ensured by requiring the
relation

A=MTAM,
for an invertible matrix M containing only scalar entries. The eigenvalues of A are

easily shown to be equivalent to those of .A*, which means that A also generates a

strongly continuous semigroup e*4 : Hw— O , where H is a Hilbert space equipped
with the norm

lollz = I Ml - (2.2)

Defining the norm of the dual space H’ in the usual way, one gets [|[v| gz, =
|M~Tv|| . For convenience we present the following diagram that relates the
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function spaces H, H’, H and H':

H T~ H

MT lMT

ﬁ%ﬁl

Here, MT is the usual matrix transpose of M, and 7 and 7 are the Riesz canonical
isometries defined such that

(u, V) grscg = (Tu,v)g,  (u,v) € H x H

and (u, )z, 5= (Tu,v)g, (u,0) €eH xH.

We now introduce a duality pairing {-, -} : H' x H — R in the following way,
{u,v} = (u, MV) g = (MTu,v) g, 5 for all (u,v) € H' x H. (2.3)

Note that this implies that {Au,v} = {u, Av} for all (u,v) € H' x H (here again,
A is considered with homogeneous boundary conditions).
We now introduce what we will refer to as the adjoint system:

Vv = —AVU in Q s
Bu =0 iy, (2.4)
o(T) =° inQ

where v° € H. Similar to the control system, we will use the notation
u(t) = A@)(t), t<T,

to emphasize the solution’s dependence on the initial data v° (note that the initial
conditions are given at ¢ = T and the system is solved backwards in time). We will
assume A(v°) € C([0,T); H) for all v° € H; this must be shown for every concrete
system. In fact, we will assume the following about the growth of the solution of
the adjoint system,

JA@Y) (1) 5 < Ce®T D) 7, 0<t<T, forallv®eH, (2.5)

for some real constants C,«a > 0. Such a bound is possible whenever A is the
generator of a strongly continuous semigroup (see Rudin, 1973, page 356).

The duality of the control system and the adjoint system, through the duality
pairing {-, -} and thus the matrix M, is in fact what makes the abstract results of
this chapter possible. This is a new approach that emerged from the study of the
linear system of thermoelasticity, on which we shall focus in Chapter 8.
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2.1.2 The Complementary Boundary Operator

We will now introduce the complementary boundary operator. This is a common
approach in the field of boundary control, see, e.g., Pedersen (2000) for the case of
the wave equation. We give here a more general definition.

A linear complementary boundary operator C : H — L?*(Tp) must exist such
that the following Green-like formula holds:

{Aua ’U} - {ua -’Z’U} = <BuaCU>L2(F0) >

for all u,v € C>°(Q2). Note that the range of C must be L?(I'y); in fact, the following
is required: A function K : (0,00) — (0, 00) must exist such that

T
ICo() 1225 /O [Co(®) |72 dt < K(T)|v°)% (2.6)

for all T > 0 and all v° € H with corresponding solution v of the adjoint system.
We also require that the control fulfills & € L?(3g). The bound (2.6) is commonly
called the direct inequality.

We can now present an equality that relates solutions of the control system and
the adjoint system. It will turn out to be one of the most useful relations when it
comes to boundary controllability.

Theorem 2.1.1. Let T > 0 be fized. A solution u € C((0,T); H') of the control
system (2.1) with control k € L?(%¢) fulfills u(0) = v° € H' and u(T) = u' € H’
if and only if

(k,Cv)r2(5n9) + {u®,v(0)} = {u',v(T)} =0, (2.7)

holds for all solutions v € C((0,T); H) of the adjoint system (2.4) with initial data
v =o(T) € H.
Proof. Let T > 0, v°,v* € H' and k € L?(30) be given.

Assume that u € C((0,T); H') is a solution of the control system with control k
and u(0) = u°, u(T) = u'. Consider now a solution v € C((0,T); H) of the adjoint
system for a fixed, but arbitrary, v° € H. Observe then that

T T
. )
el = [ (o} + fnond)ae = [ (w0} = fu o) -

T
:/ (I{Z,C’U>L2(F0)dt,
0

which is exactly Equation (2.7), since v° € H was chosen arbitrarily.
Assume now that (2.7) holds for all v° € H. Using initial condition «° and
control k for the control system, we now get, using (2.8), that

(k,Cv) L2(s0) + {u’,v(0)} = {u(T),v(T)} = 0,
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for all solutions v of the adjoint system. Subtracting this equality from (2.7) yields
{uw(T) —u*,v°} =0, vo® € H &
(w(T) — u', w) g =0, vul e H ,
so u(T) = ut. O

We will now return to the question of showing the well-posedness of the control
system (2.1). Consider the following expression,

(w(T),w®) g« u(T), M~ 1w
W@ = swp | i L [ T i
wOe H\{0} (|0 || e wOeH\{0} HM w0 5

O
u(T
= sup [t }’_ sup o5 ([{u(0), v(0)} + |(k, Cv) L2(,)])
weingoy 17 HH wed oy 1V ||H

SUp TaT (HU(O)IIHfHMv(O)IIH + ||k||L2<zo>||CUIIL2<zO>)
w0 e H\{0} H

< Kie®M[[u(0)[[mr + K[kl Lacs,) -

This shows that the well-posedness of the control system (2.1) can be shown using
the solution bound for the adjoint system (2.5), the boundedness of the complemen-
tary boundary operator (2.6) and Theorem 2.1.1. This will often be the procedure
in practice, see Sections 6.1, 7.1 and 8.1 for examples of this when we study specific
control systems.

2.1.3 Important Mappings

For easier notation, we will introduce two bounded and linear maps, L7 and L}
for all T'> 0. The map L7 : H' — H' for T > 0 is defined as the solution at t =T
for the control system without control,

Lru® = L(u°,0)(T),

and similarly, L7} : H +— H for T > 0 is defined as the solution at ¢t = 0 for the
adjoint system,

Li® = A(wY)(0).

Note how Lt and L7, are "adjoint” operators in the sense that
{uov L;“’UO} = {LTU‘Oa UO} )

for all (v°,u°) € H x H' and all T > 0, seen easily from Equation (2.7) with
k(t) =0.

We introduce two more closely related maps. The first, G : H L?((0,T) x
[y) for T > 0, applies the complementary boundary operator to a solution of the
adjoint system,

Gr(v”) =C(AR°)()) -
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The second map, G4 : L2((0,T) x Tg) — H' for T > 0, takes a control k, applies
it to the control system with zero initial conditions, and outputs the state at time
t="T,

Gh(k) = MTL(0,k)(T).

The premultiplication of M7 makes sure, as already suggested by the notation,
that G and G are adjoint operators for each 7' > 0,

(G (k) ) oy ig = (MTu(T),0(T)) oo g = {u(T), v(T)}
= <k7CU>L2(EO)
= (k. Gr(°)) L2(n)

where relation (2.7) of Theorem 2.1.1 has been used with u° =

The authors in Asch and Lebeau (1998) (see Appendix A of this paper) intro-
duce maps similar to G and G%., which are also observed to be adjoint operators.
They were, however, only considering the wave equation.

We finally define the important bilinear form 7 : H x H — R as

T
(00, w) = (Grv°, Gruw®) r2(s,) = / / Cv Cw dl'dt . (2.9)
0o Jro

This form is easily seen to be indeed bilinear, symmetric, positive semi-definite and
bounded (this follows from the inequality (2.6)). An interpretation of this form is
that 7 (vY, %) reflects the quantity that is observed from the boundary, through
C, during t € (0,7 of the solution to the adjoint system with initial condition v°.

Consider the case where
yr(°,1°) =0 = °=0 forallv®e H. (2.10)

So if y7(v?,v%) = 0, then v° = 0, which in turn means that the corresponding
solution is zero at any time ¢ € (0,7). This property is often called unique con-
tinuation for the adjoint system. Note that (2.10) is equivalent to the operator
Gt having a trivial kernel, ker G = {0}. Note also that this property depends on
both the geometry, the control boundary and the control time 7.

2.1.4 Degrees of Controllability

We are now ready to define the three different types of controllability which we will
consider. See Zuazua (2002b) or Micu and Zuazua (2004) for similar definitions.

The first type of controllability, approximate controllability, is the weakest kind
and ensures only than we can steer a solution arbitrarily close to some desired final
state.

Definition 2.1.1. The control system is approximately controllable at time T > 0
if for every u®,ut € H' and € > 0 a control k € L*((0,T) x T'g) exists such that

I£(u®, B)(T) = u' || <e.
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Next is null-controllability, which means that the control system can always be
driven exactly to rest, to the zero state.

Definition 2.1.2. The control system is null-controllable at time T > 0 if for
every u® € H' a control k € L?((0,T) x Tg) ewists such that

L(u’,k)(T)=0.

Finally, the strongest type of controllability, exact controllability. Here, any initial
state can be steered to any final state.

Definition 2.1.3. The control system is exactly controllable at time T > 0 if for
every u®,ul € H' a control k € L*((0,T) x o) exists such that

L, k) (T) =u'.
With the notation introduced by now, let us rewrite relation (2.7) of Theorem 2.1.1:

(K, GTUO>L2(EO) + {u, L7 — {u' %} =0 &
(Grk, ) gy g + {Lru® 0%} = {u! 0} =0,

for all v € H , which is seen to be just a variational formulation of
Gk + MTLd —MTyl =0 <

(2.11)
Gk = MT (u' — Lyu) .

The three types of controllability can now be interpreted as: The equality (2.11)
must be satisfied either approximately (approximate controllability), exactly but
with 4! = 0 (null-controllability), or for any u' € H’ (exact controllability).

2.2 Approximate Controllability

Let us consider approximate controllability in greater detail. Although the topic
is not among the main themes of this thesis, it will provide us with some insight
that we need later on. Recall the relation (2.11) of the previous section,

Gk = M7 (u* — Lru®) ,

that holds if and only if the control k steers the control system from u to u!.
Assume now that the unique continuation property holds, that is, we have
ker Gr = {0}. This property provides information about the image of the adjoint
operator, indeed, _
G5(L2(X0)) = (ker Gp)* = H', (2.12)

where | denotes set closure (see Pedersen, 2000, page 57). Let now u°,u! € H’
and an € > 0 be given. Because of the above relation, a k € L2?(X) exists such
that

Gk = MT(u* — Lyu®) + 7,
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with [|7[| 7, < e. The rewrite
Ghk = MY ((u' + M™Tr) — Lyu®)

now shows that k steers the solution exactly from u° to u! + M~Tr, and thus
misses the target u* by M~Tr for which | M~Tr||g = ||Ir| 7 <e
Since this argument is easily reversed, we have proved the following theorem.

Theorem 2.2.1. Unique continuation, y7(v°,v°) = 0 = v = 0, of the adjoint
system is equivalent to having approximate controllability for the control system.

We will now approach approximate controllability from another angle, namely
through the minimization of the functional

Je(v") = 397", 0%) + €l ol g + {u’, L7} — {u’, 0"} (2.13)

The reason for doing this is that some of the following results will be used in later
sections.

We first argue that a unique minimizer to J. exists for every e > 0. This follows
if the functional is strictly convex,

J(0v' + (1 —0)v?) < 0J.(v") + (1 — 0)J.(v?),
for all v!,v? € H with v! #v? and all § € (0,1), and if it is coercive,
Je(vj) — oo for every sequence (v;) for which [|v;| 5 — oo,

see Lions (1971), page 8.
The strict convexity of J., for any € > 0, is clearly shown if the functional
v — yr(v,v) is strictly convex.

Theorem 2.2.2. If y7(v°,0°) = 0 implies v° = 0 for all v° € H, then ~vr is
strictly conver.

Proof. We wish to show
vr (0! + (1 = 0)v?, 00" + (1 — 0)v®) < Oyp(v',v") + (1 — O)yr(v*,0v?),

for every choice of § € (0,1) and all v!,v? € H for which v! # v2. Using the
bilinearity of ~r, this expression is seen to be equivalent to

(ot v 0t = 0?) >0,

for all v*,v2 € H for which v! # v2. But this is exactly the unique continuation
property which is assumed. O

We now turn to show the coercivity, which is a little harder. The proof proceeds
as in Zuazua (1997).
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Theorem 2.2.3. Let ¢ > 0 and assume vp(v°,1°) = 0 = 10 = 0 for all v° € H.
Then the functional J., given by (2.13), is coercive and in fact,

J 0
im # > €.
o0l —oe |00l
Proof. Let v9,49,... € H be a sequence for which 09|z — oo as j — oco. Let
9,79, ... be the corresponding normalized sequence,
7] = v} /vl 5 -
We now have
Je(v)) 0 — _ |
HUQH]I; - %fyT(v?, v?—)”v?”ﬁ + e+ {Lru?, v?—} — {ul,v? ) (2.14)
J

We will now consider the following two cases separately.

Case 1:
liminf y7(7%,7%) > 0.

prares VAR
In this case we clearly have liminf; . Je(v)/[|vf] z = oo.
Case 2:
lim inf 'yT(Eg,ﬁ?) =0.
j—o0
Since the sequence @9> is bounded, we can extract a weakly convergent subsequence
(also indexed by j, for ease of notation),

59» — % weakly in H for j — o0,

for which, by assumption,

WT(E?,E?) —0 forj—o0.

The solution corresponding to the limit data v° thus fulfills 47 (v°, v°) = 0, which,
using the assumption, implies that v° = 0. So we have

5?40 Weaklyinf[forjaoo.
This makes the two last terms of (2.14) go to zero, and the result follows. O

We are now ready for the following important theorem. A similar result can be
found in Micu and Zuazua (2004), for the specific case of the wave equation.

Theorem 2.2.4. Let vp(v°,10°) = 0 = v° = 0 for all v € H. Then the func-
tional J. has a unique minimizer 0° for every choice of u®,u' € H' and ¢ > 0.
Furthermore, when applying the controls k = Gt to the control system, we have

[u(T) = u'||mr <e. (2.15)
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Proof. Let € > 0. The necessary and sufficient conditions for the existence and
uniqueness of a minimizer 9° have already been established. To show the second
part of the theorem, we split into two cases.

The case ?° = 0: Let an arbitrary v° # 0 be given. Then for all & > 0 we have

Je(aw®) = %aQ'yT(vo,vo) + ea||v0||ﬁ +a{u®, L0} — a{ut, v} > J(°) =0,
which, when dividing by « and using the positivity of v (v°,v"), implies

el 7 + {u°, L5} — {u', 0%} > 0. (2.16)
Using the null-controls on the control system implies, in particular,
{u®, L30°} — {u(T),2°} = 0.
Subtracting this equality from the inequality (2.16) gives
{u' —u(T),0°} <€l 5 -

We finally get

[(w(T) — u',w®) rrwnr|

[u(T) = u'mr = sup
woeH\{0} [[wO e
{u(T) — v, M~ 1w}
= sup —
wOEH\ {0} M~ w0 z
_ [{u(T) — u', v} el _
= sup s < L =
w0 e H\{0} 1?7 v e H\{0} 101

The case 1 # 0: Because of the optimality condition we get by formal differen-
tiation (see Detail 1, page 179),

—(170, w0> + {uo, L}wo} — {ul,wo} =0,

(VI(8°),0%) = yp(i°, u®) + —
1% 7

for all w° € H. Using now
(@0 g = F MM g, g = {MTTETY, W)

(the operator 7~ : H — H' satisfies (F o, w) g, 7 = (v,w) 5 for all w € H) we
get that for all w® € }NI,

X

7 (0%, w?) + {u®, LEw®} — {ul - —”AOEH ./\/lfT'Fflf)O,wO} =0.
0] =
H
Using the result of Theorem 2.1.1 we see that the control induced by 9° drives u
to the state u' — eM~T77199/||0%| 7. By computing ||eM~T7715| 5 /||0° 5 = €
we see that (2.15) actually holds with equality. O

0

Note how the second part of the theorem, the inequality (2.15), implies approx-
imate controllability. So we have now, as promised, shown Theorem 2.2.1 in an
alternative way.
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2.3 Null-controllability

We now turn to null-controllability, the task of steering a solution exactly to zero at
time ¢ = T'. The following theorem provides sufficient and necessary conditions for
null-controllability. A similar result can be found in Ferndndez-Cara and Zuazua
(2002) for the one dimensional heat equation with variable coefficients. The proof
that follows was communicated to the author by Professor Zuazua (Zuazua, 2002a).

Theorem 2.3.1. Let T > 0 be fized. A linear and bounded operator K} : H' —
L?(X0) ewists for which

L(u®, K2uM)(T) =0, forallu’ e H,
if and only if there is a constant C,, > 0 such that
HL*TUO||% < Coyr(0°,0°),  for allv® € H . (2.17)

Proof. Null-controllability = observability inequality. Observe from rela-
tion (2.7) that the following must hold,

—{u®, LYy = (Kru®, GTUO>L2(20) ,

for all v° € H and all u® € H'. We now get

ML |p = sup ’<UO’ML*TUO>H,XH‘: sup [(Kru?, Grol)pagm|
w0 e H'\{0} (Ol e w0 e H'\{0} [[u®
Kru® Grv°
e L RO
u0eH'\{0} ([l zv

for all v° € H, so (2.17) holds with C,, = || K%

Observability inequality = null-controllability. We will first show the exis-
tence of a minimizer for the functional

J(%) = 2y7p(0°,0%) + {u®, L7} . (2.18)
This will be done by considering a sequence of minimizers (¢°) of the functional
Je(@°) = 390 (0°,0") + el[v°]| + {u’, L70"}

for € — 0.

For fixed € > 0, we know from the previous section that J. possesses a unique
minimizer 90 for which the induced control drives the initial state u° to a final
state where (recall that we aim to hit u! = 0)

[u(T)] <e. (2.19)
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Since J(0) = 0, we have
0> Je(0) = 3yr(07,07) + €l|02]| + {u®, L7302}
> 3yr (00, 00) — {u®, L3} = $90(02,89) — [[u® || | ML02 | 1

€) 7€ €) Ve

which implies, when using the assumption (2.17),

yr(02,0)* < 4|7 ML NF < AC| 0|3y (0d, 82) <

€) Ye
vr(0¢, 8¢) < 4C|ul|3, -

From this final expression we see that the L?(%g)-norms of the controls are bounded
uniformly in € (recall that yr(v,v)"/? precisely is the L?(3g)-norm of the corre-
sponding control).

This implies that 90 — ©° as € — 0, where ©° is a (local) minimizer of the
functional .J, see (2.18). Because of the bound in (2.19) we see that ©° indeed
induces a control driving the initial state to zero. That 9° furthermore is the
unique (global) minimizer follows easily from the fact that J is strictly convex. O

0 0

The unique minimizer ©° obtained by minimizing the functional J in (2.18)
induces a control k& = G19° that solves a given null-controllability problem. We
shall see shortly, in Section 2.5, that this control has minimal L?(¥()-norm among
all controls that solve the same controllability problem.

2.4 Exact controllability

Moving on to the strongest form of controllability, exact controllability, we again
consider the statement (2.7) of Theorem 2.1.1,

(K, GTUO>L2(20) + {u®, L7} = {u', 0%} =0,
k, Grv°) 125y — {u' — Lru®, 0%} =0,
( (So)

that holds for all v° € H , if and only if the control k steers a solution from
u(0) = u® to u(T) = u'. This relation implies that having exact controllability is
equivalent to being able to steer the zero state to any final state in H’ (compare
to Definition 2.1.3). More specifically, a control steering from u° to u! will also
steer the system from 0 to u = u' — L7u®, and vice versa. This is, of course, a
consequence of the linearity of the underlying systems.

We now have the following sufficient and necessary conditions for exact control-
lability. This theorem is well known for the wave equation and can be found in,
e.g., Lions (1988b).

Theorem 2.4.1. Let T > 0 be fized. A linear and bounded operator K% : H' +—
L?(X0) exists for which

L0, Ks(u)(T) =wu, foralueH,
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if and only if there is a constant C, > 0 such that
[0°)% < Ceyr(v°,0°),  for all v® € H . (2.20)

Proof. Exact controllability = observability inequality Observe that the
following holds,
{u, v} = (K7u, GTUO>L2(20) ,

for all v° € H and all u € H'. We now get

u, M) g Kru, Gpo®
MO = sup KM (B Gro®) s
ueHN\{0} el ueH"\{0} l[ull

- | K7ull L2(s0) |GT0° || L2(50)

= || Krllyr(@°, %) "2,

weH'\{0} [l £

so (2.20) holds with C, = || K7 |*.

Observability inequality = exact controllability. Since we know that vr is
bounded, we have

Co 0% < 0@ 0°) < il forall o° € H (2.21)

so vr(1°,1°)Y/2 is a norm equivalent to that of H. Let now u € H’ be fixed, but
arbitrary. From the Riesz Representation Theorem we deduce that there exists a
unique 9% € H that fulfills

(69, 0%) = {u, 0"}, (2.22)

for all 10 € H (since v° — {u,1°} is a linear and continuous functional). From
Theorem 2.1.1 we see that the control k& = G steers the solution from zero to u.
Observe next that

o (9, 8°) < Jull | M| < C22|lul e (80, 0°)1/2 =
1Rl = 7o (8, 8°)1/2 < Ce"? |l
which shows the boundedness of the operator K. O

The observability inequality (2.20) is commonly called the inverse inequality,
as opposed to direct inequality (2.6).

Note that although the above result is well known, the implication exact con-
trollability = observability inequality is often not emphasized.

2.5 Hilbert Uniqueness Method

The norm equivalence (2.21) was originally the central ingredient of the Hilbert
Uniqueness Method (HUM), a method developed by Professor Jacques-Louis Lions.
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The method first saw the light in 1988, see Lions (1988a) or Lions (1988b). Refer to
Lagnese (1991) (which includes treatment of first order systems) and Bensoussan
(1993) for some abstract views on HUM.

We will approach HUM from a slightly different angle, and simply insist that
the control function must be of the form k = Cw = Grw®, where w is the solution
to the adjoint system with w" as initial data. Such a control will be called a HUM
control.

Equation (2.11) now gets the appearance

GrGruw’ = MT(u! — L) <
(2.23)
AT’UJO = f7

where Ay = G4Gr : H — H' and f=MT(u' - Lrul) € H'. Note that the
functional f is linear and continuous and depends on both «°, u! and 7.
In the variational formulation we get

(Gru®, GTUO>L2(20) = {u', 2%} — {u®, L5} &

(2.24)
VT(wOa UO) = f(vo) )
for all v° € H, where the bilinear form y7 : H x H — R was introduced in (2.9).
Note that we in (2.23) introduced the very important map Ar which we shall
call the controllability operator. Note also

(Arw®, 0 g, 7 = (GrGru’ %) 5, 7 = (Grw®, Grv®) p2(s,) = yr(w’,0°),
for all w°,v° € H, making Ar and vr equivalent in a Riesz isomorphism sort of
way.

How restrictive is it that the control must be of the form & = Gprw®? Not
restrictive at all, as it turns out. When it comes to both null-controllability and
exact controllability, a HUM control can always be found. This follows from the
Theorems 2.3.1 and 2.4.1. In the proof of each theorem, when showing that the ob-
servability inequality implies controllability, a HUM control is actually constructed.

Any control obtained through the Hilbert Uniqueness Method has an important
optimality property. This is the subject of the following theorem.

Theorem 2.5.1. Let a HUM control k € L*(Xo) eist that steers the initial state
u® € H' to the final state u' € H'. Then among all controls that steer the control
system from u® to u', the HUM control k has the minimal L?(Xo)-norm.

Proof. Let the HUM control be given by k = G7o° and let k € L?(%) be an
arbitrary control solving the same exact controllability problem. These must then
fulfill, in particular,

(Gr®, Gro®) L2(sy) = {u', 0%} — {u®, L7:0"}  and

) R . (2.25)
(k/’, GTUO>L2(EU) = {ul, ’UO} — {’LLO, LT’UO} .



2.5.1. Computing the Controls 23

Combining the two equations we see that
(k, Grt°) 2(5y) = (G11°, Gr1%) 12053 -
We now get
k17 2(sy) = (G0°, Grd®) 12(5) = [(k, G p2(0)| < 1Kl L2(m0) 1Rl 2(20) »

which immediately leads to Hl;:||L2(EO) <kl L2(s0)- O

2.5.1 Computing the Controls
Assume that we have exact controllability at time T" > 0. Given states u°,u! € H’
we can perform the following steps.

1. Compute f = MT(u! — LruP).

2. Solve Arw? = f for w° € H.

3. Set k = Gru®.

The computed control k& now steers the system from u° to u'. The difficult step is
clearly inverting the controllability operator in step 2.

2.5.2 Exact Null-Controllability for Reversible Systems

Let us consider the particular case of the wave equation and assume that we wish
to drive the state (u®, ") at time ¢ = 0 to the zero state (0,0) at time ¢ = T.

For the wave equation, the controllability operator can be defined in the follow-
ing way. The adjoint system becomes

v = Av in Q
Bu =0 iy (2.26)
o(T) =%, w(T)=71" inQ,

where A is the Laplace operator, summing up second derivatives in each space
direction. We then have the control system,

Ut = Au n Q s
_ Cv in EO )
Bu = { 0 in 2\ % (2.27)

u(0) =0, wut(0)=0 in Q
which defines the controllability operator Az : H}(Q) x L*(Q) — H=1(Q) x L*(Q)

()= (0 9) () - (13)-

(A derivation of the M matrix can be found in the beginning of Chapter 7).
As just described in the previous section, the control can be found by doing the
following steps.
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“N\7T 0
1. Compute f = — <(1) 01) L <g0>.

0 0
2. Solve Ar <g0) = f for <g0)

3. Solve (2.26) with (v°,7%) = (w®,w") and use k(t) = Cv(t), 0 <t < T.

We assume that the inversion in step 2 is possible.

The application of Lr in step 1, which involves solving the control system
without applying control, can actually be avoided. Let us introduce a similar
operator Ar which we shall call the reversed controllability operator. The adjoint
system is as before, but with the time direction reversed,

ﬁtt =A?D in Q 5
By =0 iny | (2.28)
#(0) =3°,  ©,(0) =7° inQ ,

and reversing the time direction, and introducing a minus in the boundary condi-
tion, leads to the following control system,

'&/tt = Au in Q 5
- —Co in X R
Bi = { 0 in S\ 5 | (2.29)

a(T) =0, @(T)=0 in Q|

thereby defining Ap : HE(Q) x L2(Q) — H~1(Q) x L%(Q) as

(3)- ()

The initially stated control problem of driving (u°,u°) to (0,0) can now be solved

as
~ ’LUO ﬂO ’LUO
1. Solve Ar (EO) = (uo) for (EO)'
2. Solve (2.28) with (2°,7°) = (w®,w") and use k(t) = Co(t), 0 <t < T.

Note that this control, by construction, has the wanted property of driving the
solution of the control system to zero at time ¢ = T. Note furthermore, that if
one wishes to reach a non-zero state, then an application of L}l is needed. This
is possible, since we have a reversible system, but then one might as well use the
original method.

The two operators A7 and /~\T are closely related. This can be seen by first
considering the adjoint systems (2.26) and (2.28). If (2°,2°) = (v°, —2°) we see
that 9(t) = o(T —t). This, in turn, implies that the solutions to the control
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systems (2.27) and (2.29) are related by 4(t) = —u(T — t). This finally relates the
controllability operators in the way that

- 10 10
el )l )

This relation shows that A is positive (semi-)definite if and only if Ar is positive
(semi-)definite (obtaining this property is the reason for introducing the minus in
the boundary condition in (2.29)).

Computing null-controllability using the reversed controllability operator is the
method used by Jacques-Louis Lions in, e.g., Lions (1988b) and Glowinski, Li, and
Lions (1990), where the wave equation was studied. (Historical note: What was
originally called Hilbert Uniqueness Method by Lions actually relied on the re-
versed controllability operator Ap. Later Lions described RHUM, Reverse Hilbert
Uniqueness Method, which made use of the “usual” controllability operator Ap
(see, e.g., Lagnese (1991) or Bensoussan (1993) for a mention of RHUM). In to-
day’s literature, HUM is used for both types).

2.6 Controlling Projections

What if we only wish to control a part of the solution? Is this possible and what
do the observability inequalities then look like? That is the subject of this section.

Controllability of projections has previously been considered in the literature,
especially in the context of discrete systems, see Zuazua (2003) and many of the
references therein. But controllability of projections has also been applied to con-
tinuous system, see Lebeau and Zuazua (1998), where a linear system of ther-
moelasticity is considered. A similar system of thermoelasticity will be studied in
Chapter 8, where some results of this section will be applied.

Despite their use in the literature, only a few formal results have appeared.
When the projections are onto finite dimensional spaces, however, see Zuazua
(1997) or Micu and Zuazua (2004). We will present some fairly general results
in the following.

Consider a Hilbert space H{, which is a subspace of H', H) C H'. We also
introduce the orthogonal projection IT : H' +— H’, a linear and bounded operator
for which

H) =M (H') = (ker IT)*,

and the associated “adjoint” operator I:H—H , also linear and bounded, where
(U, vy ={U,0Iv},

for all U € H' and V € H. We set I:jo = IIH.
Assume first that the relation

(K, GTUO>L2(EO) + {UO, L*TUO} - {Ulavo} =0,
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holds for all v° € Hy (compare to (2.7) of Theorem 2.1.1). Let u be the solution of
the control system with control k and u(0) = u°. We then know that

<k, GT’UO>L2(EO) + {uo, L;UO} — {U(T), UO} =0,
for all v° € H. Subtracting the two expressions above we get that
{u(T) — u', M°} = {IT(w(T) — u'),v°} =0 forall v° € H ,

implying that [Tu(T) = ITu'. The preceeding statements can be seen as a “pro-
jection version” of Theorem 2.1.1.

Let us now consider approximate control of projections, that is, for every
u®,ul € H' and € > 0 we seek a control k € L2((0,T) x T'g) such that

1T (L(u®, k)(T) —u")||g < e. (2.30)

We will repeat the arguments leading up to Theorem 2.2.1 concerning approximate
controllability. Assume initially that

’}/T(’UO,UO) = <GTUO, GTUO>L2(ZO) =0 = 0 = 0,
for all v° € I;'O. This is equivalent to
ker Gr Il = ker II .

Obtaining the adjoint of Grll is straightforward and we end up with

MTITM-TG:(L2(S0)) = (ker GpIl)* = (ker II)- = H, <
IM-TGH(L2(%0)) = H}, &
M-TG(L2(%0)) D H) &

L(0, L2(%0))(T) > Hj,

which leads to (2.30). We have thus proved the following theorem.

Theorem 2.6.1. Let T > 0 be fized. For every choice of u°,u' € H' and e > 0
there exists a control k € L*(Xo) for which

HH(‘C(an k)(T) — ul) HH, <€,

if and only if
(") =0 = °=0,

for all v° € Ho.



2.6. Controlling Projections 27

We now turn to null-controllability of projections. What we wish to do is drive
a solution’s projection onto H{ to zero. Observe first that Theorems 2.2.2 and 2.2.3

are easily adapted to the (smaller) Hilbert space ﬁo. With minor modifications,
inequality (2.15) of Theorem 2.2.4 becomes

I (u(T) = ul)|[m <e.

This makes it possible to repeat the arguments of Theorem 2.3.1, if every occurrence
of H is replaced by Hy. We thus arrive at the following theorem.

Theorem 2.6.2. Let T > 0 be fixed. A linear and bounded operator Kg’n :H —
L?(X) exists for which

LW, K" W) (T) =0, forallu®e H',
if and only if there is a constant Cry n, > 0 such that

||L*TUOH% < Crmyr(@°,0°),  for all v’ € Hy . (2.31)

Note that the control can be computed by minimizing the functional (2.18), just
over the smaller Hilbert space HO. A control found this way is unique, and has
again the optimality condition that its L?(3¢)-norm is minimal among all controls
that solve the same null-controllability of a projection (Theorem 2.5.1 is easily
adapted to this case).

Finally, we consider exact controllability of projections. The use of the Riesz
Representation Theorem in Theorem 2.4.1 can still be used on the Hilbert subspace
Hy, so we have that a 9 € Hy exists for which

7 (0°,0°) = {u,v°}, for all v° € H,, (2.32)

with v = u* — Lru". We now have the following equivalences:

1 (9°,00) = {u,v°} Vo € Hy &
(M- TGEGr1°, O} = {u, ITv°} v® € H &
HM_TG;GT’{)O = H(’U,l — LTUO) =

LW, Grd®)(T) = Tu',

where this last relation is exactly what we want. So now we have the following
result.

Theorem 2.6.3. Let T > 0 be fized. A linear and bounded operator Kg’e cH —
L?(X) exists for which

L, K () (T) = Mu, for allu e H',
if and only if there is a constant Cry . > 0 such that

||v0||i~1 < Crr.eyr(0°,0°),  for all v° € Hy . (2.33)
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As was the case for null-controllability, the control obtained by solving (2.32) is
unique and provides the control with smallest L?(Xg)-norm.

Note how the observability inequalities of this section are identical to the cases
were control of the whole solution was considered. The space over which it must
hold is just correspondingly smaller.

2.7 Approximate Solutions

Since the main subject of this thesis is exact controllability, we will only address
approximate solutions briefly.

2.7.1 [Iterative Solutions and Optimization

As seen in Equation (2.24), a HUM control for exact controllability can be found
by determining w® € H such that

’yT(wO,vo) = {ul - LTUO,vO} ,

for all v° € H. This is a variational formulation where ~T is a symmetric, bilinear
form which is also positive definite (provided the conditions of Theorem 2.4.1 are
met). An iterative method called the Conjugate Gradient algorithm (CG) is well
fitted for such problems. It is an iterative algorithm which progressively finds a bet-
ter and better approximate solution. The CG algorithm approach to solving control
problems has been used extensively by Professor Glowinski and colleagues, see, e.g.,
Glowinski, Kinton, and Wheeler (1989), Glowinski and Li (1990), Glowinski, Li,
and Lions (1990), Glowinski (1992a), Glowinski (1992b) and Carthel, Glowinski,
and Lions (1994), but also Asch and Lebeau (1998) and Negreanu and Zuazua
(2003) have made use of it. Properties of the CG algorithm in a general Hilbert
space setting can be found in Daniel (1971). In a finite dimensional, numerical
analysis setting, a large amount of literature can be found, see, e.g., Golub and
Van Loan (1996) and the references therein. Since the CG algorithm only finds
approximate solutions, we will not consider it further. (In the finite dimensional
case, CG will solve the problem ezactly when performing a number of iterations
corresponding to the space dimension. In such a case one is better off using a direct
method).

Another approach to solving an exact controllability problem is minimizing the
functional

J(%) = 2yp(0°,0%) — {u' — Lru®, 0"},

over H. In the case of null-controllability, where u! = 0, Theorem 2.3.1 (and the
proof thereof) provides the necessary and sufficient conditions for the existence of
a unique minimizer. For exact controllability, the convexity and coercivity of J
(which ensures a unique minimizer) is clear as soon as «r is positive in the sense of
Theorem 2.4.1. We will not provide a survey of methods for finding the minimizer
accurately and efficiently, since it is too far from the subject of this thesis.
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An optimization approach was taken in Park and Lee (2002) for solving approx-
imate controllability problems for the two dimensional heat equation. They used
a CG-type algorithm to minimize J, where the gradient of J was computed using
a so-called adjoint variable method. Also in Eljendy (1992) was an optimization
technique used for solving exact controllability problems for the wave equation in
two dimensions.

Another situation in which approximate solutions occur is when reqularization
is used. In practice it may be an unstable process, due to rounding errors, to solve
the usual

Arw® = MT (u — Lru®),

if, for instance, the inverse A;l is unbounded. Instead, one may prefer to solve
Afw® = M (u! — Lyu?),

where AT — A7 in some sense as o — 0, but where A% is considerably more
robust to invert (in relation to, e.g., rounding errors). The quantity « is typically
called a regularization parameter. The downside to this regularization approach
is, of course, that only an approximate solution will be obtained. An example of
regularization in conjunction with the wave equation is using

@ -A 0
ATAT+Q|:O I:|,

which shifts the spectrum of Ap. This type of regularization method was used in
Glowinski and Li (1990), Glowinski, Li, and Lions (1990) and Glowinski (1992b),
together with the CG algorithm for the two-dimensional wave equation. In Carthel,
Glowinski, and Lions (1994) the authors used so-called Tikhonov regularization to
solve approximate controllability problems for the two-dimensional heat equation.
See also Kindermann (1999) for a similar approach.

2.7.2 By How Much Did We Miss?

Assume now that we have obtained an approximate solution in the sense that
Arw® = MT(ut — Lpu®) + 7,

where r € H' represents a non-zero residual. Now what happens if we use the
control associated to w”, even though it is not the exact solution? As far as the
author knows, this question has not been treated in such a manner before. We
answer the question in two different ways.

Case 1: Change in final state: We immediately obtain
Arw® = MT((u* + M™Tr) — Lyu®)

from which we can conclude that we miss the target exactly by M~Tr. From the
norm equality ||[M~Tr||g = ||r|| 5, we see that the norm of the residual r shows
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exactly by how much we miss the target. This is a somewhat unusual situation,
seen in relation to inverse problems in general, where the residual and not the error
of the solution itself (here w®) determines the quality of the solution.

Case 2: Change in initial state: Similarly we get
Arw® = MT(u* — Lp(u® — L' M™Tr)).

So if we start out with the state u® — L;lM_Tr, we reach the target u' exactly.
Note, however, that this second case only makes sense for reversible systems, since
L;l must exist. The case is thus relevant when computing exact controllability for
reversible systems, see Section 2.5.2.

2.8 Summary

We were what-what in a what-what?
HoOMER SIMPSON (HOMR, SEASON 12)

Let us collect the most important threads of this chapter. The goal was to steer
a solution of the control system (2.1) to a state at time ¢ = T which could be any
state (exact controllability), the null state (null-controllability) or sufficiently close
to any state (approximate controllability).

The control was exerted on the control boundary I'y C 92 through the boundary
operator B, leading to Dirichlet or Neumann control, or something else. From
this control system, an adjoint system was devised. The boundary conditions of
the adjoint system were homogeneous and an associated complementary boundary
operator C had to be determined. Through the operator C we could define the
bilinear form v, where the quantity yr(v,v) determined, loosely speaking, what
could be observed from the boundary of a solution to the adjoint system with initial
condition v.

We can now summarize the different types of control as they relate to what is
observed through 7. The observability inequalities are as follows (each statement
must hold for all v € H):

Hv||% < Ceyr(v,v) & Exact controllability
3
||L*Tv||% < Cypyr(v,v) = Null controllability
I
v#0 = vr(v,v) >0 < Approximate controllability

The vertical implications follow easily, and show how the three types of control are
related.



CHAPTER3

Discretizations

It is hard to be finite upon an infinite subject,
and all subjects are infinite.

— HERMAN MELVILLE

To discretize is a way of approximating something infinite dimensional by something
finite dimensional. It is typically used when analytical methods become impossible,
too hard, or just too time-consuming. Furthermore, representing a solution by a
finite number of data makes it possible to visualize the solution on a computer.
This can often lead to increased understanding on many different levels, and may
even lead to improvements in the analytical methods.

Needless to say, discretizations should lead to good approximations. But most
importantly, it must be possible to choose the discretization parameters in such a
way that the approximate solution lies as close to the real solution as one would
like. In other words, it must be convergent.

This chapter mostly sets the stage for the following chapters. Apart from a few
novel approaches, the material will be well known.

3.1 Discretization in Space
Our focus will here be on the Poisson problem,

Au = f, in Q,

u =0, onl'. (3.1)
We will consider discretizations that can be formulated as
Au=CFf, (3.2)

where u and f are vectors of equal length, representing the continuous functions «
and f in some way, typically as point-wise samplings or as coefficients with respect
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Figure 3.1: An equally spaced grid in the interval [0, 1].

to some basis. The reason for using two matrices A and C is that we wish to use C
to approximate the L?(€)-norm in the following sense: If u approximates u then

(u,u)c = uT'Cu ~ / lul*dz = (u,u)r2(0) - (3.3)
)

The formulation (3.2) also makes sense from a Finite Element Method (FEM)
point of view. Let By, Bs, ..., By be (global) basis functions that are zero on the
boundary, B;|r= 0, used for a first order FEM discretization,

k k
u(z) ~ ZUiBi(w) ) f(x) ~ Z FiBi(x) .

Inserting these expressions into the Poisson problem (3.1) and using also (B;)F_,

as test functions, we get
C(i,j) = / B;(z)B;(x)dz, A(ij) = f/ VB;(z)VB;(x)dx .
Q Q

Note how relation (3.3) is fulfilled. Traditionally the matrices C and A are called
the mass- and stiffness matrix, respectively.

The discussion so far has not been restricted to any particular dimension or
type of domain. Let us now consider the simple one dimensional case of Q = (0, 1).
We use a uniform grid with grid size h = 1/(N + 1) and node points z; = jh,
7=0,1,..., N + 1, see Figure 3.1.

We introduce the family of discretizations

Uj1 — 2Uj +Uj
h2

=afj+1-2)f;+af;-1, (3.4)

for j = 1,2,..., N and some real parameter . For twice continuously differen-
tiable u and continuous f we see, using Taylor series, that this way of discretizing
is consistent with (3.1). We shall later see that this scheme also makes sense for
less smooth u and f. To bring the scheme into the formulation of (3.2) we set

-9 1 1—2a «
1 1 -2 1 « 1—-2a «
5 Ca:h . .. . . (35)

1 -2 a 1-2«a
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Note how a single power of h has been moved to the other side of the equation,
in order for C, to have the property of (3.3). Note also how the homogeneous
Dirichlet boundary conditions have been incorporated implicitly.

Some important values of a should be emphasized. With « = 0 we have the
well-known finite difference scheme. The case o = 1/6 arises if one uses FEM with
a hat function basis (such a basis consists of functions By, B, ..., By+1 that are
continuous, linear on each interval (z;, x;+1) and for which B;(x;) = §;5, that is, 1
for i = j and 0 otherwise). For a = 1/4 we call the scheme the box method and
it turns out to have some very interesting properties, as we shall see later. (The
name box method was used in Vichnevetsky and Bowles (1982) for the trapezoid
rule, see Section 3.2.3 later in this chapter. But (3.4) with @ = 1/4 is a special
case of the trapezoid rule for second order systems, and we will reserve the name
box method for this case).

We will call the discretization scheme introduced above for a-discretization.
As just mentioned, choosing different values of a covers several well-known ways
of discretizing the Poisson operator in one dimension. This possibility of treating
several cases at once was first introduced by the author in Rasmussen (2003).

So C; ' A approximates the Laplacian A. Knowledge about its eigenvalues and
eigenvectors is essential when it comes to analyzing solutions of evolution equations
involving the Laplacian and, in turn, when analyzing control properties of such
systems. Luckily both C, and A of (3.5) are tridiagonal, symmetric and Toeplitz
(the diagonal and each off-diagonal of a Toeplitz matrix contain constant entries).
This is fortunate since we know the eigenvalues and eigenvectors of such matrices
explicitly.

To see this, we start out with the following special case:

2 —1
-1 2 -1
L= e .| eRVY

The eigensolutions of this matrix,
Lwy, = nywyg, k=1,2,...,N,
are explicitly known,
wy(j) = sin(jkrh), Mk = 4sin’(Lkmh)

which is easily verified by insertion (recall that h = 1/(N + 1)).
We can now consider general symmetric and tridiagonal Toeplitz matrices. Let
therefore
0 «
a [ «
Top= - eRVN a,BeR, (a,8) # (0,0),
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Figure 3.2: A plot of the function sin(x)/x. Important properties of this function are
sin(z)/z — 1 as ¢ — 0, |sin(z)/z| < 1 for all z € R, and that it is decreasing on the
interval 0 < z < 7.

and observe that T3 = (2o + §)I — aL. This shows that the eigenvectors of
L and T, s are identical and that the eigenvalues of T, g are (2a + 5 — ang),
k=1,2,...,N.

We can now compute the eigenvalues ¢ of C 1A,

C;lAwk = /\?’wk & Awg = /\z‘Cawk .
Since the eigenvectors of T', g are independent of o and 3 we easily get

4sin®(Lkrh
)\%:_ sSm (.2 27T1) :—/{:27'(‘2 (
h2(1 — 4asin®(5kmh))

sin 1km))2 1 . (36)

2

Lkmh 1 — 4asin®(Lkmh)
The second expression for A}’ clearly shows how close they are to the true eigen-
values of the Laplacian (which are —k?72, k = 1,2,...) whenever k < N. See
Figure 3.3 for an illustration of the eigenvalues when N = 30 and for different
choices of a.

The expressions above also show that not every « is feasible, since the denom-
inator can become zero if 4dasin®(4kmh)) = 1. Clearly this can not happen if
a < 1/4. The special border case « = 1/4 leads to an interesting expression for
the eigenvalues,

tan(1kmh) ) 2

4
)\]16/4 = —— tan®(3knh) = —k*r? ( T
5 s

h2

Note also that with o > 1/4, some eigenvalues will inevitably become positive as
soon as N get large enough. This would destroy the elliptic nature of C ;1A and
we will henceforth only consider the interval 0 < o < 1/4.

The matrices C,, and A that we have just considered were positive and negative
definite, respectively. Furthermore, the eigenvectors of C,, A and C;'A were
identical. This is not true in general, but some useful, general properties are
the subject of the following theorem. We here use the discrete inner product

(u,v) = uTv.
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Figure 3.3: Illustration of eigenvalues of C ;1A for the specific case of N = 30. The
solid line indicates where the eigenvalues of the continuous operator, A, would be.

Theorem 3.1.1. Let C € RY*N be symmetric and positive definite, let A €
RVXN be symmetric and negative definite, and consider the eigenvalue problem,

CilA’wk = \pwy .
The following then holds:
1. There ezists a full set of eigenvectors wy, k=1,2,..., N that spans RY.

2. The matriz C~' A is negative definite, i.e., \, <0 fork=1,2,...,N.
3. {wy, Cwy) =0 for A\, # .
4. {wg, Aw;) =0 for \p £ N
Proof. Consider the following rewrite,
Cl'Aw=X w & (C7AC ?)v=)\v,

where w = C~2v. Since C~2 AC™2 is symmetric there exists a set of eigenvectors
{v}2, that span RY. Since w = C~2v), and C~2 is clearly regular, statement 1
follows.

The eigenvalues of C~' A are equivalent to those of C~2AC~ 2, which is neg-
ative definite. This proves statement 2.

Assume now that vy, v; are eigenvectors of the symmetric matrix C *%AC*%,
corresponding to different eigenvalues. They are then orthogonal with respect to
the inner product (-, ), i.e.,

1 1 1
0= <’Uk,’vl> = (Ciwk,Cin = (wk,Cwl) = )\—l<wk,Awl> ,

foralll,k=1,2,..., N for which A\; # Ax. This immediately leads to statements 3
and 4. 0
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Figure 3.4: Illustration of grid aliasing on an equally spaced grid. Here, the waves

sin(2zm) and sin(12z7) cannot be distinguished when sampled on the grid x = /5,
i=0,1,...,5.

3.1.1 Waves in hZ

Consider the illustration in Figure 3.4. Here are shown two clearly distinct sine
waves, sin(2z7) and sin(12z7). However, when sampling these continuous functions
onto the regular grid {0, %, %, %, %, 1}, they are indistinguishable. This common
phenomenon is called grid aliasing, and the following theorem describes exactly
which waves are “the same” on a regular grid. See Trefethen (2000) for some

information on grid aliasing.

Theorem 3.1.2. For x,y € R\ 7Z we have
sin(zj) = sin(yj), forall j €7, (3.7)
if and only if 27 divides x — vy,
2 |z —vy. (3.8)

Proof. First we show that (3.7) implies (3.8). Assume therefore that sin(xj) =
sin(yj) for all j € Z. In particular, this means that we must have sin(x) = sin(y),
implying that either 27 | x — y or 27 | * +y — . In the first case, we are done.
Assume therefore the second case, that « +y = (2p + 1)7 for some p € Z. This
implies 22 = —2y 4+ 2(2p + 1) so sin(2z) = — sin(2y), which is a contradiction.
Assume now that © = y + 2pm for some p € Z. Now for j € Z we have
sin(xj) = sin(yj + 2jpr) = cos(yj) sin(2jpm) + sin(yj) cos(2jpr) = sin(yj). O

The following theorem investigates the discrete analog of
1
/ sin(knz) sin(lrx)de = %(m ,
0

for k,1 € N. Note how grid aliasing plays a role in the periodic nature of the result.
(The symbol { means “does not divide”.)
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Theorem 3.1.3. For every choice of N € N and k,l € Z, the following holds:

> sin(kjn/(N+1))sin(ljm/(N+1))

j=1
ML N4 [ k41, 2N+ fk—1,
=¢ NEL N4 k-1, 2N+ tk+1, (3.9)
0, otherwise .
Proof. See Detail 3, page 182. O

We follow up on this result by introducing the matrix W € RY with the entries:
W (j, k) = sin(jkhr), for j,k=1,2,...,N.

Note how W clearly is symmetric. An implication of Theorem 3.1.3 is now that

2
W'W =w?=L(N+1)I, implying W= N—HW. (3.10)

We will make use of this result later on.

3.1.2 Semi-Discretizations
Consider a linear system of first order equations,

{ Cu(t) = Ault),

w(0) = . (3.11)

where u : R — RY and C,. A € RV*N. We assume that C~1A exists and is
diagonalizable such that

ClAz, =ovzi < Azp,=0.Cz, k=1,2,...,N, (3.12)

where the eigenvectors z1, 2o, ...,z are linearly independent. If we are now given
the initial data in this eigenvector basis,

N

u® = ez,

k=1
the solution to (3.11) can be written as

N

u(t) = che"ktzk .

k=1

This is the well-known solution formula for first order ODEs.
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Consider now a linear ODE of second order,

{ Ciu(t) = Au(t),

u(0) =u®, 4(0)=u". (3.13)

We assume that C' and A are symmetric, and positive and negative definite, re-
spectively. From Theorem 3.1.1 it now follows that C ' A is negative definite and
with

CilA’wkZ)\k’wk & Awp = M Cwyg, k=1,2,...,N,

we set ui = —\g with g > 0. By introducing u = 4 we get a first order ODE,

o ellil=[a Sk o1

We are now interested in the eigensolutions of the matrix governing this system,

0 I wi — 0 W
C'A 0| |Bywi| ~ " |Brwsi]
From fBrwy = opw;, we immediately see that 8, = o). The relation C~!Aw;, =
ok Brwy now yields o = +iv/—A\y = tiug. So the eigensolutions are

(Ok,2k) = (iuk, L;:&J) y (o—pyzok) = (—Wka [;::ka ; (3.15)

for k=1,2,...,N. Let us write this more compactly for later convenience. We set
W = [wl wy - wN], D = diag(u1, o, - -, UN) (3.16)

where diag(- - -) is a diagonal matrix with the listed values along the diagonal, and

Z=lz a2 ZN][m‘yD —i“//“//D}'

The inverse of Z is easily seen to be

g _1[Wl —iD'w!
2|lw-! iD'wl

We finally have the diagonalization

[ o 1, [iD o
z [C—lA o/Z= |0 -iD|"

Let us return to writing the solution of the system (3.13) in terms of eigenvectors
of C71A. Let the initial conditions of (3.13) be given as

N N
’LLO = Zakwk, EO = Z bkwk , (317)
k=1 k=1
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where the coefficients are real, ag, by € R (1 < k < N). We wish to express these
initial conditions in the eigenvector basis {Zkhg\k\gj\u that is, find the coefficients

{Ck}1<\k‘<]v such that
CkRL — u
E k~k -0 -

1<[k|<N
It is easily verified that
ek = §(ar — iby/ k), ek = 5(ax +ibr/pr) ,
k=1,2,...,N, is the unique solution to this problem. This means that the full

solution to (3.13) is
u(t) _ ot
{H(t)] = > o,

1<|k|<N

or, written out,

] =

u(t) = [3(ak — ibg/pi)e " + L (ap + ibe/pr)e "] wy

=~
Il
_

lak cos(pkt) + br/pe sin(put)] wie

I
] =

>
Il
—

N (3.18)
a(t) =w(t) = > [Sax —ibr/p)e"" = §(ar + ibe/pr)e "] ippwy,
k=1
N
= Z [—appk sin(prt) + by cos(uxt)] wy .
k=1
Let us finally consider the so-called energy of a second order system (3.13),

Bn(t) = 3 ((a(t), Caln) — (u(t), Au(t))) (3.19)

It is easily shown that Ej (¢) = 0, that is, the energy remains constant, Ej(t) =
En(0) for all t. Note that since C and A were assumed positive and negative
definite, respectively, Fj(0) defines a norm on the initial data, (u°,u®),

G T el e 08 8

The above expression for the energy is in fact the primary reason for introducing
the extra matrix C' into second order systems. Indeed, consider the wave equation
uy = Au in Q with homogeneous Dirichlet boundary conditions. If now

2
Q

(4,Ca) ~ [ |u]*de, and (u,Au)~— [ |Vul|’dz,
Q Q
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then
En(t) ~ E(t) = %/ (1af? +Vuf*)dz,
Q

where E(t) = E(0) is a natural energy for the continuous wave equation in the
sense that
E)<oo & (u(t)a(t) € H(Q) x L3(®),

and the wave equation is well-posed in Hg () x L*(Q) (will be shown in Chapter 7).

In the next chapter we will consider controllability of discrete systems. It will
here be essential that we use discrete norms that correspond to the continuous
ones. To that end we use the convention that the discrete Q-norm approximates
the continuous H-norm of Chapter 2 (H was the Hilbert space in which the adjoint
system was well posed).

3.2 Discretization in Time

We apply a method of lines approach to time—space discretization. This means we
first discretize in space only, thereby obtaining an ODE. Next we apply an ODE
solution method to discretize in time.

This section describes two such ODE solution schemes: The explicit midpoint
rule and the trapezoid rule. In both cases we will analyze their stability, obtain so-
lution formulas in terms of eigenvectors and eigenvalues, and introduce appropriate
discrete norms.

Consider initially an ODE with the general formulation,

at) = fu(t),1), (3.20)

where u : R — V for some appropriate vector space V. For use in the discretization,
we introduce the time points t" = nAt, where the time step At # 0 is constant,
and u™ ~ u(t").

3.2.1 Stability of ODEs

The following treatment of stability for ODEs is fairly standard, see, for instance,
Trefethen (1996).

Consider the simple case of f(u,t) = Au with Re A < 0 (we use Re A to refer
to the real part of A € C). The true solution, u(t) = u(0)e*, fulfills |u(t)| < |u(0)]
for ¢ > 0 and it is thus a reasonable requirement of an ODE scheme for this f,
that |u”| stays bounded as n — oo. When this is the case for a particular choice
of A and At, we call the scheme eigenvalue stable.

Let now S C C be a subset of the complex plane for which AA¢ € S if and only
if the scheme is eigenvalue stable for this choice of A and At. We then call S the
stability region of the particular ODE scheme.

Consider now the linear ODE,

a(t) = Aul(t), (3.21)
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where we assume that the matrix A € R¥*¥ is diagonalizable, A = VDV ~! with
D = diag(A1, A2, ..., An). Setting y(t) = V~lu(t), the above system becomes
equivalent to

y(t) =Dy(t) or g(k)(t) = y(k)(t) fork=1,2,...,N.

The reason for studying the case f(u,t) = Au is now clear. If it is possible to
choose At such that A; At lies in the stability region for all &, then we are sure that
the approximate solution y™ does not “blow up”. In turn, u” = Vy” will stay
bounded. Since the stability thus comes down to At and the eigenvalues of A, we
see the reason for the term eigenvalue stability.

3.2.2 The Explicit Midpoint Rule

The explicit midpoint rule has the following appearance,

un-l—l _ un—l

= fu",t").
SAL f( )

It is explicit since u™*! can be isolated, u™tt = 2At f(u™, t")+u"~ !, without having
further information about f(u,t). It is furthermore a two-step rule since u™*!
depends on the values of both u™ and u™~!.
3.2.2.1 First Order Equations
To investigate eigenvalue stability we set f(u,t) = Au and get

u™ | |0 1 un!

w71 2AA| | um |

when formulating it as a one-step scheme. An eigenvalue ¢ of the one-step-forward
matrix is seen to satisfy the equation

1
02 —2A—1=0 & o—==2A\.
g

This shows that if an eigenvalue has |o| < 1 then one also exists with |o| > 1. Thus
for eigenvalue stability we must have o = e for # € R. We now get
e — e = 2isin(h) = 2AtA & sin(f) = —iAtA,

which shows that A must be purely imaginary and |AtA| < 1. This makes the
explicit midpoint rule especially suited for hyperbolic systems.

3.2.2.2 Second Order Equations

We turn to a second order system C'it = Au, where C € R¥*N and A € RVXN are
both symmetric, and positive and negative definite, respectively. We rewrite into
a first order system as in (3.14) and introduce it to the explicit midpoint scheme:

un+1/2 un—1/2 0 I Tu™
-] - 0]
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The reason for using half time steps become clear since the relations
un+1/2 —un 1/2 _ — At v

vn+1/2 _ ,Un—l/2 — At C—lAun
can be appropriately combined into the well-known

un+1 —2un + un—l
At?

= Au". (3.22)

Let us find an expression for ©” in terms of C~! A’s eigenvectors,
-1 2
C Awy, = \Mywy, = —piwy ,

k=1,2,...,N. We reformulate (3.22) into

u | | 0 I u"~!
w7 | T 2T+ APCTIA| | um |

and consider therefore the eigenvalue problem,

0 I wr | Wi
—I 2I+AtPC'A| |opwi| — Ok opwg |
We get

1
2—At*u)or —1=0f & op+—=2-A?u;,
o

and again we must have o), = €%, §, € R. This implies that

cos(fy) =1—1APu;, k=1,2,...,N. (3.23)

Thus the eigenvalue stability criterion is At < 2/uy for k = 1,2,..., N and real
solutions must have the appearance

N
Z a COS n@k + bk sm(nGk)} wg , (324)
k=1

where the coefficients (ax)_, and (by)N_, are to be determined. We do that from
the following initial conditions and approximation to 4(0) (compare to (3.13) and

(3.17)):
N ul . u_l N
’LLO = ;akwk, 27& = ;bkw;c . (325)

Inserting (3.24) into these conditions we get

~ At 1
dk = Qg and bk = b, = b N

. k k
00 " " /T I




3.2.2. The Explicit Midpoint Rule 43

where the relation (3.23) has been used. To summarize, the complete solution
to (3.22) with initial conditions (3.25) is given by

N
1
u" = ag cos(nby) + —————=—="by sin(nby) | wg, (3.26)
; [ b/ 1+ A

where each 6y, must satisfy (3.23).

3.2.2.3 Energy Norm for Second Order Equations

To have an energy measure with properties similar to that of the semi-discrete
system (3.19) (and, in turn, to that of a continuous system), we define

n+l _ ,,n n __ ,,n—1
: ¢ ¢ (3.27)
= SAp [( nCu™)y — (u"t Cu”*)} .

Consider now
203 (BT — E™) =<(u”+1, Cu"th) — (u"*2, C’u”))
- ((u”,Cu”) — (w1, C’u"_1>)
:<<u”+1, Cu™) — 2(u"! Cu™) + (u™H, Cu”*))
- ((u", Cu"t?) —2(u", Cu"™) 4 (u™, Cu">)
=(u"t A2 Au™) — (u™, A2 Au™ ) =0,

which shows that E™ = E° for alln = 0,1,2,... .

An energy expression similar to that in (3.27) has previously been formulated
in Negreanu and Zuazua (2003). In that paper, they consider only the second order
centered difference scheme for time and space discretization (corresponding to the
midpoint rule with Cy and A from (3.5)). Their approach, however, does not use
matrix notation and the above treatment is thus simpler and more general.

But can E° act as a norm? Let us insert the expression for the solution (3.26)
into (3.27) for n = 0 and we get

N
1
B = (Z (1= 3aeu)uial + b3 | (wy, ka>> ,
k=1

using Theorem 3.1.1 to eliminate all “mixed” inner products. The expression clearly
shows that E° is a norm if and only if the condition At < 2/uy is satisfied for all
k. Note that this is similar to the stability criterion. A norm corresponding to the
energy can be written

o11? 077~ [uf ~  [-AU+iarctaA
[l =[] @l v = [RETRTEA 2]
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3.2.3 The Trapezoid Rule

We now consider the trapezoid rule, which has the general formulation,

St fr ) 4 f(n )

At 2 ’
an implicit one-step scheme. This scheme has some nice properties when it comes
to stability and, as we shall see later, to controllability.
3.2.3.1 First Order Equations
Let us again start out with the simple case f(u,t) = Au. We get

L+ ZAEA\
1— ZALA

Wt = LA ) & W = <

Setting o = At we have

2—«

u = <2+a) u (3.28)

so finding the stability region is easy,

2 _
44 2a+2 2
_dx2ad2atlol L e <o, (3.29)

24+«
4—-2a—-2a+ |a)? —

2—«

where @ denotes the complex conjugate of a.
Considering now the case f(u,t) = Au, we get

(I - LAtA)u" = (I + LAtA)u"

from which the implicitness is obvious. Using the eigenvalue information (3.12),
the solution is easily written using (3.28),

N

n n

u" = appiwy
k=1

forn=1,2,..., where

24 AtXg

N
UO = ZakU)k, and Pk = m .
k=1

3.2.3.2 Second Order Equations

We turn again to a second order system Ct = Au. The trapezoid scheme applied
to this system becomes

e N T A
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We let the initial conditions be as in (3.17), also written as

0

u . ) —

{HO} = Z CkZk, with ¢ = %(ak —ibg /), c_p =7Ck, 1<k<N,
1<|kISN

using the eigenvectors of the matrix S, see (3.15). We get

2 + Ath
=——— 1<k <N
Pk 9 _ Atgkv = | | = ;
which implies that
2+ ity A— AP Ay

Pk P—k = Pk s

— - — 7 ,
2— ity A+ AP A+ A2

for k=1,2,...,N. We observe that |px| = 1 and let 0 € (—m,7) be chosen such
that e* = p,. Note that 0_;, = —6). The full solution is now

u” 0
7 K n
an| = g CLPKZk = E etz

1<|k|<N 1<[k|<N

or written out as in (3.18),

N
u’ = Z [ak cos(0xn) + b/ sin(Oxn) | wy,

k=1

N (3.31)
u" = Z [7akﬂk Sin(@kn) + b COS(Gkn)]wk .

el
Il
—

The trapezoid scheme for second order systems can be rewritten in an interesting
way. Consider the relation from (3.30), written for two neighboring values of n:

u" -t = AT A, u" —ul =A@+t t),
't —wt = IAICTT AT + ), Tt -t = LAICT AU +u ).
Combining these relations we get

u"tt —2un 4 un Tt = %At(ﬁ”“ —av ) = iAtQC’_lA(u"+1 +2u"™ +uml),

or equivalently,

un+1 _ 2un + ,u/nfl unJrl + 2un + unfl
C =A . 3.32
At? 4 ( )

Note the similarity to the box method space discretization, see (3.4) with o = 1/4.
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3.2.3.3 Energy Norm for Second Order Equations

As far as the author knows, a suitable energy norm has not previously been studied
in the literature (at least not in the context of control theory).
We define the energy of the system (3.30) as

E" = %((E”, Cu") — (u”,Au”>) .

Note how well this energy expression corresponds to that of the semi-discrete sys-
tem, see (3.19).

The energy is constant in time, which is seen from

2(E" T — ™) =@t cu™tt) — (@", Cu")

o < n+1 Aun+1> <,uln7 Aun>
< —n+1 +u C( —n+1 ﬁ")> _ <un+1 _un’A(unJrl +un)>
:<ﬁn+1 " lAtA( n+1 +un)>
— (zAt@" ™ +a"), A(u" +u")) =0,

so E" = EY for all n.

We finally compute the energy when the initial conditions are given in terms of
eigenvalues and eigenvectors,

E():l

(3.33)
N

=3 (uiaj + ) (wy, Cwy) .
k=1

This shows that the energy induces a norm,

w0 u]” < [u® ~ -A 0
’ |:’UO 5 = |0 Q o0 where Q = o cl|-
Using an analogous procedure, it is straightforward to show that another norm is

also constant in time for second order systems when using the trapezoid scheme,

0712 01T 0

]l = o) @] e @[T _olne]

For the wave equation with homogeneous Dirichlet boundary conditions, where
C~! A approximates the Laplacian, A, the || - | g-norm approximates the H}(2) x
L?(2)-norm. Similarly, the || - ||g/-norm approximates the L*(Q) x H~*(2)-norm.
The continuous wave equation is well posed in both norms (the discrete Q’-norm
corresponds to the continuous H’-norm of Chapter 2, in which the control system
is well posed).
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3.3 Convergence of PDEs

To solve PDEs approximately, one can apply the following method of lines ap-
proach: Discretize in space to obtain an Nth order ODE, then use an ODE solver
to integrate in time, choosing At small enough for eigenvalue stability. Now si-
multaneously increasing N and appropriately decreasing At, we obtain better and
better approximations to the continuous PDE solution—or do we? The procedure
can actually fail.

We need to make the concept of convergence more precise, and to that end we
need a stronger form of stability. Let the PDE we wish to approximate have the
generic appearance,

du(t) .
o = Au(t) in (0,T) x 2, (3.34)
u(0) = u® in Q,

which is assumed well posed in the sense that the solution lies in the Hilbert
space H, u(t) € H, for 0 < t < T. Note that boundary conditions are assumed
built into the differential operator A and the Hilbert space H.
We will use the following abstract formulation for a PDE discretized in both
space and time,
! = S(N)uj

where the subscripts emphasize the dimension of the space discretization. We
assume that an appropriate time step At is built into the operator S(N). We thus
have

u? = S(N)"ul, . (3.35)

We need to be able to set the initial condition u%; for the discrete system from the
continuous function u°. To that end we introduce an operator Ry : H — RY that
does the job,
u?v = RNUO .

Conversely, to speak of convergence, we must be able to compare u%, to u(nAt).
We introduce Ey : RY — H that interpolates a vector in RY of the discrete system
to the Hilbert space H. We require that Ry Ex = I, where I is the identity in R,
and we set S(N) = ExS(N)Ry. We can now formulate (3.35) as

u = S(N)"u®,
where uf; € H for all n, N and we see that u’, = RyuR;,. We are now ready to
define convergence.

Definition 3.3.1. Let Ny, Na,... be a sequence of natural numbers. Let corre-
sponding time steps At; > 0 and n; € N be chosen such that At; — 0 and
Atjn; — t where 0 < t < T. A PDE discretization is now said to be conver-
gent if

IS(N;)™u(0) — u(®)ly — 0, as j — oo,

for all solutions u(t) to (8.34).
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It turns out that convergence is intimately tied to two other concepts: stability
and consistency. The following type of stability makes sure that the numerical
solution can not “blow up”.

Definition 3.3.2. A PDF discretization is stable if a constant C > 0 exists such
that
syl <

for all n where 0 < nAt < T and for all N (recall that At depends on N ).

Stability, however, is independent of the continuous system. We need to make
sure that the discrete scheme is actually a discretization of the right equation. This
is the subject of consistency.

Definition 3.3.3. A PDFE discretization is consistent with the differential equa-
tion (3.34) if
S(N)—1
L—A u(t)|| —0, asN — 0,
At "

for every solution u(t) of the system (3.34) with u® belonging to a dense subset
of H.

The condition of this definition can be rewritten into something that is easier
to handle in practice. Assume

IS(N)u(t) —u(t + At)| ; = O(A#TH),  as N — oo,

for any solution u(t) of the system (3.34) with u" in a dense subset of H and where
0 <t < T. The discretization is now consistent if p > 0. The number p is called
the order of accuracy.

We are now ready for the main theorem of this section, a classical theorem of
great importance.

Theorem 3.3.1 (Lax Equivalence Theorem). Let a consistent discretization
be given of a well-posed linear initial-value system of the type (3.34). The dis-
cretization scheme is now convergent if and only if it is stable.

The proof can be found in Lax and Richtmyer (1956) and Richtmyer and Morton
(1967), which both contain further details on convergence of discretizations. See
also Trefethen (1996).

Note how it, in the light of the present section, does not make sense just to
talk of whether a discretization scheme Sy, in itself, is convergent or not. One
also has to specify how to set the initial conditions of the discrete system (here
done by Ry ), how to put a discrete solution in the same space as the continuous
system (here done by Ey) and finally by specifying in which norm the solution
should converge (here || - || ). An example of rigorously showing convergence from
consistency and stability for a particular discretization of the one dimensional wave
equation can be found in Section 7.4.2.
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3.4 Group Velocity for Hyperbolic Systems

This section will provide a short introduction to the concept of group velocity,
mostly related to the discretizations that we will deal with in the present thesis.
The presentation is primarily based on the paper Trefethen (1982). We will, how-
ever, present some new insight by considering the general a-discretizations. We
will furthermore derive a space—time discretization of the two-dimensional wave
equation, which has never before been studied in the context of control.

Group velocity turns out to explain many things related to controllability. The
explanations, however, turn out to be more intuitive than actual proofs. Some
attempts have been made, though, to make rigorous proofs using the ideas of
group velocity, see Macid (2003).

Let us start out in one space dimension. The central idea is to consider solutions
of the form

u(t, z) = e'@t=52) (3.36)

where w is denoted the frequency and £ the wave number. Inserting such a solution
into the PDE in question leads to a dispersion relation,

w=w(),

which shows the necessary relation between frequencies and wave numbers. For
instance, consider the wave equation

Utt = Ugg (337)

which, when inserting (3.36), leads to w? = ¢2. The quantity

is called the phase speed, which is the speed with which the solution (3.36) travels
to the right. It is, however, the group velocity,

_ dw(9)

C(§) TdE

that dictates the speed with which wave packets of dominating wave number &
travels.
Let us now consider a family of semi-discretization of the wave equation (3.37),

Uj+1 — 2Uj + U
h? ’

a’i],j+1 + (1 — 20[)’&]‘ + aﬁj_l = (338)

using the a-discretization of the Laplacian introduced in (3.4). We now insert (3.36)
with x = jh and get, after some manipulation,

- 4sin?(1¢h) L, (sin(ien)\” 1
© h2(1 - dasin®(3¢h) ( Len ) 1 — 4asin®(1¢h)

(3.39)
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&h

Figure 3.5: Illustration of the dispersion
relation (3.39) for the semi-discretization
shown in (3.38). The solid, black lines cor-
respond, respectively, to « = 1/4, o = 1/6
and a = 0 from the top (ignoring the mirror
image below the h-axis). The dotted lines
indicate the periodic nature of the dispersion
relation, w(&h) = w(Eh + 27).

(note the similarity to the expression (3.6) for the eigenvalues of the approximate
Laplacian).

An illustration of the dispersion relation above can be seen in Figure 3.5.
Around £h = 0 the group velocity (the slope of the curve) is close to one as
required by consistency. However, around £h = £7 for o < 1/4, the group velocity
is close to zero. This means that such high frequency waves hardly move in the
discrete media. But what do the waves look like when £h ~ 7?7 For j € Z and
e € R we get

cos((m — €)j) = cos(mj) cos(ej) + sin(mj) sin(ej) = (—1)? cos(ej) ,

implying that cos((m — €)j) =~ (—1)7 for €j < 1.

Let us move on to discretizing in time also. We start out with the midpoint
scheme for the time discretization. Again we use the a-discretization in space,
see (3.4) and (3.5),

un+1 —2u" + un—l
¢ At?
Inserting a solution of the type

= Au". (3.40)

ul! = ellwnat=tih) (3.41)

)
we arrive at the relation

1 sin®(5¢h)

in2(lwAt) = —L 250
sin”(3wA) 1 — dosin®(3¢h)

wh = iz arcsin ( nsin(%&h) ) .
n V1 —4asin®(1¢h)
(3.42)
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rlwh : wh

¢h

¢h
a=0, n=11,0.9,0.5,0.1

wh

¢h a=1/4, n=09,05

a=1/6, n=0.9,0.5,0.1

Figure 3.6: Dispersion relations of the 1D wave equation using the midpoint scheme for
time discretization and a-discretization for the space discretization. Under each plot is
shown the value of a together with the values of n = At/h used, corresponding to the
solid, black lines, counting from above. No curve has been cut in the wh-direction, and
missing parts indicate that the corresponding wh has a non-zero imaginary part.
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rlwh A wh

¢h
a=0, n=0.1,05 009, 1.1, 1.5, 2.0

Lwh

a=1/4, n=05,009, 1.1, 15, 2.0

a=1/6, n=0.1,05, 009,11, 1.5 2.0

Figure 3.7: Dispersion relations of the 1D wave equation using the trapezoid scheme for
time discretization and a-discretization for the space discretization. Under each plot is
shown the value of « together with the values of n = At/h used, corresponding to the
solid, black lines, counting from above. No curve has been cut in the wh-direction.

This relation is shown for the values « = 0, 1/6, 1/4 in Figure 3.6. Note that these
exhibit the same deficiencies for £¢h ~ 7 as for the semi-discrete case.

We now turn to the trapezoid method for time discretization, and we will use
the formulation from (3.32),

un-i—l —2u™ + un—l un-i—l + 2u™ 4 un—l
o At2 - 4
We insert the (local) solution (3.39) once again and obtain
1” sin?(5€h)

tan®(fwAt) =

. l h
) wh:izarctan( nsin(3Eh) ) .
n

V1-— dasin®(2&h)

This relation is shown for the values oo = 0, 1/6, 1/4 in Figure 3.7. Note in the
figure the dispersion relation for the very important case of a = 1/4,

tan®(3wAt) = n? tan®(3&h) . (3.43)

1 — 4dasin®(3¢h)
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This case has the very special feature that the group velocity is not ~ 0 for b ~ +m,
or anywhere else for that matter. This creates hope that the scheme will do well
when it comes to control. We shall study the scheme in Section 7.4.

Let us consider an example to illustrate just how exact the previous concepts
can predict wave propagation in a discrete media. Consider the function

f) = sin(&x) eXp(7(21+1;4(2x71)), —% <z< % ,
0, otherwise ,

which is a sine wave with wave number £, multiplied point-wise with a smooth
pulse function, supported in (—%,1). It is now clear that u(t,z) = f(z —t) is
a solution to the one-dimensional wave equation, u;; = ugzz, on the real line R.
For the discretization, we use the second order centered difference formula in both
space and time, that is, we use (3.40) with o = 0. In turn, the dispersion relation
is seen from (3.42), leading to the group velocity

cos(5&h)

1 —n2sin®(3¢h)

w'(§) ==+

(easiest obtained by applying implicit differentiation to the left-most expression
in (3.42)). In our example we have h = 1/300, n = 0.1 and At = nh. We set
& = 100 as the wave number for the function f, and by using initial conditions
u(0,2) = f(z), u(0,z) = —f'(x) we get the solution u(t,z) = f(z —t), that is,
the function f traveling right at speed one. Inserting these numbers, we get the
group velocity w’(§) ~ 40.7860. This means that in time one, the true solution has
travelled one unit to the right whereas a discrete wave with wave number & = 100
should travel the distance 0.7860 either left or right. By looking at Figure 3.8, we
see that this is highly accurate.

3.4.1 Group Velocity in 2D

In two (or more) dimensions we simply insert waves of the type
u(t, z) = e'wt=¢e)
with £ € R? and thereby obtaining a dispersion relation of the type
w=wle).
The group velocity now becomes a vector field,
C=Vuw.

The length and direction of the vector C(£) reveals the speed and the direction of
the corresponding wave, respectively.
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t=1 AAAAAAAA VAAA :

VVVVVVV yv”

—0.7860 0 0.7860 1 T

Figure 3.8: Propagation of a wave in a discrete medium with grid size h = 1/300.
The top-most plot shows the initial condition, a dampened sin(100z) wave. The initial
velocity is chosen such that the true solution should travel to the right at speed 1. This is
illustrated in gray in the bottom plot. However, because of discretization effects, solving
the wave equation using a finite difference scheme, group velocity calculations predict
that this particular wave should propagate at speed +0.7860. This is seen to be highly
accurate.
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Let us consider the wave equation in two dimensions,
Ut = Ugy + Uyy , (344)

which has the simple dispersion relation w? = £2 + £, using & = (&1, &2).
Consider as an example the following finite difference discretization of the two-
dimensional wave equation,

1 -1
“?Z — 2wl fugy uly - 2ul tulg o ul g —2ul dul
NG = E + E '
(3.45)
Inserting
u;l,k — ei(wAtnfgljhf‘kah) , (346)
we arrive at
sin®(AwAt) = n? [sinQ(%«flh) + sin2(%§2h)] . (3.47)

The dispersion relation for n = At/h = 1/4/2 can be seen in Figure 3.9. The
contour plot here is very informative. It shows level curves in the (£1,&2)-plane
for constant values of whn = m/20, 27 /20, ..., 197/20. The distance between two
adjacent curves indicates the speed of a wave with a corresponding (£1,&2) wave
number. For comparison, the distance between the curves around (£1,&2) = (0,0)
corresponds to waves with the true unit wave speed of the underlying system.
The level curves provide further useful information: The direction of a wave is
perpendicular to a corresponding level curve. We know from the continuous system
that the dispersion relation is w? = £2 + £3, meaning that the direction of a (&1, &2)
wave is the same as a (0,0) — (&1,&2) vector. For our discrete system, as seen
in the figure, this fits well around (&1, &2) = (0,0) and around the lines & = +&,.
But other places, for instance around (&1,&2) = (m,7/5), the direction is almost
perpendicular to the true direction!

Does a discretization of the two-dimensional wave equation (3.44) exist that
has the same advantageous properties, when it comes to the dispersion relation,
as (3.43) for the one-dimensional case?

Let us start out with the dispersion relation that we would like. A relation like

tan®($wAt) = n*[tan®(3£1h) + tan®(3&0)] (3.48)

would be very nice, see Figure 3.10. All waves travel with speed one or a little
more (remember that when it comes to control, it is waves with speed less than
one that are problematic). The direction of the waves are reasonable, although
some inaccuracies occur (as usual) when & ~ +m and/or & ~ +7.

We now make the following rewrites of (3.48),

sin®(2wAt) cos®(2&1h) cos®(3&h) =n” sin®(3&1 k) cos? ($&2h) cos® (SwAt)
+ 1 sin®(3&h) cos® (361h) cos® (3wAt) &



56
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(1 — cos(wAt))(1 + cos(€1h))(1 4 cos(&2h))
=n?(1 — cos(£1h))(1 + cos(€2h)) (1 + cos(wAt))
+1%(1 — cos(&2h))(1 4 cos(&1h)) (1 4 cos(wAt)) &
(A _ g 4 omiwht)(giE1h | 9 | omibihy(pieh 4 g | —ikahy
— (el _ 9 4 emiE1hy(gieh 4 g 4 o~iEah) (i | g 4 o—iwAY)
F R (e6h — 9 g ety (pigah g 4 pmikahy(gi 4 gy omiwdty

Now multiplying out the parenthesis and multiplying both sides of the equation by
eilwnAt=8ijh=82kh) e can use (3.46) to identify each term (the author recommends
going meticulously through these calculations if the reader feels unusually bored—a
total of 81 terms should appear). We now arrive at the scheme:

QOO (@D (QOD\"

S |OnR| -2 |OHe| +|Oe
TOW TOO) \TOW
L@ OV (@ D (@ O\
oSN oS EIBe

ofko ¢ o T

(3.49)

The 9-point (and 5-point) computational molecules/stencils represent the spacial
discretizations (see Iserles, 1996, Section 7.2) while the superscripts represent the
time steps. To be more specific, the stencil

@@ @\
R |
CICI®

is short for

n n n n n
Wij_ g 1 T W2l + WU poyq T Walljp g + WsUj g
n n n n
T WU o T WrU g T WU g T WU g i -
But is the scheme (3.49) a discretization of the two-dimensional wave equation at

all? Yes, luckily it is. Consider first the time discretization. We immediately recog-
nize it as the trapezoid method as it is shown in (3.32). For the space discretization

we observe that the stencil
Nolelo
L9000,
0010
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simply is a weighted average that, for sufficiently smooth functions, converge to-
wards the value of the center. Left is the stencil

oo
g | |
which, by using Taylor series on sufficiently smooth functions, is seen to approxi-
mate gy + Uyy to second order.

An implementation of the two-dimensional scheme (3.49) used for exact con-
trollability, together with numerical results, can be found in Chapter 9.






CHAPTER4

Boundary Conftrol of
Discrete Systems

How to apply general Principles to particular Cases.
EpicTETUS (50-138)

This chapter will transfer many of the relations and concepts from Chapter 2 into a
discrete setting. For instance, inner products, boundary conditions and boundary
integrals will be expressed using matrices and sums.

For PDE systems the time available for control can be essential. For discrete
systems, the minimal control time can always be arbitrarily short. However, as we
discretize more and more accurately, the time available for control can turn out
to be important again. The essential condition for correct behavior “in the limit”
turns out to be the existence of a uniform constant in the corresponding discrete
observability inequalities.

4.1 General Description

This section will go through most of the concepts of Chapter 2, but adapted to a
discrete setting. The literature’s treatment of discrete control system, especially
when considering convergence of controls, has been restricted to specific systems,
treating each system seperately. Just as the second chapter presented a new, unified
approach to controllability, so will this section.

We will first consider semi-discrete systems and show necessary and sufficient
conditions for when such a system is controllable. We then continue to consider
fully discrete systems, in particular using the midpoint and trapezoid schemes.

For both semi-discretizations and full discretizations, we will examine important
HUM relations and, in turn, how to compute HUM controls.
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4.1.1 Semi-discretization

When it comes to convergence of controls, semi-discrete control systems have, by
far, gotten the most attention in the literature. Primarily the wave equation has
been studied (see, e.g., Zuazua, 1999, Infante and Zuazua, 1999 or Micu, 2002),
although also the heat equation (Zuazua, 2003) and the beam equation (Ledn and
Zuazua, 2002) have been considered.

We will consider a discrete control system with the following generic appearance,

Cu(t) = Au(t) + Bk(t), 0<t<T, (4.1)

u(0) = u?, .

where A,C € RV*XN B ¢ RVX™_ the solution u € C([0,7],RY) and the control

k € C([0,T],R™). The matrix C must be symmetric and positive definite, and

although it could be left out, it will prove quite useful. The boundary conditions

must be implicitly built into A and B. Note how both the wave equation and the
heat equation easily fit into the above formulation.

Analogous with the PDE case, we introduce an adjoint system,

{Ci;(t) =-Av(t), 0<t<T, (4.2)

v(T) =°,

where A € RV*N and the solution v € C([0,T],RY). Note that the C-matrix is
the same as for the control system.

A duality pairing between solutions of the control and adjoint system is estab-
lished using the bilinear form {-, -},

{u,v} = (u, Mv)e, forallu,v e RV,

where M € RV*¥ is a regular matrix. The form (-,-)¢ is a generalized inner
product on RY,

(u,v)¢ = (u,Cv)gy =uCv, for all u,v € RV,

where C € RV*Y is a symmetric and positive definite matrix. Note that C must
be the same matrix that appears in the control and adjoint system above.

We will furthermore assume that C and M commute, CM = MC, which
implies

{u,v} = (MTu,v)¢ = (u, Mv)c,

just as in the Hilbert space case (compare to the continuous duality pairing (2.3),
page 11).

The operators C~ A and C~1A must be adjoint with respect to the duality
pairing, {-, -}, or more precisely,

{C ' Au,v} = {u,C ' Av}, for all u,v € RV . (4.3)
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Using the definitions above we see that the relation between A and A must be
cC'ATM=MC'A & ATM=MA (4.4)
(the equivalence holds because C and M commute).

The norms with which we measure the size of solutions is not so important
on a fixed discretization level, since all norms are equivalent in finite dimensional
spaces. However, since we are interested in letting the discretization level N — oo,
the norms are very important. They must correspond to the continuous norms in
an appropriate way.

We let solutions of the adjoint system be measured by the norm

H'UH% = <’U,’U>~, (’U,§>~ = 'UTéiz
Q Q Q

where E) is symmetric and positive definite. This norm corresponds to the norm of
the Hilbert space H of Chapter 2. We deduce the norm of the corresponding dual
space by setting Q@ = RT R and then we get

2 2 B )
2, = sup [ 0lel (o @iCo) | (WTCRTTw)
Q v#0 ||'U||2é v#£0 'UTQ’U w40 w

(WTCR'R-TCu)® . ~_,
T "WTCR'RTCu —u CQ Cu,

showing that Q" = CQ~C. To obtain the “no-tilde norms” we use the relation (2.2)
from Chapter 2, and the comments that follow, such that

lvllg = [Mvllq and |[lv]lg =M~ "vlq (4.5)
implying that

Q=MT"TQM ™' and Q =McQ '‘cM”. (4.6)

One of the most essential relations of Chapter 2 was (2.8) on page 12. The
following relation is the semi-discrete equivalent of that,

[{u,v}]OT:/O ({it, v} + {u, 9})dt
- /T({cl(Au + Bk), v} — {u, "' Av})dt

T T T
:/ {C*lBk,v}dt:/ (Bkz,Mv)Rth:/ (k, BT Mv)gmdt,
0 0 0
(4.7)

valid for all solutions u(t) and v(¢) of the systems (4.1) and (4.2) respectively.
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Analogous with Section 2.1.3 we will also introduce two mappings L% and L;’*.
If we apply no control to the control system (4.1) we set

Liu® =u(T),

where wu(t) is a solution to (4.1) with initial condition w(0) = u" and control
k(t) = 0. Likewise for the adjoint system,

L v° = v(0),

where v(t) is a solution to (4.2) with initial condition v(T") = v°. As in Chapter 2,
the two mappings are adjoint in the sense

{Lha 0"} = {u®, Lo},

for all u®, v € RY, a consequence of relation (4.7).

We now wish to find the HUM controllability operator for the semi-discrete
case. Consider the systems (4.1) and (4.2) and by setting u(0) = u” = 0 and
k(t) = BTMwv(t), we can define Ahv® = M7Twu(T). This corresponds to the
definition Ap = GG for the general systems of Chapter 2. If we now let w be a
solution to the adjoint system (4.2) with initial condition w® we get from (4.7):

(Aho®, w)e = (u(T), Mw®)e = [{u,w}], = /0 (B Mv, BT Mw)gndt. (4.8)

This clearly shows that A% is symmetric with respect to the inner product (-, -)¢
and is positive semi-definite.
As in the continuous case, we introduce

T
7 (u®, w’) = (ALhu® w’)c :/ (BT M, B Mw)gmdt .
0
Naturally, this bilinear form is symmetric and positive semi-definite. We now have
the first result concerning controllability of a semi-discrete system.
Theorem 4.1.1. The semi-discrete control system (4.1) is controllable at time T
if and only if yr is positive definite, that is, if and only if

T
0 <7 (v°,v°%) = / HBTMv(t)H;mdt, for all v° € RV \ {0}, (4.9)
0

where v(t) is the solution of the adjoint semi-discrete system (4.2) with initial

condition v°.

Proof. Assume that (4.9) holds for some 7. Let u®,u! € RY be given. We will
now show how to find a control k that drives the control system from state u° to
the state u'.
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We start by solving the linear equation
Arw® = MT (u! — L) (4.10)
0

for w®. This is possible since the assumed positivity of yr implies that A% is
positive definite and thus invertible. The above relation leads to

(Ajw’,v%)e = (M7 (u' - Lju’),v")c &
yr(w’,v°) = {u! - Lha®, 0%} = {u', 0"} — {u’, L;"0")

for all v € RY. This last expression shows, cf. (4.7), that the control k(t) =
BT Mw(t), where w(t) is a solution to the adjoint system with initial condition
w?, drives the control system from u® to u'. Note that we have thus found a HUM
control.

Consider now the case where a linear operator K7 : RY — L2((0,T); R™) exists
that can drive the control system from 0 to any final state w (this is sufficient to
consider, see the comment in the beginning of Section 2.4). From relation (4.7) we
now have

T
/ (Kru, BT Mv)gmdt = {u,v°}, for all v° € RV
0

We get for an arbitrary v° € RY,

u, Mv° Kru, BT Mv m
||M'UOH —_ max ‘< >’ _ max |< T >L2((07T)7]R )
uekM\{o}  |lull ueRN\ {0} [[u]
[ Kzl r2o,1), T

< B M 2 m

S Loy Il || v|[z2((0,7),R™)

= || Kr|yr(v°,0%) 2,
which implies statement (4.9). O

Note how the condition 0 < y7(v°, %) of the theorem corresponds to the unique
continuation property mentioned in Section 2.1.3. In the continuous setting this
property only implied approximate controllability, whereas it here implies exact
controllability. This is a consequence of the finite space dimension.

Let us now introduce the matrix

R=[B AB ... AV"'B] eRV*Nm,

Some of the results that follow, concerning controllability in relation to properties
of R or eigenvalue properties of A and B, are classical results, see, for instance,
Kalman (1963), Russell (1978) or Sontag (1990). First we will show that the
traditional rank condition of R is equivalent to the condition of Theorem 4.1.1.
Note how this theorem ties together a classical result with our new approach.
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Theorem 4.1.2. The controllability condition of Theorem 4.1.1,
0 <~yr(°,0°%), for all v’ € RN\ {0},
for some T > 0, is equivalent to the condition
rank R= N .

Proof. We will show that the negation of the statements are equivalent. Assume
therefore that a v° # 0 exists such that

T
/ BT Mow(t)||2,.dt =0 (4.11)
0

By inserting that v(t) = AT =00 we get
|BTMeAT-90| . =0, 0<t<T.

Using the relation between A and A from (4.4) and the Taylor expansion of e* we
get

|BTeA M|, =0, 0<t<T.

Setting 2 = Mv" we see that z # 0 and
2TeMB =0, (4.12)
for 0 <t < T. The analyticity of the exponential implies now
2T A¥B =0, for integer k >0, (4.13)

which clearly implies
rank R < N . (4.14)

Let us now see that these implications can be reversed. Assume therefore the rank
condition (4.14) above holds. This means that a z # 0 exists such that

zTA¥B =0, fork=0,1,...,N—1. (4.15)

Since A is a root in its own characteristic polynomial (the Cayley—Hamilton theo-
rem), it is seen that A" can be written as a linear combination of I, A, ..., AVN~L.
Using this result, one can easily show, by induction on k, that (4.15) implies (4.13).
This implies, in turn, that (4.12) holds for all t € R, and in particular for 0 <t < T.
By choosing v = M ~!z we easily arrive at the wanted equality (4.11). O

Testing the rank condition of R is fairly simple in the case where A is diago-
nalizable. This is the subject of the following, well-known, theorem.
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Theorem 4.1.3. Let a control system with A € RVN*N and B € RVX™ be given.
Let furthermore A be diagonalizable, A=V DV =1, such that

AT, B,
AoT, voig_ | B2

Ay, By

where I, is an identity matriz of size p X p, the quantity d is the number of distinct
eigenvalues, py +pa+---+pg = N, and the structure of V1B corresponds to that
of D.

The semi-discrete control system (4.1) is now controllable if and only if the rows
of each By, are linearly independent for k =1,2,...,d.

Proof. Observe from Theorem 4.1.2 that the control system is not controllable if
and only if a z # 0 exists such that

zZTA*B=0, fork=0,1,...,N—1.
Using the eigenvalue decomposition, we get the equivalent
(VI)'D*(Vv~B)=0, fork=0,1,...,N—1. (4.16)

We set (VI2)T = [wl wl - wl], corresponding to the structure of D, and see
that (4.16) is equivalent to
MNwl By + NwlIBy + -+ MwlBy; =0, fork=0,1,...,N—1

)

which, in turn, can be written

1 | R 1 wi B,
)\1 )\2 s )\d wQTBQ
. . . ) =0.
AR YT AT \wlBy
The left-hand Vandermonde matrix is regular since the numbers A1, A2, ..., A\g

are mutually distinct (see Golub and Van Loan, 1996, page 184) and the above
equation is thus satisfied if and only if

wlTBlszTBg:---:wgdeo.

Since VTz = [wT wl --- wT]" where V is regular, the result follows. O
The case where B has only one column deserves special attention. Theo-
rem 4.1.3 reduces in this case to the following.

Corollary 4.1.1. Let A be diagonalizable and B a column vector. The semi-
discrete control system (4.1) is controllable if and only if A has no multiple eigen-
values and the vector V ~'B contains no zeroes.
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The controllability condition of Theorem 4.1.3 is quite interesting. It states
that if A has an eigenvalue with multiplicity larger than the number of columns in
B, then controllability is impossible, no matter how you choose the entries of the
control matrix B.

Another way controllability will fail is if V ~1B contains a zero-valued row. Note
that this can always happen, as long as A is diagonalizable. The reason for the
failure becomes clear if we premultiply the control system with V' ~! and obtain

V%lat) = VIAVV () + VTIBE() .
Setting now 7(¢t) = V ~lu(t), we see the control system in an eigenvector basis,
7(t) = D7(t) + (V'B)k(t) .

All rows of this ODE have been decoupled and it is now clear that if the matrix
V ~ 1B contains a zero-valued row, then it is impossible to control the corresponding
element of 7(¢), and thereby, the corresponding eigenmode.

4.1.1.1 HUM for Hyperbolic Semi-Discrete Systems

We consider the case of a hyperbolic control system,

{ Ci(t) = Au(t) + Bk(t), 0<t<T), (4.17)

w(0) =, @(0)=a",

where C and A are order N matrices that are symmetric, and positive and negative
definite, respectively. The adjoint system is of the form

{Ci}(t) =Av(t), 0<t<T, (4.18)

v(T) =v°, »(T)=2".
We can easily apply the general results obtained in Section 4.1.1, when we observe

that the above systems are equivalent to the first order systems (4.1) and (4.2)
with

A[g ﬂ c{g g] ﬂ[_g _g], B[g]. (4.19)

All we need to determine is the matrix M such that C-* AT M = MC~'.A. This
is clearly fulfilled with

(4.20)

vl

We can now easily formulate relation (4.7) for this case,

[{(u,7), (0,9)}]7 = / (k. BT vzt
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since
T v T 0o I vl T
st -0 5[0 ][] -5
The controllability operator is easily defined using the same procedure as for the
general first order system. When we solve the adjoint system (4.18) followed by
solving the control system (4.17) with (u°,@") = (0,0) and k = BT v, we can

define A% as
w4 (30) = v (5) = (i)

leading to the relation

<A’}1L“(v0560)a (wOaEO»c = <MT(U(T)’H(T))T’ (wOaEO)T>c

= {(w®), (w,m)}| = /0 (BTo, BT w)yandt.

Note how our general approach reveals, that what we in Chapter 2 called the
complementary boundary operator, must have the form BT. So given an actual
continuous control system with corresponding semi-discretization, one should make
sure that BT is a consistent discretization of the complementary boundary opera-
tor C.

4.1.2 Full Discretization

We now turn our attention to fully discrete control systems. It is interesting to
note that when it comes to choosing time discretization schemes for controllability
problems, the explicit midpoint rule has almost exclusively been used in the liter-
ature. The papers Glowinski, Li, and Lions (1990), Glowinski (1992b), Glowinski
and Lions (1995), Asch and Lebeau (1998) and Negreanu and Zuazua (2003) are
examples of this. See Eljendy (1992) for a so-called discrete-time Galerkin approx-
imation, which, as far as the author knows, is the only paper that does not use the
explicit midpoint rule for time discretization (it is not clear, though, exactly why
that scheme was chosen).

We will initially consider time discretization in great generality. When we study
some schemes in more detail, however, we will consider only the explicit midpoint
rule and the trapezoid rule.

Let us first consider a fully discrete control system of the following general form,

u"t = Gu™ + Fk", (4.21)

where u® € RY is given and G € RV*Y and F € RVX™, The nth iterate can be

written as
n—1

u' =G+ G'FE"'R n>o0, (4.22)
k=0
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which is easily seen by induction. Let us introduce the notation
Ry,=[F GF --- G 'F| eRV*m,

Observe that we will always have rank R, = rank Ry for £ > N since powers
G* with k > N can always be expressed as a linear combination of I, G, ...,
GN~1. This follows from the fact that any matrix is a root in its own characteristic
polynomial.

We now have the following result concerning controllability of a fully discrete
system.

Theorem 4.1.4. The (fully) discrete control system (4.21) is controllable at iter-
ation n if and only if rank Ry = N and n > ng, where ng is the smallest integer
such that rank R,, = N.

Proof. Consider the following rewrite of (4.22):

el kn—l
S G'FET P =R, | 1 | =u" -G,
k=0 kO
From this we see that the control system is controllable at iteration n if and only if

rank R, = N. It now follows from the definition of ng and the fact that rank R,,, <
rank R, for n; < ng, that rank R,, = N for n > ny. O

Assume that rank Ry = N. Now in order for R,, to have rank IV, it must
have at least IV columns, so m - ng > NN, where m is the number of columns of F'.
This implies

N
’V_-‘SHOSN-
m

Note how Ry is analogous to the matrix R of the previous section. This means
that Theorem 4.1.3 and Corollary 4.1.1 can be used for showing the rank condition
rank Ry = N.

We now introduce the adjoint system,
v = G, (4.23)

where v™ € R¥ is given. The matrix G is the dual of G with respect to the duality
pairing {-, -}, that is, {Gu,v} = {u, Gv} for all w,v € RY. We can now derive a
relation similar to (2.7) for PDEs and similar to (4.7) for semi-discrete systems,

M-1
{’U,IV[,’UM} _ {UO,UO} — Z ({un+1,vn+1} _ {un7vn})
n=0
M-1
Z ({Gu" + FE",v" "'} — {u”, G*v"})
n=0
M—-1 M—1
S {FE" 0" = Y (k" FTCMo" )
n=0

n=0



4.1.2. Full Discretization 71

which holds for all solution of (4.21) and (4.23). So a HUM control must be of the
form k" = FTCMv"+! forn=0,1,...,M — 1.

It would be possible, for a given time discretization, to compute G, F and
G, and then to use the relation above to derive the observability inequality. In
practice, however, it is much easier to consider each time discretization separately.
The next two sections will show how, for the midpoint and trapezoid rules.

4.1.2.1 The Midpoint Rule

Recall from Section 3.2.2 that the midpoint rule only makes sense for hyperbolic
systems (a necessary condition for the stability of this scheme was that the first
order system matrix must have purely imaginary eigenvalues). The control system
is thus of the form

unJrl _ 2un + unfl
At?

= Au" + Bk",

o ul — w1
u® given, ———— =7u’.

Similarly, the adjoint system becomes
,UnJrl _ 2’0" + ,Unfl
At? ’

oM+ _ yM-1

vM given, ————— =

2At

Let now M be as for the previous hyperbolic systems, see (4.20), and we have,

W) (o)1) (o)}

_ aM+1 _ M1 o) {um C,UMJrl _pM-1
2At 2At

u! —u! o 0 vl —vt
< 2At ’C”>+<“’C 2AL >

M=

n+l _ 2u™ + un—l ,Un-l-l — 20" + ,Un—l
— A l u n\ _ n
2 (o) - (o)
M I
= At Z ((Au” + BE",v") — (Av", u"})
n=0

"(k", BTo") .

M=

At

3
Il
o

The second equality makes use of a discrete version of the identity

T
/0 (f"g - f¢")dt = [f'g) "~ 1147,
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which can be found, including a derivation, in Detail 4, page 183. The primed
summation sign Z’ means that the first and last term should be weighed with 1/2,
while the intervening terms should be weighed with 1 as usual.

With (u®,u’) = (0,0) and k" = BTv" we define

A (o) =M (s ooy amn) -

leading to the important equality

M M M
At [V w / T, n T, .n
<AM (FM) , (wM)> =AtY (B™v",BTw") . (4.24)
C n=0

This relation corresponds to that obtained in Glowinski, Li, and Lions (1990). The
above relation is, however, more general (in the cited paper, the space discretization
is a simple 2D finite element discretization of the Laplacian where C, had they used
that notation, is a diagonal matrix).

4.1.2.2 The Trapezoid Rule

As mentioned in the beginning of this chapter, the trapezoid rule has never been
used in the context of discrete control systems. We will now derive the necessary
relations.
When applying the trapezoid rule to the semi-discrete control system (4.1) we
get
un+1 _ un unJrl + un kn+1 + kn

= 4.2
c A7 A 5 +B 5 , (4.25)
where the initial condition is given as u®. Similarly, the semi-discrete adjoint

system (4.2) turns in to

,Un+1 _ ,Un . ,UnJrl + ,Un
=— 4.2
C—x A, (4.26)

M

where the initial condition is represented by v
backwards in time).
The relation (4.7) now gets the appearance

the adjoint system is solved

M-1
(uM oM} — {0 00} = Z ({un+17vn+l} _ {un7vn})
n=0
= At Ry B L R L NI + u™tl pyn
- n=0 At ’ 2 2 ’ At
M-1 ) untl +un . kn+1+kn "+l P
= At CC'A—+C 'B
3 ({erargtes R

unJrl +un ~,Un+1 +vn
' el
(At
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M-1
knJrl 4 k" ,UnJrl + "
= At BTM :
Z < 2 ! 2 >

n=0

When it comes to HUM, we can proceed similar to earlier and solve (4.25) and (4.26)
with u® = 0 and k" = BT Mv", thereby defining

Affo™ = MTuM |
Inserting this into the relation above we get

<A$Itvlw7wlw>c _ <MTuM,wM>C = {uM, WM} — {u®,w}

M-1 n+1 n n+1 n (427)
+v w —+ w
= At E TMvi TM—— ).
— <B 2 B 2

When we consider hyperbolic systems as in (4.17) and (4.18) we can set A, B,
C, A M, asin (4.19) and (4.20), and replace u™ and v™ by (u™,u™) and (v™,v"),
respectively. With (u®,u’) = (0,0) and k" = BTv" we set

M M
At (U _aqT (U
A3 () = (%)
leading to

M M M-1 n+1 n n+1 n
<A$} (;M)(gM» —ary <BT” 2“’ ,BTY 2“” > (4.28)
c

n=0

4.2 Uniform Observability

1t’s all very well in practice,
but it will never work in theory.

— FRENCH MANAGEMENT SAYING

A necessary condition for having controllability is that the controllability operator
is positive and thereby invertible. This is true whether we speak of continuous,
semi-discrete or fully discrete systems. But for the two latter cases, what happens
when the discretization level, as measured by the space dimension N, goes to
infinity? Do the computed controls converge?

Consider the case of exact controllability for a fully discrete system. Assume
now that constants Cy,Cy > 0 exist such that

Cillo]3 < (Ajfv.v)e < Callo] . (4.29)

holds for all v € RY on all discretization levels, N € N (all quantities except C;
and C5 in this relation should be indexed with NV, but we will omit such indices
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for simpler notation). When the constants Cq7 and Cj in this way do not depend
on N, we call it uniform observability.
The above inequality can equivalently be written as

ClvTév < vTCAfjv < C’QvTE)v ,

for all v € RN and all N € N. Since E)~is required to be symmetric and positive
definite, it has a Cholesky factorization Q = RT R, where R is an upper triangular
matrix (see Golub and Van Loan, 1996, Theorem 4.2.5). Setting w = Rv, we get

CiwTw < wTR*TCAffRflw < Cow"w.

This shows that the eigenvalues of the symmetric matrix R-TCALfR™! all lie
between Cy and Cj for all N. From the relation we can also derive the following
inequality for the inverse,

1 _ 1
—wlw < wTR(Aff) 1C'flRT'w < —wlw.
02 Cl

Making the replacement w = R~TCu this inequality is seen to be equivalent to
1 2 Aty —1 1
—u~/<<At u,u> < —||lul/%,
gl < ((AS) ) < oluly

for all w € RN and all N € N (see the definition of the discrete @'-norm in (4.5)).

Since the condition number of a symmetric and positive definite matrix is the
ratio of the largest eigenvalue to the smallest, we also see that the condition number
of the matriz R"TCAS}R™! is bounded by Cy/C1, uniformly in N.

Assume now that we wish to compute controls for an exact controllability prob-
lems, given some initial and final conditions, see Equation (4.10). Let a sequence
of vectors yny € RY be given such that yy converges to a limit vector y € H'.
Exactly how the convergence occurs is not important for now, but we assume that
lynllgr < Cy for all N and some C, > 0 that does not depend on N. We now
solve, for increasing values of IV,

Afoy = M Tyy (4.30)
an equation which can be written equivalently as
(R-TCASR™)(Rvy) =R TCM yy .
We now have the important bound,
oxllg = 1 Ron < [R(AY) ¢ R7 | R TeM ya |

< Lllynle < &
_Cl yNQ_Cla

cf. the norms introduced earlier, see (4.6). So the solutions to Equation (4.30) will
be uniformly bounded in the || - [|g-norm as N — oco. Recall, though, that the
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actual control, for a given IV, is computed via the adjoint system with vy as initial
condition. But the norm of the control is given by the inner product (Aﬁfv, v)e
(see (4.8) and (4.24) for a semi-discrete and fully discrete example, respectively).

We thus have
C
At 2 22
(AMvN,vN>c§C’2HvNH@SC’yC—%, (4.31)
showing that the corresponding controls stay uniformly bounded.

To finish the proof that uniform observability leads to convergent controls, we
need to show that applying the obtained controls to the discrete control system is
consistent with the continuous control system. This should follow if the discretiza-
tion of the adjoint system and the control system have been proved convergent. In
a rigorous proof, though, it would be required.

Assume, on the other hand, that uniform observability does mot hold. This
means that C; — 0 and/or Co — oo as N — oo in the double inequality (4.29).
The boundedness of controls can thus not be guaranteed, easily seen from (4.31).
Furthermore, the condition number C3/C} of the matrix RfTCAffRfl will tend
to infinity. This means that in a practical implementation, computing a control
will become increasingly liable to rounding errors (see also Section 9.5).

The fact that uniform observability is necessary in order to have convergent
controls was first observed in Infante and Zuazua (1998) (see Infante and Zuazua
(1999) for an improved version of this paper). It has since then been commented
upon in, e.g., Micu (2002), Zuazua (2003), Negreanu and Zuazua (2004a), and other
publications by these authors. Only in Ledn and Zuazua (2002) has a rigorous proof
been given for the convergence of controls (for the case of the one-dimensional beam
equation, Uy = Ugzrz)-

The derivations of this section show, in great generality, the implications of hav-
ing uniform observability, and how to show convergence of controls for a concrete
control system.

4.2.1 Hyperbolic Systems

This and the following two sections will present theorems that have been used in
the literature to show observability inequalities for continuous systems and to show
uniform observability inequalities for (semi-)discrete systems. How to apply these
results in practice will be postponed until later chapters.

The first theorem is a classical result in the area of non-harmonic Fourier series.
It was first published in Ingham (1936), see also Young (2001). (We here use ¢ to
denote the set of infinite sequences (ay) of real or complex numbers that are square
summable, " |ax|? < c0.)

Theorem 4.2.1 (Ingham). Let {ur)rez be a sequence of real numbers for which

Wkl — Mk =7, VkeEZ,
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for some v > 0. Then for any T > 2x /v there exist constants C1,Cq > 0, both
depending only on T and v, such that

T
C1 > lexl” S/ > cpett
0

kEZ keZ

2
dt < Cy» ekl

kEZ

for all sequences of complex numbers (ci)rez, € (2.

The next theorem is very similar. However, whereas Ingham’s Theorem de-
manded real numbers (uy)kez with a uniform gap, the following theorem allows
each pg to be complex valued, as long as they lie appropriately close to uniformly
distributed points on the imaginary axis. It is Kadec’ classical 1/4-theorem, see
Kadec (1964).

Theorem 4.2.2 (Kadec). Let {(ur)rez be a sequence of complex numbers for

which

1
sup%fk:‘<—7
kez! Y 4

for some v > 0. Then for any T > 2x/v there exist constants C1,Cq > 0, both
depending only on T and v, such that

T
CIZ|Ck|2§/ 3 cpeinnt
0

kEZ keZ

2
dt < Cy ekl

keZ

for all sequences of complex numbers {(ci)rez € 2.

Note how the previous two theorems actually indicate when the functions
{e t | k € Z} constitute a Riesz basis on the interval (0, 7).

For the most general results, complex exponentials were used in the above
theorems. Let us see how real coefficients with sine and cosine functions can be
written in such a form. Let two sequences (ax)ren € £2 and (bg)ren € £ be given
and let (n;)ren be a sequence of real numbers. Then by setting

ck = 5(ap —ib),  pr =k,

O ol

Co =
cop = 2(ap +ibr), pogp=—nk,

for k € N, we have

Z(ak cos(tng) + bi sin(tny)) = Z et VteR.
keN kEZ

We furthermore have the following relation between the ¢?-norms,

S (anf? + by = 23 e[

keZ keZ
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4.2.2 Parabolic Systems

Just as the two previous theorems are relevant in the context of hyperbolic systems,
the following theorem is relevant for parabolic systems. It was first published in
Fattorini and Russell (1974), see also Lopez and Zuazua (2002).

We start with some notation. Given £ > 0 and a decreasing function M :
(0,00) +— N such that M(§) — oo as § — 0, we introduce the class P(&, M) of
increasing sequences of positive real numbers (i) en such that

pj+1—p; >§>0,  VjeEN, (4.32)
> out <, V8 > 0. (4.33)
k>M(6)

The following now holds.

Theorem 4.2.3. Given a class P&, M) of sequences and T > 0 there exists a
constant C' > 0 (which depends on &, M and T') such that

T oo
/ E age Mt
0 |k=1

for all (u;)ien € P(§,N) and all bounded sequences of real numbers (ax)ken-

2
C > 72/J,kT
e lax|?
Dohm1 My i Mk

4.2.3 Time Discrete Version of Ingham’s Theorem

The three theorems we have seen by now can only be applied to PDEs or semi-

discrete systems because of the fOT time integrals. We will in this section prove a
time-discrete version of Ingham’s Theorem. The proof builds upon a similar result
in Negreanu and Zuazua (2004b), which, in turn, builds upon the original proof in
Ingham (1936), see also Young (2001). The assumptions of the present theorem
have been improved, however, and no unknown constants appear.

Let g(x) = sin(3)x([0,2x)(z) with corresponding Fourier transform §(&),

2 4 2¢~2i¢

i (4.34)

27
3(6) = /R g(@)e= 7 dn = /O sin(La)e—i€edy =

When sampling the function g(x) onto the grid hZ, we obtain the discrete Fourier
transform g, as
_ [27/h] _
gn(©) =hY_gnh)e ™™ =h > sin(inh)e " (4.35)
nez n=0

We are now interested in how well §5,(§) approximates §(§) as h — 0. To this end
the Poisson summation formula proves very useful,

an(&) =Y g +2mj/h), (4.36)

JEZ
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see Henrici (1977), Theorem 10.6e, or Trefethen (1996), Theorem 2.7. Using now
that [§(£)] < 2/€2 for all £ € R (see Detail 5, page 184) we get

n(9) = D _(3(& +2im/h) + §(& — 2jm/h))
5=t (4.37)
4h? =2 _ 172
S Z (=g /h) +g(m/W)| < —5 > iTt=3n,
1,3,5 j=1,3,5,...

for —7 < ¢ < 7. Note that no unknown constants appear in this bound. We now
have the following lemma that concerns an inverse inequality for a time interval of
length 27.

Lemma 4.2.1. Let h >0, v > 1, N € N and A_ny,A\_N+1,..., AN € R be such
that

A - e >, ork=—-N,....,N—1,
k+1 kEZ7 [ (4.38)
)\N*>\7N §27T/hf’y.
Then for all complex sequences (ck)N__ 5 we have
l2x/h] | N 2
Ci(v,h,N) Z lex|> < h Z Z cperenh (4.39)
k=—N n=0 |k=—N
1 1 2
where Cy(v,h, N) =4 17? — 51 +2N)n°.
Proof. Observe that
l2x/h] | N 2 |27 /h) N _ 2
h Z Z cpe M > Z sin( nh Z cpeMEmh
n=0 |k=—N k=—N
N N
=Y exTt Gn(N — Ax)
k=—NI=—N
N N N (4.40)
>9n(0) Dl = D0 D lewdl |gn(h — M)l
k=—N k=—NI=—N
14k
N N N
0) Y erl> = D lel* D lgn(n = M)l
k=—N k=—N I=—N
1#k

where we use that 2|cy¢;| < |ex|? + |c|? and that g, is an even function. We now
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have
N N N
AR S [ S A (VD V) S N A € e PV )]
I=—N I=—N, £k I=—N,l#£k
I#k A=A |<E A=A |>F
N N
< D g =MD DD 19GE = = Akl + N2,
I=—N,l#k I=—N,l#k
M= |<E (N—=Ag|>F

where we have used the bound (4.37). We now deduce from (4.38) that
M= Al >yl — B,
— [N =X = 2N + 1[I —k]),
for all k,l € {—N,—N +1,...,N}. This yields

N N
STl =D+ D0 19 = = M)
I=—N,l#k I=—N,l#k
A=< [Ai=Ag|>F
N N
4 4
< vy -
v T P DU (e e
[Ai=Ax|<E |)‘l*)\k|>%
N
4 4
< > T+ Z
~ 2 2 2
1=~ N1k A= kP -1 =Nk 22N +1— 1K) -
[Ai=Ax|< T [Ai=Ax|>T

N

4 N 4
D S
I=—N

2
I=—N,I#k £k 472(2N+1*|l*k\) -
2N 00 00
8 8 1 4 1 1 4
=) <=y = — —.
7;4727“2—1 72;47“2—1 2 Z(Zr—l 2r+1) ~2

Inserting the bounds into (4.40) we get

2

|27 /h] N
DM PIT
= k=—N
> (§ Z lex[* = (4/7% + Nh?) Z ek |?
k=—N
1 N
= {4 <1?) %(2N+1)h2] > Jel*
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We then consider the direct inequality, still for a time interval of length 27.

Lemma 4.2.2. Under the conditions of Lemma 4.2.1 we have for all complex
sequences (ci)N__

N 2

E Ck ez)\k nh

k=—N

|27 /h] N
hy < Co(v, 1, N) Y el (4.41)
n=0 k=—N

1
where Ca(y,h, N) =16 (1 — 9—72) — (1 +2N)h?.

Proof. Assume h <1 and we get

2n/R)| N _ 2 |67 /h] N _ 2
h Z Z Ckez)\knh < %h Z sin(%nh) Z Ckez/\k(nfM)h =17,
n=0 |k=—N n=0 k=—N

since'/\l Mgh 3sin(gnh) for [2m/h] < n < 2|27/h). We set B’ = h/3 and ¢}, =
e Nk

Ck and get
|27 /h’ | N _ 2 N
I=4n Z sin($nh’) Z cj e — g Z ekl g (BN — M) -
n=0 k=—N kl=—N

Using now the same techniques as in Lemma 4.2.1, but using h’ for h and 3~ for
7, we get the desired expression for Cs. Finally we observe that |c}| = |ck|. O

We finally collect the results of the two lemmas and generalize to time intervals
of any length.

Theorem 4.2.4. Let time T > 0, time step At > 0 and M € N be given such that
T = MAt. If the real numbers A_n, A\_N+1,---, AN € R satisfy

Aktl — Ak >, fork=—-N,...,N -1, (4.42)
21
AN — Ay < —— 4.43

2
where v > %, then for all complex sequences (ck>,ch:_N we have

2 N
<O N M) Y ekl

N
E Ch ez/\k nAt

N M
CI(T7/7aNaM) Z |Cl€|2 S Atz

k=—N n=0 |k=—N k=—N
(4.44)
where
2T 472 472(1 4 2N)
T,y M N)=— 11— —
Cl( y Vs ) ) T ( T272> 2M2 9 (4 45)
8T 472 472(1 4 2N) '
T, M N)=—|(1 .
Co(T 7, M N) = — ( +9T272> 1812
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Proof. Let At' = 22 At such that MAt' = 2r. We get

M N 2 2w /At | N 2
At § § c ei/\knAt _ lAt/ § § c ei%/\knAt'
k o k
n=0 |k=—N n=0 [k=—N

‘We observe that
2T T T
AMetl — X 27> — & —(Ak+1—)\k)2—’7=7 > 1,
T T 2T

2 T 2T T 2T
AN — Ay < — — — Ay AN — —y = —
N N = At T 27r( N N) < 2T At 271'7 At

7’}/7

so Lemmas 4.2.1 and 4.2.2 can be applied. The result is obtained by insertion into

the bounds of the lemmas.

O

The condition (4.43) was in Negreanu and Zuazua (2004b) replaced by

2 — (At)P

A — N <
|k l|_ At )

for all k,1 € Z and some 0 < p < 1/2; with which the authors could complete a
similar theorem. Using the condition (4.43), however, is quite natural and follows

from periodic nature of the function g, (€).






CHAPTER5

Properties of the
Controllability Operator

This chapter collects together
some basic mathematical properties

JEFFREY H. KINGSTON (1990)

The controllability operator A is an essential operator when it comes to control-
lability and HUM. Recall that Ar is always linear, symmetric and positive semi-
definite. Its invertibility is reflected by the observability inequalities of Chapter 2.

This chapter treats two topics. One is how two compute a (possibly infinite) ma-
trix representation of A7 with respect to some appropriate bases. This is possible
to do analytically for some special cases such as the one dimensional wave equation
and the one dimensional heat equation. When A is finite dimensional, its matrix
representation can be quite useful for computing HUM controls in practice.

The second topic is asymptotic properties of the controllability operator, or
more specifically, whether A converges to some limit operator as 7' — oo. This
will be studied for the heat equation and wave equation, and it turns out that the
controllability operator for the wave equation has a very simple limit operator for
some interesting domains.

5.1 Computing the Controllability Operator

Recall from Section 2.5 that the controllability operator is an operator between a
Hilbert space H and its adjoint, Az : H +— H'. N

Assume we are given a basis (e;) for H and another (e}) for H'. We would like
to compute a (possibly infinite) matrix Ap such that

y=Arv & y=Arv
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for every instance of
_ ! _
Y= E y;e; and v= E vje; .
i J

We will assume that the bases (e;) and (e}) have the following orthogonality prop-
erty,
(€ir€i) iz = 0is -

We now get

Aro=y & Y (Arejlo; = ey & Y (Areje)v; =y

J T J

This clearly shows that the (7, j)th entry of the matrix A is the number (Are;, e;).
Two methods now suggest themselves.

The direct method. This method relies on computing directly y = Are; and
then (y, e;), thus determining one column of Ar for each application of Ar. Let
us recall how an arbitrary vector v° € H is mapped by Ar. We initially solve the
adjoint system,

’Ut:—JZ’U IHQ s

Bv =0 ny (5.1)
o(T) =° inQ ,
followed by
uy = Au in@ ,
_ Cv in ZO )
Bu—{o in ¥\ % | (5.2)
u(0) =0 inQ ,

and then finally setting
Ar(v°?) = MTu(T).

The inner product method. The following expression from Chapter 2 provides
exactly what we need,

T
(A%, w°) = yp(0?,w°) = / Cv Cw dl'dt , (5.3)
0o Jro

where v(t) and w(t) are solutions of adjoint system (5.1) with initial conditions v°

and w?, respectively. If we now set v = e; and w® = e; and alternate the indices,
we compute the Apr matrix indices.
The inner product method has some obvious advantages:

e It is not necessary to compute any solutions to the control system (5.2).
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o We can obtain Ap, from Ap, by using

T>
<AT2vO,wO> = <AT1UO,wO> +/ Cv Cw dl'dt .

7, JIo

o Since (Arej, e;) = (Are;, e;), we only need to compute half the entries.

The direct method has been used in different contexts in the literature. In
Glowinski, Li, and Lions (1990), the authors used the direct method to compute
the controllability operator analytically for the wave equation on the 2D domain
2= (0,1) x (0,1) (they based their calculations on {sin(imz)} x {sin(jmy)} bases,
and restricted the control time T to the cases T = (n +3/4)/v/2, n = 0,1,..., for
easier computations). In Glowinski, Li, and Lions (1990), Asch and Lebeau (1998)
and Negreanu and Zuazua (2003), the authors use the direct method in a discrete
setting. In each of these publications they solve controllability problems using the
Conjugate Gradients algorithm (see Section 2.7.1), and the direct method is used
for computing the map v — Apv.

The idea behind the inner product method is quite simple, but the method
has not been described before in the literature (in Eljendy (1992), though, similar
ideas are used for solving exact controllability problems through optimization).
The inner product method has some very appealing properties, some of which we
will return to in Chapter 9 concerning implementations.

Chapters 6 and 7 will provide examples of both methods for the heat equation

and wave equation, respectively, where analytical representations of the controlla-
bility operators will be calculated.

5.1.1 Special Considerations for Discretizations

Both methods apply easily to both semi-discretizations and full discretizations.

To use the direct method, one does not even have to think about bases. By
successively mapping the columns of an appropriately dimensioned identity matrix,
the corresponding columns of Ap will be computed.

When using the inner product method, the relation (5.3) can obviously not
be used. The discrete equivalences in Chapter 4 must be used instead, see the
relations (4.8), (4.24), (4.27) and (4.28). Note, however, that we in these cases
compute

<A%v,w> or <Aﬁfv,w>

C c’

S0, noting the inner product used, we actually compute the entries of CA% or CA%}.
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5.2 Asymptotic Properties of the Controllability
Operator

We must act as if we had eternity before us.

— UMBERTO Eco (THE NAME OF THE ROSE, 1980)

This section will investigate whether the controllability operator Ar has a limit
operator as T — oo. Such results for the wave equation have previously appeared
in Glowinski, Li, and Lions (1990), Glowinski and Lions (1995), Bensoussan (1990)
and Bensoussan (1992). Actually, the two latter references studied general skew-
symmetric operators and only the same two references contained proofs.

We will similarly consider the wave equation, including detailed proofs. We fur-

thermore prove that also for the heat equation does a limit controllability operator
exist. A general result for the abstract formulation of Chapter 2 is not known.

Our approach in both cases is intimately tied to the eigenvectors of the (neg-
ative) Laplacian, and we will assume that we have an orthonormal basis of eigen-
vectors in L?(Q),

—Awk = )\kwk, in Q y
Bwy, = 0, onl, (5.4)
(Wi, wi) L2(0) = Okl

for all k,1 € N, and where all eigenvalues are distinct, 0 < A1 < Ao < ---, and
A\ — 0o for k — co. For shorter notation we will use pj = .

We introduce a Hilbert space H, by defining its inner product in terms of the
eigenvectors,

(wk,wl>ﬁ1 = O\ for all k,l e N. (5.5)

This space is equivalent to H} (€2) when we deal with Dirichlet boundary conditions,
B=1

Another important assumption deals with the complementary boundary oper-
ator C applied to the eigenvectors, namely the bound

/ Cwg|?dl < KNy forall k € N, (5.6)
To

for some constant K > 0. This relation is not trivial. For the case B = I, where
the domain €2 has certain properties, it can be derived. Furthermore, in the case of
the wave equation it is a consequence of the well-posedness of the control system.
How to derive (5.6) in both cases will be shown later.
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5.2.1 The Heat Equation
The adjoint system for the heat equation is
vy = —Av in Q
Bv =0 inY |
o(T) =° inQ,

with v0 € H = H; and thus v(t) € H. Given initial conditions

%)
0
= E apWy ,
k=1

with (urak)e, € £2, the heat equation has the solution,

[ee)
= g ape M Tty
k=1

Let us similarly consider a solution (¢), corresponding to the coefficients (ax)52

for which (urag)se, € £2.
Using the equality (5.3), we now have

ATU 0 / / Cv Co dl'dt
o
/ /1‘ (Z aje Tt)ij> <Z &ke/\’“(Tt)ka> dl'dt

= k=1
/ / Zz%ake (A +Ax)t Cw; Cwy, dl'dt
FO; 1k=1
1
= a;ilp——— (1 e~ (XitAn) )/ Cw; Cwy dI'.
jglkzl EREYERY To ’

Let us define what turns out to be the limit operator,

(T, 7° Zz%ak / Cw; Cwy, dI.

=1 k=1

This operator is bounded since

) 1 co o0 }
[(Hoov®, 2°)] < oW ZZ |aj||ax|
j=1k=1

To

K (o 12 , o 1/2
() (Sna
2\ i—1 k=1
Jf =
K N
= —I°1I%2°1%

2X1
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using the assumption (5.6), and thus well defined. We can now prove the following
theorem.

Theorem 5.2.1. Under the assumptions (5.4), (5.5) and (5.6) we have
Ar — Il in the operator norm as T — oo . (5.7)

Proof. We have that

(A7 = TL0)e, 2%) 5,

[Ar — | = sup - ,
- 00,50 H\{0} vl g 112°] &
where

o —(Aj+A)T

- - e

|<Hoov0,vo> — <AT’UO,’UO>‘ = ZZajaki)\‘ W /F Cw; Cwy, dI’
j=1k=1 J 0
Ke 2 0 o2
< [V I 12715 -

2\
O

Note how the fact that all eigenvalues Ax were real and strictly greater than zero,
was exactly what made the preceeding result possible. Note also that the conver-
gence in (5.7) was in the operator norm, which is quite strong.

Assume that we are given a specific null-controllability problem for the heat
equation. If now the limit operator Il is invertible for these particular data, we
can then compute a control function, to which controls, corresponding to increasing
values of T', will converge. It would similarly imply that the norm of the computed
controls will converge to a certain level as T — oo.

5.2.2 The Wave Equation

We now focus on the controllability operator for the wave equation. Recall that in
this case the adjoint system has the form

Vet = Av in Q y
Bv =0 in¥ | (5.8)
u(T) =y’ w(@)=7" nQ,

for some fixed control time 7" > 0. Note that the boundary operator B, as intro-
duced in Chapter 2, was defined on the “first order state”, which here is (v(t), v¢(t)).
For easier notation, B is in this case defined on v(t) only. This reduces the gen-
erality slightly, but the above formulation still includes the most important cases.
Likewise, the complementary boundary operator C is defined only on v(t).
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We now set H = Hl X HQ with ﬁg = L%(Q)), where His a space in which the
wave equation (5.8) is well posed (recall that (wy,wi) g, = dx). We have

1115 = I, 7% = 1W°1%, +17°1F,  foralle®=(y",7°) € H.

Given initial conditions of the system (5.8),

o0 o0
0 —0
Yy = E apwr, y = E brwy, ,
k=1 k=1

where (uray), (bx) € £, one can easily verify that

oo

(), w5 = > (uEal +b2),

k=1

for all t € R. Although we operate in real Hilbert spaces, it will prove convenient
to write the solution of the system (5.8) using complex exponentials. Let the initial
conditions v? = (y°,7°) be represented by the complex sequence (cj )72, where we
set ¢ = %(ak —ibg/pk), k € N. From the assumptions above we see that this

implies (uxck) € £2. The solution corresponding to v° can now be written

v(t,x) = Z(ckei“’“t + epe” M wy () = QZRe(ckei“’“t)wk(q}) . (5.9)
k=1 k=1

In a similar way we will let the initial conditions #° be represented by the complex
sequence (C)p2 ;.
Let us finally introduce the projection operator Py : H — H by

%] [e%s} N N
Py <Z arWe, Z bkwk> = <Z arWe, Z bkwk> )
k=1 k=1 k=1 k=1

for all N € N and sequences (ay)3,, (br)7; for which (ugar), (bx) € €. So Py
does a simple spectral truncation of the initial conditions, leading to a solution as
in (5.9) but with the upper limit of the sums replaced by N.

Recall that we in the general setting of Chapter 2 assume the bound,
T
/ |Col?dIrdt < K (T)[[v°||% , (5.10)
0 Jro
where v(t) is a solution of the adjoint system with initial data v° (see Equation (2.6),

page 12). Consider now the initial conditions (y°,7°) = (wg,0), which leads to the
solution v(t) = cos(urt)ws. Inserted into the bound (5.10) we get

T T T
/ / Cv|2dl'dt = / |cos(puxt)Cuy | *dl dt = / cos? (uit)dt / Cwy,|2dl"
0 To 0 To 0 o

= (3T + 4#% Sin(QHkT))/F |Cwy|?dll < K(T)Hwk”%1 .
0
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If we now choose T sufficiently large, we see that
Cwgdl’ < Kllwg]| = KX, (5.11)
To 1

for all k € N. So for the wave equation, the relation (5.10) of a well-posed adjoint
system implies (5.11).

Let us turn to the operators that we are interested in. First the controllability
operator, which can be defined as

T
(Ar0°,3°) = / / Cv Codldt,
o Jro

for all v°,9° € H. Using (5.10) we see that this operator is bounded,
[(A7°, 3%)| = [(Cv, CO) L2(530)| < [IC] £2(5) ]| 252
< K@)l 712° 7 ,

0 ~0

for v°, 0" € H. As we shall see, Ap/T is the interesting operator concerning
convergence for T' — oco. For convenience, we approach it through a bilinear form,

- 1 .
7TT(’UO,’UO) = T<AT’UO,UO>1‘;I,XFI .

In the limit (in a sense that will be made precise), the form 71 turns out to approach
the form 7,

m(v°,3%) :QZRe(c—jaj)/ |Cw;|*dI .
i=1 To

That 7 is bounded follows from (5.11) and the fact that (ugck), (urée) € €2. Let
the operator IT : H — H’ be defined by the relation

(v, 8°) = (I, %) 5, 7 forall v°,3" € H.

This will be the limit operator for Ar/T as T — oc.
We are now ready to prove the convergence. We break up the proof in smaller
parts and start out with three lemmas.

Lemma 5.2.1. Assume that K(T)/T < K for T large enough. Then

|7TT(’UO, ’170) - 7TT(PN’UO, PNﬁO)|

< K (Jo° = Pue®ll g2l + 15 = Pl 1%l )

for all v°,7° € H.



5.2.2. The Wave Equation 91

Proof. Note that

7TT(’UO,’l~)O) — WT(PNUO,PN’[)O) = 7TT(’UO - PN’UO,fJO) + FT(PNUO,’[)O — PN’[)O) ,

for v°,3° € H. We get

~0

|7 (v° — Pnv®,7%)| = = C(v— Pyv) Co dl'dt

o

< K|[v° = Pxo®l| g l12°1 7

for T large enough, and where v(t) is a solution corresponding to the initial condi-
tions v¥ — Pyv. Similarly,

| (Pyv?, 00 — Py°)| < K|J0°)| ]18° — Pyl 5 -
O

The requirement “K(T')/T < K for T large enough” is resonable. Every bound
of the type (5.10) for the wave equation known to the author, is of the form K(T") =
c1T + co for some c¢1,co > 0. Such bounds are typically proved using multipliers,
see Section 7.1 for a derivation for the one-dimensional wave equation, and see
Section 7.6 for further information on multipliers.

Lemma 5.2.2. The following bound holds,
0 p -0 0 p ~0 ON 01 10
’TFT(PN’U , Pn©°) — m(Pyv”, Pno )’ < ?Hv 511271 7 »

for all v°,7° € I:j, and where dn is a non-decreasing function of N.
Proof. Let v°,3° € H and we have

7TT(PN’UO, PN’TJO) — 7T(PN’UO, PN’EO)

T N N
= % / / (Z (cjei“jt + C_je“”t)ij><Z (&kei“’“t + aei“’“t)ka> dl'dt
0 JTIp =1 k—

=1
722Re(c—jaj)/ |Cw;|* dI
j=1 To

N N
= —/ / Z sepe I s Cay, + Z Giepe! )t Cay,
To k

7,k=1
J#k

N N
+ Y ciere’ Pt Cw Cuy + Y Tege T Cw;Cuy, | dITdE .
j,k=1 G k=1
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Focusing on the first sum of the last expression, we get

T N
/ / Z cjCpet PR Cop; CruydI dt
0o Jro

jk=1

ok
N T
= Z cj&k/ ez(“f_“’“)tdt/ Cw;jCwrdl’ =1 .
0 To

jk=1
ik

T
/ et(mi—pr)t gt
0

Setting 6% = max{2/(u; — ) | j,k=1,2,...,N, j # k} and using (5.11) we get

‘We obtain

2
i — Bk

_ 1

et(mi—pe)T _ 1‘ <
Hj — Bk

|| < on K| Pyl 7 Pyl < oK1 7119°0 7 -

Analogous bounds can be obtained for the other three sums, leading to the desired
result. O

Lemma 5.2.3. We have
|m(Pyv®, Pyt°) — m(0°,0%)] < [Jo° — Pxo?| l|0° — Pni®l|
for all v°,7° € H.
Proof. Since 7 is bounded and
m(00, %) = m(Pyo°, Pyi®) =2 ) Re(c—jaj)/ |Cw; | drI,
J=N+1 Lo
the result follows. O

We are now ready for the main theorem.

Theorem 5.2.2. Assume that K(T)/T is bounded for T large enough. Then
7ar(°, %) — 7(v°,2°) as T — oo,
for all v°,7° € fNI, or equivalently
FArv? = " weakly in H asT — oo, (5.12)

for all v° € H.
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Proof. Let v°,7° € H. From Lemmas 5.2.1, 5.2.2 and 5.2.3 we get
|7rT(vO, %) — w(2°, 170)‘ < |7TT(1)O, %) — wp(Py1?, PN’DO)‘

+ |mr(Py0?, PntY) — m(Pyv°, Pyi?)|
+ |m(Pn0°, Py©®) — (0, 0°)]

< K (v = Pxoll 150 5 + 10N 7120 — Pvill )

oN . 8 N
+ 110 7 + 10 = Pyl 7 10° — Pl
<IN+I%/T+ Iy .

Let € > 0 be an arbitrary (small) number. Choose now N so large that I3, < ¢/3
and I3 < ¢/3. Fixing this N, we choose T such that I% /T < ¢/3. This means that

| (0?,7%) — 7 (v°,8°)] <e.
(|

Note that the limit of the above theorem suggests that the norm of controls,
for increasing values of T', will be approximately proportional to 1/7".

But what kind of operator is II? Does it have a simple, closed form? When
the eigenvectors of the Laplace operator satisfy a special relation, it actually has a
very simple form.

Theorem 5.2.3. Given the relation

|Cwy|?dll = K )\, (5.13)

o
-A 0
0 I|°
Proof. Let v° = (y°,3%) = (3272, axw, Yooy bywy) and ¢, = 5 (ax — iby/pug). Let
analogous relations hold for 9°, az, Bk and ¢;. Then

for all k € N, we have
H =

vl

(TT®, %) — zzRe@ek)/ Cunl dI = 2K'S" Re(cer )2
k=1 To k=1

=X Z(ak&k + bibi /i) i

k=1
=5 < (Z Pk QW Z bkwk> ) (Z arwr, Z Bkwk> >
k=1 k=1 k=1 k=1 H'xH
=& a0 00, o0 .
AL 0T firxii
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But when does the relation (5.13) hold? The following section shows that it
holds, at least, for Dirichlet control on the whole boundary of some very interesting
domains.

5.2.2.1 A Special Case

Let us consider Dirichlet control on the whole boundary,

T'o=T, B=1 and C':f3 onl.
on

In this setting, the eigensolutions from (5.4) become
—Awy = Apwi

wilr =0,

(Wi, wi) 2(q) = O
for k,l € N. Note then the important relation, using Green’s Theorem,

ow;
Q 0 Q

r on (5.14)

= jk)\j .

We now have the following interesting theorem (the same result and a sketchy proof
can be found in Bensoussan, 1990, page 214).

Theorem 5.2.4. Let Q C R, T'= 0Q and m(x) = x — xg, where o € RY. Then

J

Proof. Note first that since wy, = 0 on the boundary, the gradient Vwy(x) and the
outward normal n(x) point in the same direction for any x € I'. This leads to
m-ndl' =2 | — Vwg -mdl’

2/F r on (5.15)

:2/Akawk~mdz+2/Vwk~V(Vwk~m)dz:11+Ig.
Q Q

2

0
Wk m-ndl =2\ .

on

2

a’wk 6wk

on

We now get

L =-X\; m-V(wi)dx:—)\k/m-nwidF—i—)\k V -muwidr = d\ .
Q r Q
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We rewrite I as follows,

d
6wk 0 (a’wk )
I, =2 /—— —mg | dx
2 aﬂzzl q 0o 0zo \ Oz A
d

o 8wk aQUJk 8wk 8wk 8mﬁ
- 2;_/1 (%—axazﬁmﬂ  Oze 9wy Oza ) W

= [ m-V(Vwyg ~Vwk)dz+2/ Vwyg - Vwpdr = I3 + 2Xg ,
Q Q

using (5.14) and the fact that Omq/dxg = dop. Proceeding, we get

I3:/m-ank-Vwde—/V-mek-Vwkdm
r Q

:/F2

0
5 mndl — d)y,
Inserting the obtained expressions into (5.15), we get

on

a’wk 2 6wk 2
2 — | m-ndl =d\; + — | m-ndl —d\g + 2\,
T (971 T an
leading to the desired result. O

Combining Theorems 5.2.3 and 5.2.4, we easily deduce the following theorem.

Theorem 5.2.5. Let @ C RY, T' = 9Q and m(x) = x — x¢, where xo € R, If
m(z) -n(x) = Cp, for almost allx €T, (5.16)

for a constant C,, > 0, then

1 1-A 0
AL

The “almost all” in (5.16) means that the property is allowed to fail in a set
of measure zero (for instance, it is ok if the property fails in a finite number of
points).

This result has previously been mentioned in Glowinski, Li, and Lions (1990),
page 6, and in Glowinski and Lions (1995), page 257, but without proof.

5.2.2.2 Domains of Constant Normal Width

How do the domains look for which m - n = C,, on the whole boundary?
In one dimension, the characterization is trivial. If Q = (a,b) choose 20 =
(a+b)/2 and we have C, = (b—a)/2.
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/\
()
o
7>

Figure 5.1: A selection of various domains having constant normal width, that is, a
point z° € R? exists such that (z —°) - n(z) = C,, holds for almost all boundary points.
For each of the shown domains, z° is the center of the circle and C, is equal to the radius

of that circle. (The black lines bound the actual domains, the gray lines and gray circle
indicate how to easily construct such domains.)
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In two dimensions, the domains having this property are much more interesting.
Figure 5.1 shows a selection of such domains, including visual indications of how
to construct them.

In three dimensions or more, these domains become even more versatile. We
will, however, not try to give an exhaustive characterization.






CHAPTERé

The Heatf Equation

If you can’t stand the heat, get out of the kitchen.
HARRY VAUGHAN, 1952

We will in this chapter, and the following two, focus on specific control systems.
Different parts of the theory of the previous chapters will be applied in these case
studies.

The heat equation is a parabolic PDE that describes the distribution of tem-
perature in some object, as it depends on time. As time goes by, the temperature
profile in the object becomes very smooth (this was illustrated in the Introduction,
see Figure 1.3) and only null-controllability will be possible.

We consider as control system the heat equation in the domain € with Dirichlet
control on a part of the boundary, I'g,

ur = Au in@ ,

o k iHEQ,
“_{o ins\ % , (6.1)

u(0) = u? inQ

with k € L?(Xp) and u® € H' = H1(Q) (recall that ¢ = (0,7 x T'g). We shall
see shortly how to show that this formulation leads to a well-posed system with
solution u(t) € H'.

6.1 Well-posedness

Let us set up the different maps and quantities of Chapter 2 as it applied to this
case. At the same time, we must argue that the assumptions of that chapter are
fulfilled.
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We first introduce the adjoint system,

vy = —Av in@
v = inX
o(T) =° inQ ,

with v(t) € H = H (). In the notation of Chapter 2 we have
A=A, B=1, A=A.

By observing

(Au,v) = (Au,v) g xm = /

Auvvdr = / uAvde = (u, Av)
Q Q

when A is considered with homogeneous boundary conditions, we see that A=A
and thus M = 1. What we need as the last thing is the complementary boundary
operator C. With u,v € C*°(Q2) we include boundary conditions and get

~ ou ov
{Au, v} — {u, Av} = /Q(Auv — ulAv)dz = /F (%U — u%) dr

0
= / u (——”) dr .
T an
This shows that C = —9/9n, the negated normal derivative.

We show well-posedness of the adjoint system first. We introduce the energy of
the adjoint system at time t as

(6.2)

E(t) = %/Q |Vv|?dz .

By differentiating the energy,
0
E'(t) = / Vv - Vidz = —/ Vv - V(Av)dr = / |Av|?dx — / & Avdr
Q Q Q r on

= / |Av|?dz
Q

we see that E'(t) > 0 and so the energy can only decrease as we solve the adjoint
system backwards in time,

0<E({)<E(T), for0<t<T.

We finally observe that E(t) < oo if and only if the corresponding solution v(t) €
H}(£2), and the well-posedness of the adjoint system is shown.
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To show well-posedness of the control system we first need to establish that
applying the complementary boundary operator C to a solution v(¢) of the adjoint
system lies in L%(X),

T v
2 —
levOlsn = [ [ |5

for all v° € H}(0,1) with corresponding solution v of the adjoint system. This
inequality is typically shown using multipliers, and we will prove it for the simple
one dimensional case of @ = (0,1) and I'g = {1}. To show it for more general
domains, some regularity assumptions must be made about €, see Lions (1985)
and Komornik (1994) for further details about the multiplier method (these refer-
ences discuss the wave equation, but the principles are also applicable to the heat

2
dr'dt < K(T)”UO”?LI&(Q) ; (6.3)

equation).
To show (6.3) in the 1D case, we proceed by applying the multiplier v,z to the
(negative) right hand side of the heat equation, 0 = —v,,

1 1 1 1
/ Vg UpTdT = [viz]éf/ Vg (Vpot + v, )dz = v2(t, 1) —/ vmvmxdx—/ vide
0 0 0 0

leading to the bound
T 1
+ / / v2dxdt
0 Jo

T /1
/ /vmvmxdxdt
o Jo
T /1 1/2 T /1 1/2 T /1
<2 / /Ufmdmdt / /vidmdt +/ /Uidmdt.
0o Jo 0o Jo 0o Jo

T 1 T
/ / v2, drdt :/ E'(t)dt = E(T) — E(0) < E(T),
0 0 0

T
/ v2(t,1)dt < 2
0

Now using
T 1 T
/ / videdt = 2/ E(t)dt < 2TE(T),
0 0 0

we obtain the desired inequality,
T
/ v2(t, 1)dt < 2(V2T + T)E(T). (6.4)
0

Let us now repeat some arguments of Section 2.1.2 to show that the control
system (6.1) is well posed. Assume that solutions actually exists to the control
system for sufficiently smooth initial data u® and control k, dense in H~1(£2) and
L?((0,T) xTg) respectively. Given any solution v to the adjoint system with initial
data v° we get

T v
(u(T),U()) _ <u0’v(0)> = /0 /FU k/’%dpdt = <k,CU>L2(EO) ,
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and, in turn,

u(T), v u®,v(0))| + [(k,Cv
o= sup WDl gy, Lo ODI [ CO)
vOeH\{0} v Ve i\ {0} v
O|[[[0°]] 4 K (T) || k|| [|v°
< s ([ [[[0°] + 0( AN 1]+ K (T[]

wel\{o} [[vOl]

This shows that if u® € H=1(Q) and k € L2((0,T) x Ty), we will have u(T) €
H~1(Q). Note that all of the above could be carried out for any 7' > 0.

The details of well-posedness are not normally shown in such detail in the
literature. We do it here to illustrate how it can be done and because it is quite
important. Indeed, both the control system and adjoint system are well posed in
L?(Q2), but the bound in (6.3), with the H}(Q)-norm replaced by the L?(2)-norm,
does not hold in this case.

6.1.1 Other Types of Control Operators

Let us at this point briefly consider another type of boundary control. We set
Bu = du/On — au for some € R. This formulation includes both Neumann
control and Robin control. The control system becomes

ur = Au inQ@ ,
ou )k in g ,
on — YT in ¥\ % ,
u(0) = u° inQ
and the adjoint system,
vy = —Av in@ ,
g—;’l —av =0 inX ,

o(T) =° inQ

where the boundary conditions have been replaced accordingly. To derive the
complementary boundary operator, we start out as in (6.2) and get

A ou v
{Au, v} — {u, Av} = /Q(Auv — ulAv)dz = /F <%v - u%> dr

/<%vauv>df/ <%au)vdf,
r \on To n

using that Ov/On = av. Tt shows that we must simply use C = I for the comple-
mentary boundary operator.

This was a simple illustration of how to use another form of boundary control.
Of course, well-posedness would have to be shown in this particular case, before
the control “machinery” of Chapter 2 could be applied. In the following we return
to Dirichlet control.
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6.2 Analytical Solution in 1D Using Fourier Series

Let us focus on the case Q@ = (0,1) and 'y = {1}. We wish here to represent the
controllability operator Ar as an infinite matrix Ap using the basis e; = sin(jn-),
j €N, in H}(0,1) and the same basis €, = ¢; in H~1(0,1). As seen in Section 5.1,
this can be done in two ways. We will go through both methods.

For the direct method we must, given 7' > 0, compute
Ar(v?) = u(T,-),
where v° € H}(0,1) and u is found by first solving
ve(t,x) = —vge(t, x), in (0,7) x (0,1),
) =

o(t,0)=v(t,1) =0, in (0,T), (6.5)
o(T,z) = 0%(z), in (0,1),
followed by
us(t, ) = Uy (t, ), in (0,7) x (0,1),
u(t,0)=0, wu(t,1)=—v,(t,1), in (0,7), (6.6)
u(0,2) =0, in (0,1).

We will now apply the Ap-map to an arbitrary basis vector,
v0(z) = ej(z) = sin(jrz), jEN.
The solution to (6.5) is clearly
u(t,z) = eI (T—1) sin(jrz),

and thus _ o
Ve (t,1) = (—1) jme=7 ™ (T8 (6.7)

We now wish to solve (6.6) given these boundary conditions. These are satisfied if
we set

u(t,z) = (—1)j+1j7re_j2”2(T_t)x + Z a;(t) sin(irz) , (6.8)
i=1
where the real functions aq(t), az(t), ..., are to be determined. However, using

Ut = Uy, and the initial condition u(0,2) = 0 we get

3,2
A1) + 2, (t) = (~1) 1 2 ),
J
ai(0) = (~1) 1 2 =T
1

for each i € N. For fixed 4, this is an ordinary differential equation with the solution

2k

ai(t) = (—1)ititi__ 2%
i) = 0™

2 9 22 2.2
efij(iQefzﬂt_’_j?eJ“t) foralli e N.
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Inserting this into (6.8) while writing z in the (e}) basis, we finally get

o0

s 20 ey L
u(T,x) = Z(—l) +Jm (1 — e (7H7) T) sin(imz) .
i=1

So the (4, j)th entry of Ar is simply

- itq 217 (244322
Ar(i, ) = (=1) +Jﬁ(176 (T

For the inner product method, we let v and ¥ be two solutions of the adjoint
system with initial conditions e; and e;, respectively. Note that we have (e, e;) =
1/2 6;5, but we will deal with the non-uniform scaling afterwards (although the
basis (eg) does not appear in our calculations for the inner product method at all,
it is still the basis for the range of the map). We now have, cf. (6.7),

T T
(ATej,ei)z/ vz(t,l)ﬂm(t,l)dt:/ (—1)iHijr2e= gy
0 0

_ (71)i+j — :;7 — (1 . e,(i2+j2)7r2T) .
g J

To finish, we just have to take care of the scaling and we end up with,

.. <AT€j €i> i 21] (24522
A = 2 = (-1 1+J—(17 (457)m T) 6.9
T(Z;]) (e/iaei>L2(O,1) i2 + 52 € ) ( )

naturally the same as for the direct method. Note how the term e} will vanish
as T — oo, fitting well with the result of Theorem 5.2.1, concerning the limit
controllability operator for the heat equation.

An analytical representation of the controllability operator for the heat equation
in one dimension, has not previously been seen in the literature. As just seen above,
the representation (6.9) provides insight into the properties of the controllability
operator, and it would also be useful for computing approximate controls of any
accuracy (by truncating the infinite matrix into a sufficiently large, but finite,
matrix).

6.3 Null-controllability in 1D

We wish to show null-controllability for the heat equation in one dimension. If
one could argue that the infinite matrix of the previous section was invertible, we
would be done. That seems like a difficult task, though.

We can also use Theorem 2.3.1, page 19. This involves showing an observability
inequality for the adjoint system. Let initial conditions for the adjoint system be
given as

o(T,z) = 0%(2) = Zaj sin(jrx), 0<z<1,
j=1
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where (ja;)52, € £* such that v* € Hj(0,1). The solution now becomes

o
x) = Zajeij“Q(Tft) sin(jrz), 0<t<T, 0<xz<1.
j=1

We have

T T T/2 [ °© ‘ . s
/ v2(t, 1)dt > / v2(t,1)dt = / Z(_l)]jﬂ-aje—] =t g
0 T/2 0 4

j=1

This brings us into a position where we can use Theorem 4.2.3 (page 77), the
parabolic version of Ingham’s Theorem. We get that a constant C}, > 0, indepen-
dent of the coefficients (a;)32,, exists such that

T T/2 s
/ 2(t, 1)dt >/ Z Yijmaze Tt |dt
0 .

—_]TI'T

> 5= < QZ 5 72 m?ag|?
Jj=

j=1

-2 2

J
=60, E: —2j 7r2T 2,.2¢

g2

|a; |?

2T°°

e’ _
> 6C,—; Ze 25%m T i2m2a;]? > —C pllv(0, )”?qg(o,l)’

Jj=1

for all T > 0.

This proves the null-controllability of the heat equation in one dimension.
See Lopez and Zuazua (1998) and Ldpez and Zuazua (2002) for similar null-
controllability results related to the heat equation in one dimension.

6.4 Uniform Observability of a Semi-discretization

Let us consider the following (family of) semi-discretizations of the heat equation
in one dimension,

{ C.u(t) = Au(t) + Bk(t)

where we use
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for 0 <o <1/4 and

-2 1 0
1 -2 1 0
1 1
h .. ’
1 -2 1

The matrix B takes care of the Dirichlet boundary conditions at the right end-point
by being the natural “next column” of A.
The eigenvalues A¢ and corresponding eigenvectors wy, of C' A are

4sin®(Lkrh)

Ay = — ,
" h2(1 - dasin®(Lkrh))

wy(j) =sin(jkhr),  j=1,2,....N,

for k=1,2,..., N, as described in Section 3.1.
The adjoint system has the appearance,

Coio(t) = —Avl(t),
{ U(T) =2’ )

for which we will use the norm ||'u||z~? = —(v, Av) = —vT Av.

We aim to prove an observability inequality, similar to the continuous system in
the previous section, which is uniform in N (the number N denotes the discretiza-
tion level and is the vector length of w(t) and v(t)). So we need to study solutions
of the adjoint system. The initial conditions will be set as

N
’UO = E AWy ,
k=1

where (kay) € 2, leading to solutions of the form

N
’U(t) = Zake/\g(T%)wk .
k=1

One of the elements of the observability inequality is the norm of the solution at
time t = 0,

9 al 9 AeT N QSiHQ(%/{?hﬂ') AST| . 12
(Ol = = > lax[*e <wk,Awk>:ZTe “Tag)?.  (6.10)
k=1 k=1
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We furthermore have
2

T T
t)(N
/]B%(t)fdt:/ vOW)
0 0 h
T| N Nk o 2
:/ Z( 1) Sln(khﬂ)e)\g(Tft)ak dt (6.11)
0 h '
k=1
2
/T/2 i k sin khﬁ) ATt gt
a .
k=1

In order to apply Theorem 4.2.3, the parabolic version of Ingham’s Theorem, we
need to show that there is a wuniform gap (uniform in both the index k and dis-
cretization level N) among the eigenvalues \¢. First we realize that the smallest
gaps occur when a = 0,

8, A8 = 4sin®(3(k + 1)h) 4sin®(3khr)
FRLTR T 21— dasin®(L(k + Dhr))  h2(1 — dasin?(Lkh))
~1
> Y A2) > (A0 . — 20,
- 1—4asin2(%k7rh)( k+l k) - ( k+1 k)
We now get

42 (37h) sin(2€)

4
— (A = A)) = ﬁ(sinQ(%(kz + 1)hr) —sin®(Lkhr)) = -

> 9n2 sin(mh) > 9n2 sin(m/6) —6n,
wh /6

with 2kmh < € < 1(k + 1)7h by the Mean Value Theorem, and for all N > 5. A
umform gap has thus been established. Since we also have

. 2 . 2
o> A n2(Lkha) = k202 SRR\ pare (SGTY _ e
= h2 2 %khﬂ %ﬂ

we clearly satisfy the conditions in (4.32).
We now apply Theorem 4.2.3 to the last expression of (6.11) and get

C N, e T sin? (kh) T

T
|BTv(t)|"dt > —— > -
/o YA e AR

for some positive constant C; which is independent of the discretization level N,
the parameter «, and the coefficients (ax)g2 .

We now wish to show that the factor in front of e n (6.12), majorizes
the corresponding coefficient in (6.10). The ratio between such two factors is

2 (6.12)

2/\‘,:T|ak|2 i

sin?(khw) e T sin?(zm) eTfal@)/h? (2, h, ) (6.13)
= =rir,n,o), .
2sin®(3khr) =AY 2sin®(1am) fa(x)/h?
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where x = kh and

4sin?(Lor)
fa(z) = . 22 1 .
1 — 4asin®(5zm)

For 0 < a <2 <b< 1, with a and b fixed, r(z, h, ) is clearly bounded from below
as h — 0. With z = h — 0 we get

2 2

h27T2 eT7r 26T7r

r(h,h,a) — 5 5 = >
shm? m s

so a uniform bound exists here also. For xt = Nh = N/(N 4 1) as h — 0 we split
into two cases. For 0 < a < 1/4 we have

h272 64T/((174oz)h2)
Nh,h
r(Nh b @) = = A dany)

and for o = 1/4 we have fo(Nh) = 4/ cos?(3Nhr) = 4/sin®(hr) — 16/(h*n?)
and thus

K272 16T/ (h*7?)
Nh,h,1/4 _———— .
r(N L) = == ey T

All in all, the ratio r(x,h,«) in (6.13) is uniformly bounded away from zero for
h<axz< Nhand 0 < o < 1/4 as h — 0. So we finally conclude that the
observability inequality

T
CSH'U(O)H%S/ |BTw(t)|dt |
0

holds for a constant C; > 0 which is independent of N and the initial condition v°.

The so-called direct inequality, which is the semi-discrete analog of (6.4), is

easier to show. We first bound the norm of the initial condition v°,

N N . 2/1
sin® (5 khm)
[0°11% =~ > |ak|* (w, Awy) =2 +|ak|2
k=1 k=1

1 = 2o (Sin(zkhr) ’ 2 = 2
_Zk ™ W |ak| Z2Z|kak| .
k=1

2
k=1
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Next we have, see (6.11),

N 2

T
(kh oy
/ ]BTv(t)]2dt=/ Z CSIn(kRT) vz, |y
0 k=
T|N N 1)k+
:/ ZZ sm(}l:gm)sm(khw) NN g a0 di
0 |k=11=1
N N T
sin(khm) | | sin(lhm o ya
D)) v k(hw) /O WAL [kray||lmal
k=11=1
A 2 /2 , n 2 1/2 oW 2
< D Z|k:7mk| Z|lﬂ'al| = 3 Z|kzak|
L \k=1 =1 L k=1
m 20112
< 0|4
4Ng

which proves the direct inequality.

We have now established a uniform observability inequality for the semi-discrete
heat equation in one dimension, implying that computed controls will converge. A
similar result has been shown in Lépez and Zuazua (1998), see also Zuazua (2003).

Uniform observability for a full discretization of the heat equation has yet to be
proved. Even if such a result is obtained, some practical difficulties will most likely
occur when computing controls, one difficulty being the high condition number of
the controllability operator. We will return to this subject in Section 9.5.2.

The literature has presented some numerical results regarding controllability of
the heat equation, but exact (null-)controllability is hard to do. In Carthel, Glowin-
ski, and Lions (1994), the authors argue that for exact control, only very smooth
functions can be reached. They then move on to approximate controllability, where
they use a Tikhonov regularization method together with the conjugate gradient
algorithm for computing the controls (they use a simple finite element discretiza-
tion in space and a backward Euler time discretization). The paper Kindermann
(1999) uses a similar approach, but focuses on the speed of convergence. In Park
and Lee (2002), the authors also consider approximate controllability. They do this
by minimizing an appropriate functional using a conjugate gradient-like algorithm.






CHAPTER7

The Wave Equation

If everything seems under control,
you’re just not going fast enough.

MARIO ANDRETTI

We now turn to the wave equation in 2 C R?, to which we apply Dirichlet control
on a subset of the boundary, I'g C ' = 91,

Utt:A’LL inQ7
u = k iDZO,
0 iDZ\Eo,

uw(0) = u®  u (0) =7° inQ

where k € L?(Xg) and (u°,u°) € H' = L?(Q) x H~1(Q). In order for this control
system to fit into the framework of Chapter 2, we must write it as a first order (in
time) system. This is easily done as

Yt :'Ay iIlQ7

B k iDZO ,
By{o e\ % , (7.1)

y(0) =y° inQ ,

-] el R s

We clearly have (obtained by ignoring boundary conditions)

I
L ra— |
sl
—_
I
S

ep

I 0
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but using the operator —A* for the adjoint system leads to

(%7 o 0 A (%
v, I 0f|v]|’
which we prefer to write as

N HE

since the initial conditions are in a more natural order (a minus-sign is placed in
front of the operator since it is required from the general formulation (2.4) of the
adjoint system). This means that we set

a2
for the adjoint system,
2 = —Az in @ ,
Bz =0 iny (7.2)
2(T) =2° inQ,
for some fixed control time 7" > 0.
Since A # A* we need a non-trivial “conversion matrix” M. By the requirement
MA = A* M we derive -
M = [1 0} |

(Note that any scaling of this matrix will do.) Given this matrix, we can deduce
the relevant Hilbert spaces,

H=L*Q) x Hy (), H = Hy(Q) x L*(),
H =L*Q) x HY(Q), H = H () x L*(Q),
and the duality pairing {-, -},

(-0} (6 D) - (B [ -com.

for all instances of (u,7) € H' and (v,7) € H. Recall that H' is the space in
which the control system (7.1) is posed and H is the space in which the adjoint
system (7.2) is posed. We shall show shortly that this leads to well-posed systems.

Left to find is the complementary boundary operator C. We set u,uw,v,v €

(B4R 1) )

SIS
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when using the boundary conditions of the control and adjoint systems, showing
that the complementary boundary operator is C(v,7) = —dv/dn. Different types
of boundary control easily could be used, analogous to Section 6.1.1 for the heat
equation.

7.1 Well-posedness

The adjoint system (7.2) can be written more readable as
Vit = Av in Q 5
v =0 inX
v(T) =2°, v (T)=72° inQ ,

by setting (v, v;) = z. We will now show the well-posedness of this system. Let us
introduce the energy of the system at time ¢,

E(t) = %/Q(|Vv(t,a:)|2 + |vt(t,x)|2)dz.

The important observation is here that (v(t),v(t)) € H if and only if E(t) < oo.
By differentiating the energy,

E'(t) = / (Vv -V + ’Ut’Utt)dl‘ = / (VU -V + ’UtA’U)dl‘ = / ?vt dlr =0,
Q Q ron
we see that the energy remains constant through time, E(t) = E(T') for all ¢. This
means that (v°,7°) € H implies (v(t),v¢(t)) € H for all ¢.
We now wish to show that the complementary boundary operator is bounded,
in the sense that a point-wise positive function K (T') exists such that

T
\C(v,a)fdrdt:/ /
>o 0 To

for every solution (v(t),v:(t)) of the adjoint system with initial conditions (v°,7°) €
H.

We show the above inequality for the simple case of Q@ = (0,1) and I'g = {1}.
We apply the multiplier v,z to the right-hand side of vy = v,, and integrate over
(0,T) % (0,1),

T 1 T . T 1 T 41
/ / VpgUgxdrdt = / [viz] _Odt — / / Vg Upgptdxdt — / / vidx ,
o Jo 0 = o Jo o Jo

which leads to

T T 1 T 1
/ v (t, 1)2dt = 2/ / VpaUpxdadt + / / v2dadt . (7.4)
0 o Jo o Jo

2
drdt < K(T)|| (%, )%,

ov
n (7.3)
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Our goal is to bound the absolute value of the right-hand side. Using vy = v,, on
the first term of the right-hand side we get

T 1 1 T
2/ / VpaUgxdrdt = 2/ / ViU xdtdx
o Jo o Jo
1 . 1 T
2/ [vtvzz]t_odzfQ/ / VU xdtdx
0 B 0o Jo

In order to rewrite the last term, we consider

1 1 1
/ Vg Uy xdx = [v?x];zo — / Vi Ve xdx — / vfdx ,
0 0 0

obtaining (since v:(¢,1) = 0),

1 1
2/ Vg Vpxdx = —/ vfdm.
0 0

Substituting this expression into (7.5), which in turn gets inserted into (7.4), we

get
T 1 T T /1 T /1
/ lvg(t,1)|?dt = 2/ [vvp] odr + / / vidzdt + / / vidrdt .
0 0 B 0 Jo o Jo

We now bound the absolute value of each term of the right-hand side,

1
/ ViU TdT
0
T
0

T 1
/ / (vf + v2)dzdt = 2/ E(t)dt = 2TE(0),
0 0
which finally yields

(7.5)

2 1 1
< / vfdas/ viede < 4E(t)* = 4E(0)?,
0 0

/T v, (t, 1)|2dt < 8E(0) + 2T E(0) = 2E(0)(T + 4) . (7.6)
0

Since E(0) and the | - || z-norm are of the same order (easily seen in one dimension
by writing these quantities in terms of sin(kw-)-basis coefficients), this inequality
implies (7.3).

7.2 Analytical Solution in 1D Using Fourier Series
For the case 2 = (0, 1), the controllability operator has the “type” Az : H3(0,1) x

L?(0,1) — H~1(0,1) x L?(0,1). We will now find a matrix representation Az for
the controllability operator, using a sin(jm-) basis for each of these spaces.
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Let us start out with the simple case where T" € 2N, and use the inner product
method. With initial conditions (v(T),v(T) = (e;,0) for the adjoint system we
have the solution

v(t,x) = cos(jm(T —t))e;(x) ,

and thus ‘
C(v(t),ve(t)) = —vp(t, 1) = (1) jmcos(jm(T —t)) .

Let similarly © be a solution to the adjoint system with initial conditions (e;,0).
This leads to

<AT <e(;> , (eo)> = /OT o (t, 1) 0, (¢, 1)dt

T
= (—1)i+jij7r2/ cos(imt) cos(jmt)dt = (—1)"ijn?6,,T/2.
0

With initial conditions (v(T'), v+(T")) = (0,¢;) we get
—vg(t,1) = (=1)7 sin(jn (T — 1)),

leading to

(ar (9. () = [ st

= (—1)i+j/0 sin(int) sin(jmt)dt = (—1)"95,;,T/2.

By similar calculations we finally get

(e (-0} (o 2)- )

As was the case for the heat equation in Section 6.2, we also use the sin(j7-) basis
for the range of the controllability operator, which means that we must scale each
inner product by a factor of two. All in all, a very simple matrix occurs for the
case T € 2N,

1272
2271'2

where all the blank entries denote zeroes. The matrix entries for all 7" > 0 are
computed in Detail 6, page 185, using the direct method.

This analytical expression for the controllability operator has not been pub-
lished before. But as mentioned in Section 5.1, an analytical representation for
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the controllability operator for the wave equation on Q = (0,1)? was calculated in
Glowinski, Li, and Lions (1990).

Let us compute the control function k € L?(0,T) in the case T € 2N. We wish
to drive the zero state at t = 0 to the state (y°,7°) at time t = T'. Let

= Z ag sin(kr-), 7 = Zbk sin(kr-) |
k=1 k=1

where (ay) € £2 and (b, /k) € ¢2, ensuring that (y°,7") € L?(0,1) x H=(0,1). We

must now solve 0 0 S
v T(Y Yy
Ar |y =ML ] = ,
’ (vo) (yo) (yo)

which is easily done using the matrix representation in (7.7),

M|

I~ b 1
0 = Z k2;2 sin(kr+), 7 = — Zak sin(km-) |
k=1 k=1
These initial conditions lead to a solution of the form

I~/ b
v(t,z) = T Z <k2—;2 cos(kmt) — Z—; sin(lmt)) sin(kmz) ,
k=1

and thus lhe COIllI‘Ol
t T t} 1 1 af S ”t k 0S8 7 t . ‘ 8

Note that since (ay), (by/k) € ¢*> we have k € L*(0,T) (this is of course no sur-
prise, since it had to be this way—it was proved in (7.6)). Note also the control’s
dependence on time, its L?(0,T)-norm is inversely proportional to 7', as predicted
after Theorem 5.2.2.

The matrix representation (7.7) also proves that Ar is invertible for T' = 2, and
thus for all T > 2. Using, for instance, Ingham’s Theorem (Theorem 4.2.1) for
proving exact controllability in this 1D case, we would obtain the slightly weaker
condition 7" > 2.

We can easily argue that there can be no exact controllability when T' < 2.
Recall that exact controllability is equivalent to the following condition: A constant
K. > 0 must exist such that the observability inequality

T
100,73 < K. / W2 (6, 1)dt
0

holds for all solutions v of the adjoint system with initial conditions (v°,2°). As-
sume that 7' = 2 — € for a small € > 0. Consider now initial conditions (v°,v°) that
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are constructed such that the support of both v° and ©° is contained in the open
interval (1 — €, 1) and such that the solution exclusively travels to the left (as time
goes from T and back to 0). Because of the constant speed of propagation equal
to one we must have v, (¢t,1) = 0 for 0 < t < T = 2 — e. The above observabil-
ity inequality can thus not hold in this case (a similar argument can be found in
Zuazua, 2003, page 14).

7.3 Characterization of Controls for the Wave Equa-
tion in 1D

We consider again the following one dimensional control problem,
Ut = Ugy, in (0,7) x (0,1),
u(t,0) =0, wu(t,1)=k(), in (0,7), (7.9)
w(0,7) = u'(z), u(0,2) =u’(x), in (0,1),

with (u?,@°%) € L?(0,1) x H=1(0,1) and k € L*(0,T). The goal of this section is to
characterize all possible controls for this control system for any 7" > 0. Recall that
a HUM control exists for 7' > 2 and is unique in the sense that it has the smallest
L?(0,T)-norm (in general, a HUM control has the smallest L?((0,T) x I'g)-norm).
We will here present a fairly constructive way of finding a control that is optimal
in any sense.

As far as the author knows, the approach taken in this section has not been
considered before. Although the method is not readily possible to generalize to
more dimension, it provides some useful insight.

The D’Alembert solution formula for the wave equation will be important to
us. On the real line any solution to the wave equation has the appearance

u(t,z) = flx+t)+gz—1t), t>0,z€R,

where f and g are twice continuously differentiable functions, f,g € C?(R). So a
solution is simply the superposition of two waves, one traveling to the left and one
traveling to the right. To take into consideration reflection at ¢t = 0 we use odd
extensions and get that

ult,z) = flx+t) — f(—x+t) +g(z—t) —g(—x —1t), t>0,2>0, (7.10)

satisfies both
upe(t, ) = uge(t,z) and wu(¢,0)=0.

For more on the D’Alembert solution formula and the method of reflection, see
Strauss (1992).
Combining the solution formula (7.10) with the initial conditions,

uw(0,2) = u’(z), us(0,2) =u’(zx), x>0,
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we arrive at the following expressions

x4+t
u(t,z) = L [uo(x +t) +ul(z — 1) Jr/ ﬂo(s)ds} , for |t] <z,
2 r—t
. . (7.11)
u(t,z) = 5 [uo(t +z) +ul(t — 2) +/ ﬂo(s)ds} , for0<az<|t].
t—x

But our control system is posed on the interval (0,1), and not on the half-
line (0,00). Nevertheless, the D’Alembert solution formula can be used to find a
control that drives the control system to rest in time two (or less). Indeed, let
initial conditions (u®,u°) € L?(0,1) x H~%(0,1) for the control system (7.9) be
given. Expand now the initial conditions with zeroes to the half-line (0, 00), and
solve the wave equation on the interval (0,00) with reflection at = 0. Because
of the unit speed of propagation it is clear that u(t,z) = 0 for 0 < 2 < 1 for all
t > 2. The control is now found simply by reading off the positions at z = 1 in the
interval 0 < ¢ < 2. Using the solution formula (7.11) we get

1
%uo(l—t)—i—%/ w(s)ds, 0<t<1,
E(t) = u(t, 1) = 15t (7.12)

%uo(t—l)—i—%/ w(s)ds, 1<t<2.
t—1

This method, which we will call the SUR method, was mentioned by Professor
David L. Russell in Russell (1973), and later developed by Professor Walter Littman
and others in, for instance, Littman (1992). See Figure 7.1 for an example.

731 0<T <2

If the control time available is less than two then exact controllability is impossible,
as argumented at the end of Section 7.2. But for some initial conditions, control is
in fact possible.

Consider first the case 0 < T < 1. It is clear that for any part of the solution
that travels to the left, it will take more than time T before it has reflected at
x = 0 and travelled to x = 1 to be “handled” be the control. Thus the solution
must travel to the right, u(t,x) = f(x — t), implying the relation

d

7 (z) = —%uo(x), 0<z<1,

for the initial conditions. Furthermore, we must require
uw(z)=0 for0<a<1-T,

since this part of the solution will not have time to reach the control boundary.
If these two conditions are met, the control given by (7.12) will drive the control
system to rest in time T'.
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t=20.0
1 2 3

t=20.5
1 2 3

t=1.0
1 2 3

t=1.5
1 2 3

t=2.0
1 2 3

Figure 7.1: Illustration of the SUR method. The domain is expanded from (0,1) to
(0, 00) and the wave equation is solved on this domain. The control is now simply read
off at x = 1.
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Consider now 1 < T < 2. The part of the solution that at time ¢t = 0 is in
the interval 0 < x < T — 1 will reach the control boundary in the time available.
However, any part of the initial conditions in the interval z € (T — 1,1) has to
make the solution travel to the right. We must thus require

d o

Uo(x):—au() T-1<z<1,

of the initial conditions. Again, the control can then be computed by (7.12).
What about uniqueness for controls obtained as described? They are in fact

unique, and for the simple reason that if the control did anything other than absorb

the oncoming waves, it would take time two before that “signal” could disappear.

732 T=2

By now we know of two ways of computing a control for the case T' = 2: The
HUM method, see (7.8), or the SUR method just described, see (7.12). Are they
identical? No, not in general, as some examples could quickly reveal. Because of
the linearity of the control system, subtracting two different controls that do “the
same job” will be a null-space control, that is, a control that steers the control
system from the zero state to the zero state. This leads to the question: What
can for the case T' = 2 be added to a control function that does not change the
initial/final states? The following theorem answers this question.

Theorem 7.3.1. A control k € L?(0,2) has the effect

u(0,) =0, u(0,-)=0,

w(2,:) =0, w(2,:)=0, (7.13)

if and only if the control function is a constant, k(t) = ko € R.

Proof. Assume that (7.13) holds. We use the D’Alembert formula to derive infor-
mation about the control. Using (7.10) we get

u(0,z) = f(z) — f(-2) + g(z) — g(-2) =0,
0,2) = f'(z) = f'(-2) — ¢'(z) + ¢'(-2) =0,
u(2,2)=flz+2)— f(—x+2)+g(x—2)—g(—2—-2)=0,
(2,2)=f(z+2) = f(~2+2)—g'(zr - 2) + ¢ (-2 -2) =0,

U2, T

for 0 <z < 1. Integrating the equations involving derivatives, we can combine the
equations into

f(=z) —g(z) = K1, flx+2)—g(-r—-2) = Ks,
f@)—g(-2) =K,  f(-v+2)—g(x—-2)=K,

for 0 <z <1, and where K7, Ky € R are constants. We now see what happens at
the boundary at x =1,

u(t,1) = F1+1) = F(—1+1) +g(1 =) — g(—1 —1) = K> — K1



7.3.3. T >2 121

for 0 <t < 2. Indeed, a constant-valued control.
Assume now that k(t) = ko, a constant. We now get

2 2
/ k(t)v,(t,1)dt = ko/ v (t,1)dt =0,
0 0
since
2 2
/ cos(jm(2 —t))dt = / sin(jm(2 —1¢))dt =0.
0 0
Using the ever useful Theorem 2.1.1, this is seen to imply (7.13). O

This means that for the case T'= 2, a HUM control and a SUR control will be
identical except for an additive constant. One can also put it this way: A HUM
control is obtained from the SUR control by adjusting it by a constant in such a
way that the L2(0,2)-norm is the smallest possible.

733 T>2

What about null-space controls for the case T' > 2?7 A trivial null-space control is
clearly k(t) = 0 for 0 < ¢ < T. But by Theorem 7.3.1 we can add a constant on
any interval of length two, say (t,t + 2) for some t € (0,7 — 2), and we still have a
null-space control. We can now do this repeatedly on different intervals of length
two. For instance, for the case T'= 5 the control

0<t<1,
3, 1<t<2,
1, 2<t<3,
-1, 3<t<h,

is a null-space control. A general result on null-space controls for the case T' > 2
is given by the following theorem.

Theorem 7.3.2. Let T > 2. The control k € L*(0,T) has the effect

0,-) =0, 0,)=0,
w0, ) u(0,) (7.14)
w(T,)=0, u(T,-)=0,
if and only if
ko= Y k(t+2p), 0<t<2, (7.15)
t+2p<T
p=0,1,...

for some constant ky € R.

Proof. In order to satisfy (7.14) we see from the relation (2.7), page 12, that we
must have

T
/ F(t)va(t, 1)dt = 0, (7.16)
0
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for all solutions v(t,z) to the adjoint system. Since v(t,1) has the form

vz (t,1) = Z(—l)jjw(aj cos(jm(T —t)) + bysin(jm(T —t))), (ja;), (jb;) € €%,
j=1
(7.17)
we see that v, (-, 1) is 27-periodic. This means that (7.16) is equivalent to
2
/ B (E)va(t, 1)dt = 0, (7.18)
0

for all v,, of the form (7.17) where

K*(t)= Y k(t+2p), 0<t<2.
t+2p<T
p=0,1,...

Introducing a simple phase shift we get that (7.18) is equivalent to

2
/ E*(£)0 (1, 1)t = 0,
0

for all v} of the form

vi(t, 1) = Z(—l)jjﬂ(a;- cos(jm(2 —1t)) + b;- sin(jm(2 — t))), (ja;>, <jb;-> e,

j=1

So k(t) is a null-control when the control time is 7', if and only if k*(¢) is a null-
control when the control time is 2. Using now the result of Theorem 7.3.1, the
proof is complete. O

This result can be used in the following ways. A control that drives the control
system to rest in time 7" = 2 can also be used for the case T > 2, simply by
expanding it with zeroes on t € (2,7). We can now modify such a control by
adding to it null-controls for the case T, as just described.

We can also use the result in the opposite direction. Given a control k €
L2(0,T) for some T > 2, we construct a null-space control k € L2(0,T) for which
k(t) = k(t) on t € (2,T). Such a null-control is always possible to find, as can be
seen from (7.15). Since now k(t) — k(t) = 0 for 2 < t < T, we see that k(t) — k(t)
will be a valid control for the reduced control time 2.

7.3.4 Example of Optimal Controls in Different Norms

Figure 7.2 shows an example of four different controls that all, using the same
initial conditions, drive the solution of the control system to rest. We will now
describe how the four controls were computed.

The SUR control was computed simply by using formula (7.12) on a discrete
time-grid. This led to a control on the interval (0,2) which was then expanded
with zeroes to the whole (0, 3.6) interval.
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Figure 7.2: Example for the case T' = 3.6. Using the same initial conditions, all the
controls shown steer the control system to rest in time 7. Apart from the control obtained
by the SUR method, three controls are shown that are optimal in the sense that the
L?(0,3.6)-, L°°(0,3.6)- and L'(0,3.6)-norm of the controls are minimal (all controls are
computed using numerical approximations).

Let the discrete SUR control be represented by the vector ksyr. We now
wish to modify this control by adding a null-space control such that the (discrete)
L?(0,3.6)-norm is minimal for p = 1,2, 00. Recalling that adding a constant on a
length-two interval does not change the effect of the control, leads to the following
simple formula,

k, = ksur + Nx*, x* = argmin HkSUR + N:L’Hp , (7.19)
x

where k,, is the sought control and where the matrix

1

L 1
has a number of ones in each column corresponding to a time interval of length
two. The norms || - ||, are the usual discrete p-norms.

The minimization in (7.19) is a standard least squares problem in the case p = 2,
which can be done quite fast. The cases p = 1,00 lead to linear programming
problems which are very time consuming.
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7.4 A Well-behaved 1D Scheme

This section will present a full discretization of the wave equation in one dimension.
It has not been studied before, and it will turn out to have some properties which
are more appropriate for control than the discretization schemes previously seen in
the literature.

Let us recall the continuous control system,

Ut = Uga, in (0,7) x (0,1),
u(t,0) =0, wu(t,1)=Ek(), in (0,7), (7.20)
’LL(O, I) = uO(Z.), ut(oa ‘Z‘) = ﬂo(x)v in (Oa 1) )
with (u?,@°) € L?(0,1) x H~1(0,1) and k € L?(0,T). For easier notation, we will
reverse the time direction when defining the adjoint system, see Section 2.5.2. This

approach suffers no loss of generality since the wave equation is reversible. We have
the adjoint system,

Vet = Vza, in (0,7) x (0,1),
u(t,0) = v(t, 1) = 0, in (0,7), (7.21)
v(0,7) = v%(z), v:(0,2) =0°(x), in (0,1),

with (v°,7°) € HL(0,1) x L2(0,1).

7.4.1 Discretization

We discretize the Laplacian using the box scheme (see (3.5), page 32),

2 1 -2 1 0
1 2 1 1 -2 1 0
1 1
C = -

-~ S

1 2 1 -2 1

where h = 1/(N + 1) as usual. As for the heat equation, the matrix B takes care
of the Dirichlet boundary conditions at the right end-point.
In time we use the trapezoid discretization scheme, here for the adjoint sys-

tem (7.21),
sl )R] oo

with v% and ¥° given. Note how we have used the box scheme for both time and
space discretization (see Equation (3.32), page 45, and the comments that surround
it).
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We will make extensive use of eigenvalues and eigenvectors. To that end, we
recall that the eigensolutions of C~! A are

C_lAwk = fuiwk s

with pe = % tan(gkhm)
wyi(j) = sin(kjhr),

for j,k =1,2,..., N. With initial conditions

N N
oY = Zakwk and ©°= Z brwy , (7.23)
k=1

k=1

where (kay), (bx) € £2, the solution of (7.22) is given as

N
Z ag COS n0k + bk/uk sm(nGk))wk ,
k=1

where
1 — n? tan? (3 kh)
1+ n? tan? (3 kh)

2+ iAtpuy, 1+ intan(gkhr)
2 —ilAtp, 1 —intan($khr)’

eiek —

cos(0y) = , (7.24)

such that 0 < 0 < 7 for k =1,2,..., N. We assume that n = A¢/h is a positive
constant.
From (3.33) we have the energy norm,

N
E° =1 (uiaj + b})(wy, Cwy),
k=1

but since Cwy, = hcos?(3khm)w;, we get
(wy,, Cwy) = hcos®(Lkhm)(wy, wy) = & cos®(Lkhr)

where (wyg, wi) = 1/(2h), see Theorem 3.1.3, has been used. So we have

E° =

=

N
4t kh

Z ( an” ™) g2 a; + bi) cos®(3khm)

k=

1

N sin(5 kh)
%Z( (W) ay +COSQ(%khﬂ')bi> .

k=1 2

(7.25)

7.4.2 Convergence of the Scheme

In this section we will show convergence of the discretization (7.22) used for the
adjoint system. In order to do so, we will use the Lax Equivalence Theorem (see
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page 48), which says that consistency and stability are necessary and sufficient
conditions for convergence.

First we must establish how to set the initial conditions of the discrete system,
given the following initial conditions for the continuous system,

o0 o0
W0 = E apwy , 70 = E brwy, ,
k=1 k=1

where wy(x) = sin(knz), k € N, and (kag), (br) € £2. But here we simply use
“spectral truncation” as used in (7.23). This is the Ry-map of Section 3.3.

We also need to be able to compare vectors from the discrete system, posed
in RY x RY, with vectors from the continuous system, posed in H = H(}(O7 1) x
L?(0,1). But to this end, we simply do the opposite as we did for the initial
conditions: Given a spectral representation, we just replace the wy basis vectors
with the wy basis vectors. This is the Ey-map of Section 3.3. From this point on,
we will use the notation v} as the vector of H that in this way corresponds to v"
of RN x RV,

Finally, since everything is going to be represented in spectral terms, we will
use the following expression for the norm in H,

‘ (Z arwr, » bkwk>
k=1 k=1

We can now move on to show stability for the discretization of the adjoint
system. In order to do so, we consider the discrete (energy) norm (7.25), which we
know is constant in time for each N. If we can now show that the discrete norm
converges to the continuous norm as N — oo, we are done. Let € > 0 be given and

2

= % Z(kQWQai + bi) .
i k=

consider
No . 1 2
skh
|[E—E°| <1 Z [kz%j (1 - (%) ) ap + (1 — cosQ(%khﬂ'))bil
k=1 2
N . 1 2
=kh

+1 Z lk27r2 <%) ai + cosQ(%khw)bi]
k=No+1 2

+i Z [k27r2ai+bi] :Il+12+l3.
k=No+1

Choose now Ny such that I3 < ¢/3 and observe that Is < I3, independently of N.
Fixing Ny, we can now choose N large enough so I; < ¢/3. This shows that
EY — E as N — oo, for every choice of initial data.

Consistency only has to be shown for a dense subset of H and we will assume
that both v and ¥° are infinitely smooth. This means that the coefficients (ay)
and (by) decay exponentially,

E*r%ai + b2 < CrF forallk €N,
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for some constants C' > 0 and 0 < r < 1.
Loosely speaking, consistency means that going At forwards in time for the
continuous system,

S
>
=
I
x>
I M8
S
=
Q
o
BN
ol
5
>
&
JF
(=l
=
@,
§=§
=
5
>
=
\
ol
2
g
=

el
Il
—

We now aim to show

(v(&1), v (A1) = (w7
At

— 0,

as N — 0. We get

(v(A1), v (A1) = (whTh)||

a(N) . .
sin(kwAt)  sin(6g) )
< ar(cos(kmAt) — cos(0;)) +b — Wi,
<;[k( ( ) (0x)) k( - ” ]k
a(N)
[—ak (k7 sin(kmAt) — pg sin(6x)) + by (cos(kmAt) — cos(9k))>
k=1 i
N
in(0
+ ( Z [ak cos(fr)) + bksm(—k)} Wy,
k=a(N)+1 Hk
N
Z [—akuk sin(6y) + by cos(@k)} wk>
k=a(N)+1 23
o0 . A
+ ( Z [ak cos(kmAt) + by, Sm(lziﬂt)}wk,
k=a(N)+1 T
Z [faklm sin(kwAt) + by, COS(kﬂ'At)} wk>
k=a(N)+1 H

:Il+12+l37
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where a(N) = [ (N — 1)'/3] (other cut-off choices will also work).

We first show that Io/At — 0 and I;/At — 0 as N — oo. We do this by
exploiting the fact that the “tail” of the series ) ;- (™) 41 (F*7%ag + b7) decays
exponentially as N — oo, because of the smoothness of the initial data. The
calculations can be found in Detail 7, page 189.

We now turn to I; where the actual consistency is used. We initially rewrite
the expression for I,

W ©2 sin®(0y,)
=1 Z k223 | 1+ cos?(0k) + %277# — 2 cos(kmAt) cos(6y)
k=1
oMk sin(kwAt) sin(6y,)
km
2
+ b7 (1 + cos? (6,) + M — 2 cos(kmAt) cos(0y)
14
B 2k7r sin(kmwAt) sin(6y)
Mk
) ur  km
2kmaib kmAt) — 0 0 — -
+ 2kmagby, (cos(krAt) — cos(0y)) sin(6) (kﬂ' Mk)]
a(N)
! (kaQaiA(kh) + B2B(kh) + 2k7rakbkF(k:h)) ,
k=1

where A, B, F are functions of kh, since the expressions for cos(fy), sin(6y) and
km/ug can all be written in terms of kh only. Focusing on A(y), we see that it is
analytic for y > 0 and we write its Taylor expansion (easiest computed with the
aid of a program for symbolic mathematics),

h) =Y cp(kh)P,

where the real numbers ¢, depend on 7 only. We observe that 0 < k < (N — 1)/3 <
0 < kh < (N —1)~%/3 and so we set kh = 3(N —1)~2/3 where 0 < 3 < 1. We now
get
A(kh) (N —1)?
A2 2

A(ﬂ(N*l —2/3 7%2 pﬂp 2 2p/3,

clearly showing that A(kh)/At? — 0 as N — oo for all 0 < 3 < 1. This yields

1a(N)222 [ABIN =D))<= 12 2
A—ﬁ;kﬂak|A(kh)|<Orgﬁa§1 Zkﬁa -0,
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as N — oo. The same procedure can be used for the terms involving B(kh) and
F(kh), using in the latter case |2kmagby| < k?*m%a? + b3.
Gathering the results for 7, Is and I3 we finally get

as N — oo, thus proving consistency.

— 0,

(WA, v (A)) = oy, PN | - b+ L+ 15
At i At

We have now shown stability and consistency of the discretization scheme (7.22),
and it then follows from the Lax Equivalence Theorem, Theorem 3.3.1, that the
scheme is convergent.

7.4.3 Exact Controllability on a Fixed Level

The discrete control system can be written as

"t = Ga" + Fk"
{ v + (7.26)
u” given,
where
—1
G=(I-48) (I+4ts),
-1|0 0 I
F=50-%9) {B}’ 5= [C—lA 0} ’
and
a" = Fn} ;o K =R R
u

We wish to show that we have exact controllability for this system, provided
that M, the number of time steps, is large enough. This can be done by showing
that the matrix

RN:[F GF .. GNle}GRQNXQN

has full rank, see Theorem 4.1.4, page 70. This, in turn, can be done using Corol-
lary 4.1.1. Let us recall some useful information from Section 3.1.2. We set

W = [wl wz - wN:Iv D:diag(ula,u‘Qa"'ay’N)a
S [ W W
T iWD —iWD|’

and get from Equation (3.10),

_ip-1
Wl = 2hW, Z‘lh{w ‘D W].

W  iD™'W
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The matrix Z diagonalizes, by construction, S, and it is seen to also diagonalize G.
We know from Section 3.2.3 that the eigenvalues of G are the 2N complex numbers
given by

2 + iAtpy 2 — iAtuy

il STk ok =1,2,...,N.
2 intm, Y At S

These are distributed on the unit circle in the complex plane, and are all distinct,
since the numbers pq, g2, ..., uny are. This was the first condition of Corol-
lary 4.1.1.

The next is checking whether the vector

f=Z'F

contains any zeroes. We rewrite as follows,
(I&S)Zf&[o]
2 2 (Bl
I o] ,,[iD o a0
z([o 7-217 o)) r-%5)
o ([T O] Acl|iD O 110
At([o I 210 —-iD f=z B| -

The matrix on the left-hand side that pre-multiplies f, is seen to be a diagonal
matrix with non-zero entries on the diagonal. On the right-hand side is a vector
with non-zero entries, since it is simply a scaled version of the last column of Z 1.
We can now use these results to combine Corollary 4.1.1 and Theorem 4.1.4 into
the following theorem.

Theorem 7.4.1. The control system (7.26) is controllable, is the sense that any
initial state (u®, ") can be driven to any final state (u™M,wM), if and only if
M >2N.

Since we use a time step of At, we see that the time available for control must
be

T >2NAt = QUL ,
N+1
where n = At/h. Recall that T > 2 is the requirement for the continuous system.
Note that this theorem addresses a single discretization level. But what happens
when At, h — 07 Does the controls obtained converge to the continuous one? This
is the subject of the following section.

7.4.4 Striving Towards Uniform Observability

The subject of this section is the proof of the following theorem. The assumptions
of the theorem will be assumed true for the remainder of the section.
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Theorem 7.4.2. Let T > 2, and let (ar)7>, and (br)7>, be real sequences such
that (kay), (by) € £*. For each value of N € N we set

h=1/(N+1), M=I[T/(nh)], At=T/M,

where n < 1 is a constant (At ~nh), and we have

N N
’UO = E ApWg, FO = E bkwk
k=1 k=1

(note that all quantities depend on N, except for (ax)5>, and (bg)52, but we will
omit the extra subscripts for simpler notation). We now have for every value of N,

o o

where (V™,0") is a solution of the adjoint system (7.22).
We recall the expression from (3.31), page 45, for a solution of the adjoint
system in terms of eigenvalues and eigenvectors, and get

2 M—-1

ey

Q n=0

2 2

,UnJrl + ,Un
Ch BTf

<y , (7.27)

Q

N
_ %Z ax(cos(nby) + cos((n + 1)6x))
k=1

+ b/ s (sin(nby) + sin((n + 1)6))] wy,

(,Un-i—l + "

N
Z ax cos(nby) + b sm(nﬁk)]wk ,
k=1

where

(ar(cos(0k) + 1) + by /e sin(y)),
(bk/,uk(cos(Gk) +1)—ag sin(@k)) ;

1
2
b 1
2
using the addition formulas for sine and cosine. Note that

a2 + b? = cos 2(30k)(aq + by /13) - (7.28)

Combining now that BTv"™ = v™(N)/h and w,(N) = sin(Nkhr) = (—1)* sin(khr)
we get

n+1 n N (kh -
r? v Z Sln ﬁ) [dk cos(n@k) + bk sm(n@k)]

— Ck esz nAt ,
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with

(—1)*sin(kh)
2h

Tk = O/ At, T k= —Tk,

cp= (ar — iby), C—k = Ck,

for K = 1,2,..., N. Before being able to apply Theorem 4.2.4, we have to show
some properties of 7, T, ..., 7y, for each N. Note that this is the most essential
part of the proof, since this is where all other discretization schemes fail. (As far as
the author knows, that is. Exceptions are some schemes with h = At, see Negreanu
and Zuazua (2003)).

Lemma 7.4.1. We have for all N,

7-1271-)
Tht1 — Tk > T, forallk=1,2,...,N —1,
™~ < 7/At—T.

Proof. We set

t(y) = arccos (

and note that t(0) = 0, t(kh) = 0 for k = 1,2,..., N and #(1) = 7. By using a
Taylor expansion it can be shown that

COSQ(%yﬂ') —n? sin2(%y7r)
COSQ(%yﬂ') +n? sin2(%y7r) ’

tiy) =nyr + Oy®) = t(kh)/At = kx + O(k3h?),

which shows that the slope of t(kh)/At at k = 0 is equal to 7 for all h. Furthermore

we have
2(1 — n*)m*n tan(gym)

L4172 4 (1 —n?) cos(my)) (1 + n? tan®(3ym))

)

t” (y) = (

showing that ¢”(y) > 0 for y > 0 since we assume that < 1. Using these facts
and that 7, = t(kh)/At, the results follow. O

An illustration of 7q,..., 7y for the case N = 40 can be seen in Figure 7.3, for
different values of n = At/h.
We can now apply Theorem 4.2.4 and get

M-—1 ’Un+1+’Un 2
CrY P <Ary ] BTf <Gy > el (7.29)
1<|k|<N n=0 1<|k|<N

for some positive constants C] and C} and for all N > Ny (the value of Ny is
chosen to make sure that C1(T,~y, M, N) of Equation (4.45) is positive).

o

We now turn to look at

Z |ex|? and ‘

1<[k|<N

2

Q
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Figure 7.3: A plot of 7, = 65 /At for the case N = 40. The slope of each curve is 7 in
k = 0. Furthermore, the curves are convex for n < 1.

We will show that these quantities are of the same order, that is, provide upper
and lower bounds that are independent of V.
First we get

N .
3 |ck|2fzz|ck|t%zs “khT) G2 gy

1<|k|<N k=1 k=1

sin (khw?;os (36 )(ak 02,

(k*m* A} (kh)ai + BY (kh)b})

using (7.28) and where

A(z) = 1 <sin(xﬂ') ) 2

14 n?tan?(1zm) xm

By(z) = 1+n2t:n2( m) <2::r11((z7;)7f))2 ,

since (7.24) leads to

(7.30)

2
1+ n?tan?($khr)

2 cos®(16;) = 1+ cos(0y) =

Note that we are only interested in the interval 0 < x < 1, since 0 < kh < 1 for
all V.
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7 7

Figure 7.4: Plot of the functions A, A2, BY and B as defined in (7.30) and (7.31). They
are all decreasing functions and Az and Bz majorize AY and BY, respectively. We here
only consider the limiting case n = 0, but other values of n do not change the properties
just mentioned.

For the Q-norm we get from (7.25),

0] N sin(%khm) ?
‘ [50] =1>_ [+ <27) ai + cos® (2 khm)b?
1

o P %k’hﬂ‘

N
=1 Z(k%r?AQ(kh)ai + By (kh)b})

where
2

As(z) = (%%”)) . Ba(x) = cos?(har). (7.31)

T
See Figure 7.4 for an illustration of the functions A?, BY, A, and B,. By the
rewrite
2,1 1 sin(zm) \’
B (z) = cos®(5xm) 7)o

1+ n?tan?(3zm) \ 2sin(fanm

we clearly have AY(z) < As(z) and BY(z) < By(x) for 0 < z < 1, leading to

) |ck|2s2\

1<[k|<N

2

e

; (7.32)

for all N. We must now establish the inverse inequality. Without loss of generality
we can assume that ¢; # 0 (if ¢; = -+ = ¢; = 0 then (7.27) is trivially fulfilled for
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N < j). Naturally the quotient

UO 2 2
FO Z |Ck| )

Q/ 1<k<N

is bounded for all N < Nj, where N7 is some fixed natural number. The question
is then, what happen with this quotient as N — oo? We first observe that A} (z)
and B (z) are decreasing functions in the interval (0,1). We then have

Bl(w) = BI() = g3y
n n1 4 1
AY@) > A1) = = > T

forall0<z <1

< 3, leading to

2

N
0
‘ {30] (k*n® As(kh)aj, + Ba(kh)b})
vila =
Z |Ck|2 z 2 2.4m 2 n 9
1<|k|<N Z(k m* Al (kh)aj, + BY (kh)by)
k=1

N
Z (k*m2ai +b3)

< k=1
S k*ma? + b7)
2 ( k k
41 +n?) =
Z k27r2ai + b2
<4(1+7%)—= L =
S (Brtai +07) - Y (KPaPai +b7)
k=1 k=[N/2]+1

—4(147n*) for N — c0.

This shows that a constant C7, independent of N, exists such that

4

for all N. By combining (7.29), (7.32) and (7.33) we have now established the
desired uniform inequality (7.27), but only for N > Ny. Taking now into consid-
eration Theorem 7.4.1 of the previous section, we see that it holds for all N (by
possibly adjusting the constants Cy, C of the theorem).

2

<> el (7.33)

Q  1<kI<N

1"
¢
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Let us review what we have just shown. Let continuous data (v°,2%) € H be

given,
o0 o0
I E arWwy, 0 = E brwy, ,
k=1 k=1

where (kay), (br) € ¢2. And let discrete data,
v?V:Zafcvwk, ﬁ%:Zbgwk,
k=1 k=1

be given for every discretization level N. Theorem 7.4.2 now states that if we
choose
ay =ay, bY =by, fork=12 ... N,

for every N, the observability inequality (7.27) will hold with uniform constants
for all N.

Does this result ensure convergence of controls as described in Section 4.27
Unfortunately not, since we do not have “true” uniform observability. The bounds
in the observability inequality depend on the sequences (ax) and (by).

The detailed treatment of the discretization scheme (7.22) of this section has
been included for the following reasons. First, analysis of group velocity for this
scheme looks very promising for controllability (see the dispersion relation (3.43)
of Section 3.4). Second, this scheme is the only known fully discrete scheme with
a uniform gap in the 7, quantities (which makes it possible to apply the discrete
version of Ingham’s Theorem, see Lemma 7.4.1). Third, uniform observability may
indeed hold, since a negative result has not yet been proved.

7.5 Other Schemes and Regularization Methods

Is there any hope for convergence of controls when using discretizations for which
it is not possible to show uniform observability? Yes, if one if willing to lower the
controllability requirements. Let us mention different ways of doing that.
Consider a finite difference semi-discretization of the wave equation in one di-
mension. This corresponds to the system C(v = Av, where Cy and A are defined
in Section 3.1, page 31. As is hinted in Figure 3.3 of the same section, the dis-
tance/gap between the two largest square-rooted eigenvalues vV —\? goes to zero
as N — oo. This lack of a uniform eigenvalue gap makes uniform observability
impossible (see Infante and Zuazua, 1999, or Zuazua, 2003). What can be done
is to only control a projection, as described in Section 2.6. By considering, at
each discretization level, only the low frequency part of the spectrum, we obtain
a uniform gap in the (square-rooted) eigenvalues and an observability inequality
can be proved using Ingham’s Theorem (see Theorem 4.2.1). One downside to
this approach, of course, is that only a spectral projection is controlled. Another
downside is that the minimal control time, which is two is the continuous case,
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depends on the projection chosen and will be too large (see Infante and Zuazua,
1999, or Zuazua, 2003, for the exact minimal time requirements). Note that all of
the above could be said for every semi-discretization C,¥ = Av with o < 1/4.

The projection method just described can be considered a regularization method.
In the field of discrete ill-posed problems this method is similar to what is called
the TSDV, the Truncated Singular Value Decomposition (the TSVD method is
typically used for other reasons, though). As previously noted in Section 2.7, an-
other regularization method has been considered in the literature, namely that of
using the following regularized controllability operator,

—-A 0]

%:ATJFO‘{ 0 I

see Glowinski and Li (1990), Glowinski, Li, and Lions (1990) and Glowinski (1992b).
It has not, however, been proved that the corresponding controls converge as the
discretization grid gets finer and finer, N — oo (and it probably does not hold).

Another method, which can also be called a regularization method, is the so-
called two-grid/multigrid method. As the name suggests, the method uses two
(space) grids, a coarse and a fine grid. The basic idea is a small change in the
definition of the controllability operator: The input to Ar is posed on the coarse
grid, then interpolated onto the fine grid, the usual Ap-mapping is done on the
fine grid, and the end-result is finally restricted onto the coarse grid again. This
method was first suggested in Glowinski (1992b). The justification for the method
is, roughly, that the high-frequency components on the fine grid are minimal since
the state on the fine grid comes from a state on the coarse grid. The method has
later been used in Asch and Lebeau (1998), where different numerical experiments
where conducted for the wave equation in two dimensions, using a finite difference
discretization in both time and space, the CG algorithm and the two-grid method.
It has lately been proved, in the semi-discrete case, that the two-grid method
actually leads to uniform observability, but with a minimal control time which is
twice the correct time (see Negreanu and Zuazua, 2004a).

A completely different approach can be chosen when uniform observability does
not hold. Simply keep the discretization method, but apply restrictions to the
initial conditions which can be controlled. This approach was taken in Micu (2002)
for the finite difference semi-discretization Cyv = Awv of the wave equation in one
dimension. One of the conclusions were that if the initial conditions are analytic,
then computed controls will converge to the true control as N — oo.

Let us finally mention that the authors in Glowinski, Kinton, and Wheeler
(1989) used a so-called mized finite element discretization method to solve exact
controllability problems for the two-dimensional wave equation. The paper was of
experimental nature and convergence of controls was not proved.

For a survey of many of the methods for obtaining convergent controls can be
found in Zuazua (2003). This note, currently unpublished, also contains results on
the heat equation and many interesting open problems. See also Zuazua (2004) for
similar results. The paper Rasmussen (2003) contains a practical comparison of
the convergence of controls for many of the methods mentioned above.
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7.6 Other Theoretical Results

We previously used a multiplier technique to show the direct inequality for the
wave equation in one dimension (see inequality (7.3)). This technique can also be
used to show the direct inequality in more dimensions, but also to show the inverse
inequality, that is, the observability inequality for exact controllability. Some re-
quirements of the domain Q C R? and control boundary I'y C 99 must be met,
though. For instance, that a point zo € R? exists such that n(z) - (z — zg) > 0 for
all points on the control boundary, x € I'g. The multiplier technique can also lead
to upper bounds on the minimal control time. See, e.g., Lions (1988b), Komornik
(1994) or Pedersen (2000) for more information on the multiplier method.

Let us finish this chapter by mentioning a deep result concerning the continuous
wave equation in any dimension. The proof relies on microlocal analysis and is far
from the established theory of this thesis. We include the theorem here, however,
because of its simple formulation and great importance.

The result was first formulated and proved in Bardos, Lebeau, and Rauch
(1992), and has since been referred to in many publications, for instance, Asch
and Lebeau (1998) and Zuazua (2003).

Theorem 7.6.1 (Geometric Control Condition). Let Q C R? be a class C™
domain with control boundary T'o C 0. Exact boundary controllability of the wave
equation holds at time T if and only if every ray of geometric optics, propagating
in Q and reflecting on its boundary 052, intersects with the control boundary Ty in
time less than T'.

This theorem provides a quite intuitive characterization of the domains for
which exact controllability is possible. Furthermore, for most domains it is easy to
see what the minimal control time is.

Note that if the whole of the boundary of a domain 2 is used as control bound-
ary, I'o =T’ = 990, we always have controllability for large enough T'. This follows
from the above theorem and the fact that the domain (2 is assumed to be bounded
(this statement does not generally hold if we consider the wave equation with vari-
able coefficients, since the geometric rays may not be straight lines anymore).

Figure 7.5 shows some simple two-dimensional domains for which exact control-
lability is impossible, due to trapped rays that never reach the control boundary.
Similarly, Figure 7.6 shows some two-dimensional domains that all fulfill the Geo-
metric Control Condition.
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Figure 7.5: Illustration of 2D domains that do not fulfill the Geometric Control Condi-
tion. The thickly drawn part of the boundary denotes the control boundary and dashed
lines show why controllability fails: they are geometric rays that never reach the control
boundary.

Figure 7.6: Illustration of 2D domains that do fulfill the Geometric Control Condition.
The thickly drawn part of the boundary denotes the control boundary.






CHAPTER8

A Linear System of
Thermoelasticity

Theory can leave questions unanswered,
but practice has to come up with something

— MAasoN COOLEY

This chapter is dedicated to studying a linear system of thermoelasticity in one
dimension. The system is a coupling of a wave equation and a heat equation,
and it can be thought of as an oscillating string, to which temperature is assigned
in each point. The coupling terms determine how (local) oscillations affect the
temperature, and vice versa. We will, however, not get into the physical derivation,
or meaning, of this system, but strictly study it with respect to controllability.

Let the control time be T > 0, the spacial domain Q = (0, 1), and the linear
system of thermoelasticity has the following appearance,

Uyt = gy — Oy in (0,7) x (0,1),

0; = vy, — PBuy in (0,7) x (0,1 s.1)
u(,0)=0, wu(,1)=%k, 6(,00=6(,1)=0 in(0,7),

uw(0,)) =ul  w(0,)) =wul, 6(0,:)=06° in (0,1).

The constants ¢, v, «, 3 are all assumed positive and to ensure well-posedness, we
require

(u®,ut,0%) € L?(0,1) x H~(0,1) x L*(0,1) = H' and k€ L*(0,T),
which implies a solution ¢ +— (u(t),u(t),0(t)) € C([0,T],H’). The above sys-

tem is the control system, with the control k acting on only one of the variables,
B (u®,ut,0%) — u on the control boundary 'y = {1}.
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The objective is the following: Given T > 0 and initial data (u®, u',8°) € H’,
find & € L?(0,T) such that

w(T,)=0, w(T,")=0, 6(T,")=0.

If, for fixed T', this is possible for all initial data in H’, the system is null-controllable
at time 7T

This chapter is dedicated to proving that the above control system is in fact
null-controllable. The proof is based on that in Lebeau and Zuazua (1998), where
the same system (in any dimension) was considered, but where the control was
internal. This means that the boundary conditions were all homogeneous, but a
source term was added to the first equation such as

2
Ugp — C Ugy + aezw = XQofa

where yq, has value 1 in the control region {2y C €2, and 0 elsewhere.

Results similar to those we present here have also been obtained in the paper
Hansen (1994). In that paper, boundary null-controllability was proved for a related
thermoelastic system in one dimension. See also Zuazua (1995).

8.1 Well-posedness

Before deriving the adjoint system, let us first rewrite the control system (8.1) into
a first order system,

U(t) = AU(t),

where
u(t) 0 I 0
U(t) = | w(t) and A= |c?0py 0 —adp |, (8.2)
0(t) 0 —BI VO

and the boundary and initial conditions are unchanged. We can easily figure out the
adjoint operator (since (uyzy, v) = (u, v5,) when we consider homogeneous boundary
conditions),
0 204y 0
A =1 0 —pI |,
0 —alzy VOyg
But what system does this operator represent? Using the auxiliary variables

(y,v,1), and introducing a minus in each equation because we want to solve the
system backwards in time, we get

2
Yt = —C Vg,

Ut:7y+ﬂ/lz[}7

wt = QUgy — szz .
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What do the variables y, v, 1 represent, and in what space is this system well posed?
Rewriting as follows,

Vg = =Y + B = (C2 + O‘ﬁ)vmc — Vs

we get a more convenient system,

Vit = (02 + aﬁ)vzx - Vﬁwzz in (07T) X 1) )
wt = _Vwmm + QUgy in (O,T) >< O 1)

8.3
o(40) = 0 1) = (,0) = (1) = 0 in (0.7). (&)
o(T,) =20, w(T,-) =0, (T, )= in (0,1),

which will be our adjoint system. Note how it, like the control system, is a coupling
of a wave equation and a heat equation.
It will also be convenient to have the adjoint system in first order form,

Vi(t) = —AV(t),

where
v(t) B 0 —I 0
V()= | w(t) and A (c* 4+ af) 0 vB0us
W(t) aOpy 0 0
Note that
. 0 -1 5
A=MTAM, with M=|1 0 0],
0 0 1

where M can be used to “change back” to the variables (y,v,v), which were
originally used for setting up the adjoint system.

We can now introduce the Hilbert space H with the norm
V1% = IMVI3 = 1160° = 0 1 Z20,1) + 101773 0,0 + 191 Z20,1) -
for V = (v9,v!,4°) and the duality pairing

{U7 V} = <U7MV>H’><H
= <U075¢0 - U1>L2(0,1) + <ulva>H*1(0,1)xH§(0,1) =+ <90, ¢0>L2(0,1) )

for every U = (u%,u!,6%) € H and V = (v°, 0!, 4°) € H.
The “adjointness” is now clear from the following relation,

{AU,V} = (AU, MV = (U, A*MV) = (U, MAV) = {U, AV}, (8.4)

for all U = (u°,u*,0°) € H' and V = (0, v!,4°) € H.
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Let us consider the well-posedness of the adjoint system. We define the energy
of the adjoint system as

1

B0 =5 [ (19900~ w0 + Pl 0P + Lot o) ) do,

for 0 <t < T. By differentiating this expression,

1
B = 2 [ a2,

one sees that 0 < E(t) < E(T) for 0 <t < T.

Note how (¢v°,v1,1°) € H is equivalent to E(T) < oo (with E depending
appropriately on the initial data (v°,v?,1°)). This implies that the adjoint system
is well posed with initial data in H, yielding a solution ¢t — (v(t),v¢(t), ¥ (t)) €

C([OvT]§H)-

The adjoint system furthermore has the important property

T
/0 o (8, DPdt < K(T)]|(0°, 0%, )1,

for any solution (v(t),v:(t),%(t)) of the adjoint system with initial conditions
(0,0, %) € H. This can be shown by the use of multipliers (combine the equa-
tions of the adjoint system into vy — BYy = c?vys, apply the multiplier v,x and
integrate over (0,T) x (0,1); see Detail 8, page 190, for the derivation).

We now want to derive the complementary boundary operator C. We consider
A with boundary conditions as for the control system (8.1), and we get for U =

(u® ut,0°)T € H and V = (09,01, 97T € H,

{AU,V} — {U, AV}

ul UO uO 7,01
= CQng - aogz ) vl - ul ) 7(62 + O‘ﬁ)vgac + Vﬂ¢gz
Vegx - ﬁul 1/10 90 ngm - Oé’UgI
= ¢ [(ul,, ") = (W, 00,)] = a(8,,0%) — (6%, 08,)] + v [ (6, 0% - (6%, uL,)
= —c*u?(1)v2(1),

(8.5)

which shows that C (v9,v!,9%) = —c200(1).
We can now show the well-posedness of the control system (8.1) in the following
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way,

0 /X
O = sup WO i

WoeH WOl
o @y vy
T P S T
1 T
< s e (0O Vo) + | [ ke
VOcH VOl g 0

1

< sup s (WOl IV Ol g + Ikl 20 [0, Dllz20,m)
VOeH ” ”H

< CIUO) |l + K (T)||kl| 20,7 -

These computations are of course valid for every T > 0.

8.2 Spectral Properties
In this section we will study the spectral properties of the operator A, defined
in (8.2).

Since every entry of A is a scaling of either the Laplace operator or the identity,
we can base our study on the one-dimensional Laplace eigenproblem,

—Ozz€j = w?ej 5
on (0,1) with homogeneous boundary conditions. We have the obvious solutions,
ej(x) =sin(jrz), w;=mj, forj=1,2,....

The eigenproblem
AU; = \U;

with U; = z;e;, z; € R3, is seen to be equivalent to the eigenproblem
Ajzj = Az,
where

Aj=|-cw; 0  ows|. (8.6)
0 -0 —Vwé

We now seek the roots of the characteristic polynomial of A;,
det(N1 — Aj) = (A3 + wl) (A + vw)) + afAjw; =0. (8.7)

The solutions, the eigenvalues, will be split into two parts, a parabolic part and a
hyperbolic part, to be treated separately.
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Parabolic eigenvalues )\g . Expecting eigenvalues close to those of the heat

equation part of (8.1), we let /\f = fyw?- + ¢; and insert into (8.7),
((ej — 1/(4)]2-)2 + cQwJQ-) €+ aﬁw?(ej - l/w?-) =0, (8.8)
leading to
2
af(v — € /w3 ey
¢ = B( i/ ]) o X)) =e— aB(v — €;y;) —o,

(v —€j/w})? + 2 Jw} (v — €5y5)* + Py;

where y; = 1/w?. We see that this equation is fulfilled for (e;,5;) = (af/v,0) in
which 0X (a8/v,0)/0¢; = 1 # 0. Therefore, by the Implicit Function Theorem,
in a neighborhood around this point we have €; = Z(y;). The function X is also
seen to be analytic around this point, so we have ¢; = a3/v + O(y;). Observe now
that the coefficients in (8.8) are real. This means that if e; = Z(y;) is a non-real
root of (8.8) (with w? = 1/y;) then we must also have & = Z(y;), which is a
contradiction. Hence, for sufficiently small y;, the value of Z(y;) is real, and we
have

g

1
14 W

J
J

Hyperbolic eigenvalues )\?’i. The remaining two roots must be complex con-
jugates of each other, since the coefficients of the characteristic polynomial are

real. Thus )\?’Jr = /\?’7 and we use the convention Im )\?’Jr > 0 (we use Im to
refer to the imaginary part). Here we expect eigenvalues close to those of the wave
equation-part of (8.1) and we set )\?’Jr = jcw; + nj. Equation (8.7) turns into

(7]]2 + 2injew;) (icw; + l/w? +n;)+ ia,@’cwjg» + njaﬁw? =0,
leading to

—af(n;/w; + ic)
n;/wj + 2ic)(ic/wj + v +n;/wF)

nj = (
Applying the Implicit Function Theorem as for the parabolic case, we get the

asymptotic estimate
« 1
)\h’Jr:icwjf—ﬁqLO — .
J 2v wj

Let now an R > 0 be given. We will denote the subset of {\} | j € N}, whose
elements are larger than R in magnitude, the parabolic eigenvalues, and similarly
the hyperbolic eigenvalues will be the subset of {)\?’i | 7 € N} whose elements are
larger then R in magnitude. See Figure 8.1.

We will assume that R is chosen so large that no multiple eigenvalues occur
among neither the parabolic nor the hyperbolic eigenvalues. This is possible, as
can be seen from the asymptotic expressions for the parabolic/hyperbolic eigen-
values above. Multiple eigenvalues can occur, though, among the eigenvalues with
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.¢.
h,+
)\j <>--15z'
Q.
.Q.
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AP *
J —15
% = + A .
+
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)
&
h,—
Aj o
Lol

Figure 8.1: Eigenvalues of the operator A for the case « = 8 = ¢ =1, v = 0.35 are
shown with circles. The crosses show the points —quQ- and +icwj, j = 1,2,..., to which
the parabolic eigenvalues )\5 and the hyperbolic eigenvalues )\?’i7 respectively, approaches
asymptotically.
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a=7/2,8=3,c=1, a=26=1,c=1/2, v=23V3/(1607)

v = /1249 — 5v/105/(320/2)

©
,-/_.——-__-__

a=741/100, B =1, c = 1, v = 29+/29/(6007) a=28=1c=1,v=1/50

Figure 8.2: Eigenvalues of the operator A for different choices of «, 3, ¢ and v, shown in
the complex plane (the real line is centered vertically and the imaginary line is at the right-
hand side for all four plots). Dots surrounded by circles indicate multiple eigenvalues; the
two plots on the left contain eigenvalues with multiplicity two, and the top-right plot
contains an eigenvalue with multiplicity three.
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magnitude less than R, by appropriately choosing the parameters ¢, v, , 8 > 0 and
wj = 7j. See Figure 8.2 for some examples of eigenvalues with multiplicities two
and three.

We will now introduce some subspaces of H. The space HP C H will de-
note the Hilbert space spanned by the eigenvectors corresponding to the parabolic
eigenvalues. Similarly, the space H" C H denotes the Hilbert space spanned by
the eigenvectors corresponding the the hyperbolic eigenvalues. Finally, H* ¢ H
denotes the “rest”, that is, we have H = HP @ H" @ H°. Note that HO is finite
dimensional, since only a finite number of eigenvalues can have magnitude less than
or equal to R.

Finally, we need some projection operators, namely the orthogonal projections
e : Hw— HP, [I" : H — H" II°: H — H°, defined in the obvious “spectral”
way.

The eigenvalues of A and A are identical (since sz, created analogous to (8.6),
and A; have identical eigenvalues). We will define the space HP C H as the span of

the eigenvectors of the adjoint system, corresponding to the parabolic eigenvalues.
Let the parabolic eigenvectors be represented by Vjp €, Vjp € C3. Now, using the

fact that JZVJP ej = A;V/e; and the asymptotic expression for A7, we get

1/w?

1
VP — V+O(E) : (8.9)
v n (9( { )
ERRAr:
The span of the eigenvectors of the adjoint system, corresponding to the hyperbolic

eigenvalues, will similarly be denoted H" C H. These eigenvectors th’iej have
the asymptotic representation,

1/&)3‘

vt = ?ic+0(wij) . (8.10)

()

We will now argue that the set of eigenvectors,
h,+
VPeitpesn U Vi Teid s op,

supplemented with appropriate generalized eigenvectors of .Z, constitute a Riesz
basis for H. _ _

A non-zero vector f € H is called a generalized eigenvector of A, corresponding
to some eigenvalue A, if (AI — A)™f = 0 for some positive integer m. We now
have the following theorem from Zhang and Zuazua (2003b), see also Guo and Yu
(2001).
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0 kZO T1 kh Tg T3 kP T

Figure 8.3: Subdivision of the time line from time 0 to T". The control is always zero in
the interval (72,73), indicated with a dashed line.

Theorem 8.2.1. Let G be a densely defined linear operator with compact resol-
vent in H. Let (f,)22, be a Riesz basis of H. Suppose a sequence of generalized
eigenvectors (gn)ne yr41 of G satisfies

o0

> lign = fall® < o0, (8.11)

n=M+1

for some M € N. Then one can find an integer M’ > M and some generalized
eigenvectors (gno)M., of G such that

{gn0}71\1/[:1 U{gntnznr 41
forms a Riesz basis of H.

It is easily verified that the vectors

0 1/w3 1/w3
v | ey, —ic | ey, ic |ej,
v/3 0 0
for j = 1,2,... constitute a Riesz basis for H , and that an appropriate subset is

quadratically close to {erj}|,\§?\>3 U {‘/jh’iej}|)\;;,i|>R in the sense of (8.11). This
means that the above theorem can be used, so th;it the parabolic eigenvectors (8.9)
and the hyperbolic eigenvectors (8.10) of the adjoint operator j, supplemented
with generalized eigenvectors of JZ, constitute a Riesz basis for H.

8.3 Proving Null-controllability

As mentioned in the beginning of this chapter, our goal is to find a control k €
L?(0,T) such that the solution, corresponding to any initial state at time ¢ = 0, is
driven to zero at time ¢t = T'. To prove that this is in fact possible we will split the
time line, as shown in Figure 8.3, into several parts where 0 < Ty < Th < T35 < T.
This will allow us to split the problem into smaller, easier, parts, that solve the
main problem when put together.

Let us introduce notation for solutions of the control system (8.1). For example,
writing

S(Ta; Ua | k)(Tb) )
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means the following: The initial condition is given at time T, as U, and the control
used is k. The value of T}, dictates the time at which we wish to know the value of
the solution. The control is assumed always to have support in (0,7"). To that end
we introduce as simple “underline” notation, that extends a function with zeroes
to the entire (0,7T) interval. For instance, if k" € L2(Ty,Ty) then k"(t) is equal to
kh(t) for Ty < t < Ty and zero otherwise.

We begin by proving that we can always determine a control k" € L?(Ty,T5)
that makes sure that the solution’s projection onto the hyperbolic eigenvectors, at
time t =T, is zero.

Theorem 8.3.1. If To — T1 > 2/c and R big enough, then a bounded, linear
operator K" : H x L*>(T3,T) v+ L%(Ty,Ty) exists such that

a"S(1y, Uy | K"(Uy, kP) + KP)(T) =0,
for all Uy € H and kP € L*(13,T).

Proof. Let us first introduce the semigroup eA"t . [P s HP as the restriction
of et to H". Note that since the magnitudes of the real part of the hyperbolic

eigenvalues are bounded, eA"t is well-defined for all ¢ € R.
Let now k" € L2(T1,Tz), kP € L?(T5,T), Uy € H and consider the rewrite

0=1"S(T1, Uy | K" + ) (T)
= IT"S(T1,0 | k") (T) + I"S(T1, Uy | KP)(T)
— AT I S(Ty, 0 | kM) (To) + T'S(Ty, Uy | EP)(T) &

"S(T3,0| ) (Tz) = — =TS (1, U | £7)(T) = U™

Since U™ € H" for every choice of kP € L?(T3,T) and U; € H, we see that the claim
of the theorem is proved if we can show the following: A control k" € L?(Ty,T5)
exists that drives the zero state at t = T} to astate U at t = Ty for which IT"U = U™
for any U™ € H".

This ezact controllability problem is known (see Theorem 2.6.3, page 27) to be
equivalent to the following observability inequality: A constant C} > 0 must exist
such that

T>
Vol < cn [ leatenPat, (8.12)
T

for all solutions (v,) of the adjoint system with initial condition V° & H" (at
time t = TQ)

We first consider the left-hand side of the observability inequality (8.12). Since
VO € H" we can write it as

0 _ +y/ht v ..
vi= ) (“j VitttV ) €j -
APE|>R
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Because of the Riesz basis property of the vectors th’iej, we immediately have
2 _
VolE=c > (P +la7 ).
APE >R

We now turn to the right hand-side of (8.12). The first component of the full
solution, v, has the appearance

v(t,z) = Z (a;'/wje)‘?’+(T27t) + aj_/wje)‘?’i(T?*t)) sin(jmz),

APE >R
and thus
T>
/ lvg (¢, 1)]%dt
T
2
Ty—Ty 5 at a
:/ Z (=1 e 3 tjm | —Leliemitent 4 I p(—iemjt @)t )| gy
0 et Wi Wi
[A;TI>R
8 Jm 2 g 2
-5 (Te=Th) 1yt 1y -
>e 2=Th Z (‘( 1) wjaj +‘( 1) wjaj )
A"EI>R
=C" > (lafP+laj]?)
A"EI>R

for an appropriate constant C’. Here, Kadec’ Theorem (Theorem 4.2.2, page 76)
has been used under the assumption that 75 — 77 > 2/c and that R is big enough
such that each €; = O(1/j) is appropriate small.

The observability inequality (8.12), and thereby the exact controllability prob-
lem, has now been proved. |

Notice how the exact controllability condition T5 — T3 > 2/c¢ is the same as it
would be for the “decoupled” wave equation uy = c?ug, of the control system (8.1).

We now move on to proving a theorem similar to the previous one. We show
that a control kP € L?(T3,T) exists that makes sure that the solution’s projection
onto the parabolic eigenvectors, at time ¢t = T, is zero.

Theorem 8.3.2. A bounded, linear operator KP : H x L*(Ty,Ty) — L*(T3,T)
exists such that

0,

oS (Th, Uy | K" + KP (U, k")) (T)
for all Uy € H and k" € L?(Ty,T).
Proof. Let k" € L*(T\,Ty), kP € L*(T3,T) and U; € H. Observe that

aPS(Ty, Uy | K" + KP)(T) = ITPS(T5,Us | k) (T) = 0,
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where

Us =S(Th, Uy | K")(T3) .

This means that we must find a control k? € L?(T3,T) that steers the state Uz at
time T35 to zero at time T'. This is a null controllability problem and the existence
of such a control can be proved by showing the following observability inequality:
A constant C}, > 0 must exist such that

_ T
X mv0 <6, [ puate 1P, 8.13)

3

for all solutions (v,1)) of the adjoint system with initial condition V° € HP (at
time ¢t = T'), see Theorem 2.6.2, page 27.

Let now
0
Vo= " bVPe;
INPI>R

where (b;) € €2, for which the full solution becomes

V)= > NIy vPe;.
IA7|>R

For the left-hand side of (8.13), we immediately get from the Riesz basis property,

C' N T2 > ATV (8.14)
I\7|>R

for an appropriate constant C’. The right hand-side of (8.13) can be bounded from
below by applying Theorem 4.2.3, the parabolic version of Ingham’s Theorem:
2

T 9 T
/ |vg (2, 1) dt:/
Ts Lalpr>r 7

(T—Tg)/Q
Z /
0

. 2
— 1717 \»
E ( ) ) e)\j (Tft)b‘7 dt

AjI>R . (8.15)

A(T—Ts3) 1y
D ‘( Yy,
INP|>R A "
e—/\g’(T—T3

)
202 (T—T: 2
,ﬂ2j2>\P el 3)|bj| :
J

Since obviously ef)‘zj(TfTS)/(ij)\f) — 00 as j — oo, the inequalities (8.14)
and (8.15) can be combined into the observability inequality (8.13) for an ap-
propriate constant Cp, > 0. O
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Let us review the steps needed for actually computing the control kP of the
above theorem. Let a state U; € H' at time ¢t = T} be given. Perform now the
following steps.

1. Set Uy = S(T1, Uy | k") (T2).
2. Set Us = eATs—T2),,

3. Minimize the functional

T ~
To(V0) = lc4/ (o (£, 1)|2dE + {Us, AT-TIV0) | (8.16)

-2
Ts

over H? and let the minimizer be denoted V' * (compare to the functional (2.18)
on page 19).

4. The wanted control is kP (t) = —c?v,(t, 1), where v(t, z) is the first component
of the solution to the adjoint system with initial condition V*.

Important to note is that in step 3 only the HP-part of Us matters since V0 € HP.
This means that we can replace step 2 by

2. Set Uz = eA"(Ts=T2) [TPY, |

where eA™ : HP s HP is the restriction of e“* to HP, and the computed con-
trol will be exactly the same. The mapping in step 2’ is compact because of the
strong damping of the operator e”(Ts=T2) A more rigorous argument for this
compactness can be made by first determining (b;) € ¢2 such that

> biUre; = 117Uy,
INPI>R

where UZe; is the parabolic eigenvector associated with A¥. We now imbed (b;) €
¢% into ¢*P for some p > 0, where [[(b;)|lgzr = [|(bj/jP)||lez. This is a compact
embedding, see Detail 9 on page 193. Setting then

_ E NP (T5—T: P
U3— 67( 3 Z)bjUjej,
A7I>R

for (b;) € ¢*? will still make Us € H?, because of the exponential damping of the
eigenvalue coefficients.

Since the composition of the steps above, where one is compact, is the map
KP(0,-), we see that it is itself compact. This property is important in the proof
of the following theorem. The result concludes, with some restrictions, that both
the parabolic and hyperbolic part of a solution can driven to zero at t =T
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Theorem 8.3.3. Under the assumptions of Theorems 8.3.1 and 8.5.2, a subspace
V C H' of finite codimension and a bounded, linear operator

Ky : Vs LTy, Ty) x L*(T3,T),
exists such that
(ITP 4+ II™MS(Ty, Uy | " + EP)(T) =0 with (K", kP) = Ky(Uy) ,
for all Uy € V.
Proof. Observe that the statement
(117 + 1I")S(T1, Uy | K" + EP)(T) =0,
is equivalent to (using the maps of the previous two theorems)

k" = K™M(Uy, kP) = A1 (Uy) + Ax(kP)  and

N N (8.17)

kP = Kp(Ul,k/’ ) = Bl(Ul) + Bg(k’ ) ,
where A1, Aa, By and By are trivially defined because of the linearity of K" and
KP. Combining the above equations yields

kP = B U; +BQ(A1U1+A2kp) &
CcU, = (I — BQAQ)]{JP, (818)

with C' = B; + B2 A;. Solving this equation is thus equivalent to solving (8.17).

Since By = K?(0,-) is compact, we have by Fredholm’s alternative: There are
a finite number of continuous maps l1,la,...,l;, € (L?(T3,T)) such that Equa-
tion (8.18) has a solution kP € L?(T3,T) if and only if U; € V where

V={veH |l;(Cv))=0forj=1,...,L} .

O

We must now show that a control k° € L2(0,7T}) can be found, such that any
state Uy € H' at time ¢t = 0 can be driven to a state at time ¢ = T} that lies in the
subspace V.

Before doing that, however, we must argue that a basis for V1 can be chosen
among finitely many eigenvectors of A. Let us first introduce the notation Vr to
emphasize this set’s dependence on the control time 7', and we have

VE={VeH|{UV}=0foralUeVr}.

Observe now that the (finite) dimension of V7 is non-increasing. This is because
if a control exists for a given time 7', in the sense of Theorem 8.3.3, then a control
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also exists for T'+ ¢, € > 0, since the same control can be used in the interval (0,T")
and then simply use zero control in (7,7 + €). We can then assume that

Vi =VE, T e(T,T +e) (8.19)

for some € > 0 (it may be necessary to adjust T slightly downwards, but this is
always possible).

We shall now show that Vi = ejtv% for all £ > 0. This follows if we can show
Vi = ej‘;V% for some 0 < 6 < e. Assume therefore U € (e“z‘;V%‘)J-. We get

(U,ePV) = MU, V=0 forallVeVE =
eMUeVr = UeVpys = UeVr,

using (8.19). This implies

eMVEVE cvr = VE ceMVd.

But since e“? is a linear operator we also know that dim(e“z‘sv%) < dim(V$). We

thus have Vi = e“I‘SVTL.
Let now Z(t) be the restriction of the semigroup e to V. We set Z(t) = P,

where B : V1 +— V1 is the finite dimensional linear operator such that AV = BV
for all V € V. Assume now that V € V' is a generalized eigenvector of B, that
is, we have (B — AI)™V = 0 for some integer m. We then get

0=(B— )" = i(—)\)iBm_iV = i(—x)iﬂm-iv = (A-A)™,
=0 =0

showing that V' is also a generalized eigenvector of A. This finally means that a
finite number of generalized eigenvectors of A span V-,

M
77 h, —yrha—
Vit =HY, = {§ (af VT +a; VT +bVE)e;

Jj=1

a;',aj_,bjER,jl,...,M},

for some M € N.

We can now return to the problem of whether a control £ € L?(0,T}) can be
found, such that any state Uy € H' at time ¢t = 0 can be driven to a state at time
t = T3 that lies in the subspace V. This is an exact control problem for a projection,
seen from Theorem 2.6.3 to be equivalent to the observability inequality,

T
I 00/0 s (t, DIt

for some constant Co > 0 and for all VO € HY,. But since the vector space HY,
is of finite dimension, this inequality is proved for any 77 > 0 by the following
theorem. (The theorem is basically the same as Corollary 4.1.1, page 67, but the
following version is written using the notation of the present chapter).
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Theorem 8.3.4. Let M € N be given. If among A%, M= a2 bt A,
there are no multiple eigenvalues, then

T
/|vx(t,1)|2dt:0 = V=0,
0

for all VO € ﬁ?w where v(t, z) is the first component of the solution to the adjoint
system with initial condition V°.

Proof. Let
M

0 h,+ —1/h,—
VO=3 (af Vit +ag VT 0V e
j=1
so the full solution becomes

M
V(t) = Z(a;-ek;”er(T—t)ijh,-l- + a]_—ex;“*(T_t)th,— i bjeAJP(T—t)Vjp)ej .
j=1

Assume now that the eigenvectors are normalized such that (scaling does not matter
because of the finite dimension)

M
v (t, 1) = Z(a;-e/\]’.”er(T—t) + a]_—ex;“*(T—t) n bje/\;’(T—t))
j=1

— pT LT,
where b = [1,1,...,1] € R?™ and

L = diag(ly, Iy, I3, Ly, ..., Iaar) = diag(A\J T, A7 A0 AT NP )
ZT = [215227'23;24) s 523]\/1] = [afaa;7b17a;a s ;b]\/I] .

Now observe that
T
/ lug(t,1)]?dt =0 & 2Tel'b=0 for0<t<T.
0

This last expression implies, as seen by repeated differentiation, that
2TL*b=0, fork=0,1,...,3M —1,

equivalent to

P
3M—1

zT% l.g 12. o
SR PYY R v

Since the eigenvalues are all distinct, this Vandermonde matrix is regular and the
equation is thus only satisfied for z = 0, implying V° = 0. O
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Recall that multiple eigenvalues can occur, see Figure 8.2, so null-controllability
will fail in these cases.

Combining the existence of a control k° € L2?(0,T;) (that steers any state
Up € H' at t =0 to a state at time ¢t = T} in the subspace V) and Theorem 8.3.3,
we have now shown that we can drive any state Uy € H' at t = 0 to a state U € H’
at t = T for which (II? + II")U = 0.

Since the interval (0,71) can be arbitrarily short, it is possible to “squeeze in”
another control, prior to k°. This control, given k°, k" and kP can be computed
such that IT°U(T) = 0, where U is the solution to the control system. Since
this is a finite dimensional control problem we have (a) it can be done under the
conditions of Theorem 8.3.4, (b) it can be done arbitrarily fast and (c) the map
computing the control is of finite dimension and thus compact. This means that the
arguments of Theorem 8.3.3 can be used again to conclude: A subspace V' C H'
can be found such that any state Uy € V' at t = 0 can be driven to zero at t = T.
As previously done for V, we can steer any Uy € H' into the space V'. We can thus
finally formulate the main theorem of this chapter.

Theorem 8.3.5. Assume that the operator A has no multiple eigenvalues and that
T > 2/c. Then a bounded, linear operator

K :H — L*0,7T)

exists such that
S(0,U° | KUY)(T) =0,

or allU° € H'.
[

Recall that the control system (8.1), which we have considered in this chapter,
could be considered a coupling of a wave equation and a heat equation. The
heat equation-part made only null-controllability possible, the wave equation-part
introduced a limit to how fast the control could be done, and the single-pointed
boundary control required no multiple eigenvalues. The coupling demanded all
three.

Our result is similar to that obtained in Lebeau and Zuazua (1998) regarding
the same system, but with internal control. There is one interesting difference
though, in that multiple eigenvalues did not prohibit controllability in their case.



CHAPTERQ

Implementing HUM

Now comes the nitty-gritty.
DonaALD E. KNUTH

The Hilbert Uniqueness Method provides more than results concerning existence
and uniqueness of controls—it also tells us how to construct the controls.

This chapter deals with an implementation of HUM for the wave equation in
two dimensions. When it comes to such implementions of HUM in practice with
focus on, for instance, efficiency, accuracy and memory usage, only a few aspects
have been addressed in the literature. For example, Glowinski, Li, and Lions (1990)
and Asch and Lebeau (1998) contain some comments.

It should be noted that although we consider a specific discretization of a specific
equation, it would not be difficult to use the same procedure in other cases as well.

9.1 The Discretization

This section will describe the discretization of the 2D wave equation as mentioned
in Section 3.4.1. Recall that it (locally) discretizes according to the scheme,

QD" (@YD) (QOD\"
5|00 2|0ue| |GG
TOO TOO) \TOW
L@V (@O (@O
S iBoNE B oS EIBe
ofho ¢ 0 \T 0



160 9. IMPLEMENTING HUM
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Figure 9.1: Setting up the geometry inside an Ni X Nz rectangular matrix. Each
element /point is assigned a sequential number in the range 1,2,..., Ny - Na, as indicated
in the left part of the grid. The inner points are shown in light gray and the dark gray
points represent the control part of the boundary. The rest of the points represent the
non-controlled part of the boundary, kept at zero.

As also mentioned in Section 3.4.1, the time discretization corresponds to the
trapezoid rule and the adjoint system can thus be written,

C o vl " At o I) [[ot! "
o el (Bl D) =8 o ([l ) o
where v" approximates the time derivative.

We now have to set up the matrices A and C according to the geometry. The
geometry will be described using the following quantities:

N1 x Ns: Dimension of the two-dimensional array, in which the geometry is set.
Np: Number of inner points.
Np: Number of boundary control points.

I, € NYo: Vector of indices of inner points.

I, € NVv: Vector of indices of boundary control points.

These quantities are illustrated in Figure 9.1. Of course, the grid size h, time step
At and number of time steps M need also be set. Note that the geometry need

not be a rectangular shape.

RN1~N2><N1‘

Let us now introduce the matrix Ag € N2 as a representative for
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the computational stencil,

(@ O
e | |
O O

More formally, this means that

Xitj1 4 X1y Xit1j-1 + Xip1 41 —4X,5
y=Acx & Y, = 1,j-1+ 1j+1 + 2h—;173 1+ Xit1441 g

(references outside the X-matrix should be set to zero) must hold for every instance
of z,y € RV M and X, Y € RV XM for which

Xi,j = TN (j—1)+1i and Yi,j =YN1(G—1)+5> ’L'Zl,...7N1,j:1,...7N2,

so  and y are column-stacked versions of X and Y, respectively.
We can now extract the relevant entries into the actual system matrix,

A(Zv.]) = AG(IO(Z)vIO(j))v for all 7’7] = 1a27 .- '7N05

or A=AG(I0,I0) in MATLAB notation.
Similarly, let C¢ represent the stencil

(@ O
e | |
O O

and we extract the relevant entries to create C' €

The way that these matrices have been created means that the entries of vec-
tors v™ and D" in the scheme (9.1) represent the inner points only. The value
of v™(i), respectively ©™(i), corresponds to the position, respectively velocity, of
the grid point with index Io().

Before setting up the control system, we need to incorporate the boundary
conditions. But this is easily done using the already created matrix Ag. We let
the matrix B € RMoX™ have the entries,

RNOXNO.

B(i,j) = Ac(Io(i), I,(j)), fori=1,2,...,Noand j=1,2,...,Ny.

We can now formulate the discrete control system,
C o0 ut fun
0 C|\|u"! u"
At [0 I [[urt! u” At (0] /yns1 | m
la o] (o] o [i)) + 5 [ o ew)

where k™ € R™» supplies the boundary conditions at time nAt.
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9.2 Computing the Controllability Operator

As explained in Section 5.1, there are two obvious ways to compute the control-
lability operator, the direct method and the inner product method. Both methods
will be considered in the following two sections. Note that we implement the time
reversed version of HUM, as described in Section 2.5.2, which is possible since we
deal with the reversible wave equation. This means that we wish to drive a certain
state (y°,7) to the null state (0, 0).

9.2.1 The Direct Method

Let the discrete (reversed) controllability operator be denoted A M, the subscript M
representing the number of time steps used. Mapping a given vector (v%, o) is done
by computing

,Un+1 "
po]-e )

Rl
0| siven,

. (9.3)
G — C o| Atfo 1 C 0 n Atlo 1
'“\lo c] 2|4 0 0 C|" 2 |A 0])
forn=0,1,...,M — 1. We now set
k" = -BTv", (9.4)
for n = 0,1,..., M (the minus sign appears because we deal with the reversed

controllability operator). We then solve the control system,

u” unt! n n uM 0
{H"] -G [ﬂn“} HEE 4R, [EM] - [0] ’

G, ([C o] Atfo I\"'([Cc 0] Atfo I
27\|o c|]"2]A 0 0 C| 2 |A 0])
-1
F:—g Cc o0 +ﬁ (VN 0 7
2 0 C 2 1A O B
formn=M —1,M —2,...,0. Finally we have
~ [0 u®
Ao o] = [ ]
Now, by repeatedly applying this map to the columns of a 2Ny x 2Ny identity

matrix, we obtain the columns of the matrix Aj,.
Note that instead of mapping just one column at a time, one could easily map
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a whole matrix. This way, we could compute the following,

vl

(9.5)
Vn+1 Vn
|:Vn+1:|:G1|:Vn:|, n=0,1,...,. M —1,
followed by
K" =_-BTv", n=0,1,...,M, (9.6)
and
uMl o
o] - [o]
(9.7)

Un Un+1
[ﬁn:|G2 [ﬁn+1}+F(Kn+1+Kn), n=M-1,M-2,...,0,

and we would then have directly,

To actually compute the control for driving (y°, g°) to the null state, we must
solve (if possible)
0 =0
~ 21 [ 3
A M - [—yo] '

We then solve the adjoint system (9.3) with (v°,7%) = (2°,2°) and the control is
finally given by (9.4).

9.2.2 The Inner Product Method
Recall from Equation 4.28, page 73, the important relation,
A ,UO wO At = T(,,n+1 n T n+1 n
(302 (), ¥ oo

where

c o
=[5 el
and where (v™,7") and (w"”,w") each are solutions of the adjoint system (9.3).
Let us immediately adopt the multi-column/matrix approach of the previous
section. Let (V™ V"), n =0,1,..., M, consist of 2Ny simultaneous solutions of
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the adjoint system, as described by (9.5). We now have

cav=(xufs 9.0 2.~ 1] [,

7AtM71
= 1 2

M—
Z (Kn+1 + Kn)T(KnJrl JrI<n)7
n=0

<BT(Vn+1 + Vn)7BT(Vn+1 + Vn)>

~ o

At
4
where K™, n=0,1,..., M, is computed as in (9.6).

As mentioned in Section 5.1, the inner product method has some appealing
properties. Let us recall them in this particular setting.

e We never have to solve the control system (9.7), that is, we never have to deal
with solving the wave equation with inhomogeneous boundary conditions.

e It is easy to update CA M from one time step to the next:
A A At M M-1\T M M—1
CAy =CAp1 + R (K + K ) (K + K ) (9.8)

This also means that the controllability operator can be updated along with
solving the adjoint system.

e The matrix CAy, is symmetric by construction, easily seen from the update
formula (9.8). This means that it is only necessary to update half the entries

of CKM, e.g., the upper or lower triangle.

9.3 Flop Count and Memory Usage

Flop is short for floating point operation, and refers to when a computer performs
one of the four basic operations, +, —, x or /, using floating point arithmetic. To
get an idea of the time usage of computing the discrete controllability operator,
we will count flops and ignore everything else. Since flops are the dominating
ingredient of the algorithms described, this will give a reasonable idea of how the
time increases as a function of the key quantities. We will furthermore only count
the flops of the main loop of the algorithms, and ignore, for instance, initialization.

When it comes to memory usage, we will only consider the (large) matrices
that are used. The data type for floating points will be what the programming
language C, and its descendants, call double. We assume each double takes up 8
bytes.

A size summary of the key matrices that occur in the two methods, can be seen
in Table 9.1.
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C 2NQ><2NQ Gl, G2 2NOX2N0
Ay 2Nyx2N, F 2Ny x Ny,
V™, V" Nox2N B Nox Ny

U", U" Nyx2N, K" Ny x 2N,

Table 9.1: An overview of key matrices and their sizes.

9.3.1 The Direct Method

We assume that the matrix-matrix multiply operations C' +— AB and C' «— C+ AB,
where A € R™** B € RF*" each take a total of 2mkn flops (this is commonly
called a level 3 BLAS operation, performed by the BLAS routine DGEMM).

Let us consider the steps needed to compute the controllability operator ac-
cording to (9.5), (9.6) and (9.7):

e Compute V* and V" forn = 1,2, ..., M, by premultiplying M times with G.
This demands M -2 - 2N - 2Ng - 2Ng = 16 M N§ flops.

e Compute K" = —BTV"™ n =0,1,...,M. This leads to (M +1)-2- Ny -
NO . 2N0 = 4(M + 1)NbN02 ﬂOpS.

e Computing U” and U" for n =M —1,...,1,0 can be done by doing
Un+1 U
T, — K"" '+ K", Ty« FT,, Ty — Ty+Gs |:ﬁn+1:| ; {— ] — T,
a total of M times (T'; and T'5 are temporaries). This is done using M (2N, No+
2-2Ng - Ny -2No +2-2Ng - 2Ng - 2Ng) = 2M No(Np, + 4No Ny, + 8NZ) flops.
We get a grand total of
MN§(32No + 12N,)  flops,
when discarding lower order terms.
When it comes to memory usage, we need the following.
e The matrices G1, G2, B and F take up 8N¢ + 3NN, doubles.

e The boundary data all needs to be stored, K° K', ..., KM take up
(M + 1)2NoN,, doubles.

e Two instances of (V™, V") need to be present in memory at one time. _The
same storage place can be used for two simultaneous instances of (U™, U™).
This takes up 8 Ng flops.

Adding up, we need about

No(16Ng + 2M Np,)  doubles,
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for the matrix version of the direct method.

The need for storing all boundary data in K™, n = 0,1,...,M, is a major
drawback of the direct method when it comes to memory usage. An alternative is
to compute only a few columns of Ay; at a time. This leads to the same number
of flops, but will clearly lead to more overhead (function calls, initializing, and so
on) and probably also more cache misses (not exploiting the fast on-chip memory
in an optimal way). However, the memory usage will be reduced considerably to

N0(8N0 + 3N0) + C(4N0 + MNb) doubles,

where c¢ is the number of columns computed simultaneously, 1 < ¢ < 2Nj.

Another way of reducing the memory requirements was proposed in Glowinski,
Li, and Lions (1990), Remark 4.1. The idea is the following. Solve the adjoint
system with the sole purpose of computing (VM,VM). The adjoint system can
now be solved backwards from n = M to n = 0, while simultaneously computing
the relevant values of K™ and (U™, U"). This eliminates the need of storing all
M + 1 values of K™, and reduces the memory requirement to

No(8Ng + 3Np) + ¢(6Ng + 2Np,)  doubles,

where ¢ again is the number of columns computed simultaneously. There is a
drawback, however, in that we compute the solution to the adjoint system twice.
The flop count will increase to

M NG (48Ny + 12N,)  flops.

9.3.2 The Inner Product Method

The operation C' « C 4+ aATA with A € R**™ and o € R is called a rank-k

update of a symmetric matrix in the language of the level 3 BLAS (performed by

the function DSYRK). We will assume that such a computation takes kn? flops.
The main loops of this method require the following steps.

e Compute V* and V" forn = 1,2, ..., M, by premultiplying M times with G.
This demands 16M N§ flops.

e Compute K" = —BTV" n = 0,1,..., M. This leads to 4(M + 1)N,N¢
flops.

e Doing
1—11 - KnJrl +Kn,
followed by the update
L—L+471T], (9.9)

a total of M times amounts to M(2NoN;, + 4NZN) flops (the matrix L
represents CAjy).
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Flop count Memory usage in doubles
Direct M NE(32Ng + 12Ny) | No(8Ng + 3Ny) + c(4Ng + M Ny)
Glowinski M NE(48Ng + 12Ny) | No(8Ng + 3Np) + ¢(6Ng + 2Ny)
Inner product | MNZ(16No + 4N,) | No(16Ng + 5Np)

Table 9.2: Comparing flop count and memory usage for three different ways of computing
the discrete controllability operator. The label Glowinski refers to the Glowinski, Li, Lions
version of the direct method. The constant ¢ represents the number of columns that are
computed simultaneously, 1 < ¢ < 2Nj.

Adding up and discarding lower order terms we get
MNZ(16Ng + 4N,) flops,

for the inner product method. B

For memory usage, we observe that we successively compute CAjps from the
previous time step CAj;_1. This means that we do not need to save any information
across all time steps. We sum up as follows.

e The matrices G, B and L take up 8NZ + NoN;, doubles.

e Two instances of (V" V") need to be present in memory at one time. This
takes up 8NZ flops.

e Two instances of K™ need to be present in memory at one time. This takes
up 4NgN, flops.

This amounts to a total of

No(16Ny + 5Np)  doubles.

9.3.3 Choosing the Best

Table 9.2 presents a summary of the flop count and memory usage for each method,
including the Glowinski, Li and Lions version of the direct method. When it comes
to speed, according to the flop counts, the inner product method is a clear winner.
It is 2-3 times faster than any of the direct methods.

When it comes to memory usage, something can actually be gained by using
a direct method. But no more than a factor 1/2 for small ¢. As ¢ approaches its
maximum value of 2Ny, however, the direct methods require more memory than
the inner product method.

Let us consider a concrete case, namely that of the future Section 9.4. The
geometry is a square grid with grid length N, with control on two of the sides. We
set h=1/(N+1), At =h/2 and T = 4. To use nice integral values we set

No=N?Ny,=2N, M=8N. (9.10)
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N 10 20 40 60 80 100

Flops 1.3-10° 1.7-10" 2.1-10 3.6-10' 2.7-10 1.3.10'6
Time 0.67 sec. 1.4 min. 2.9 hours 2.1 days 16 days 2.5 months
Memory | 1.3Mb 20Mb 317Mb 1.6Gb 4.9Gb 12Gb

Table 9.3: Example of how much time it takes to compute the controllability operator,
and how much memory it requires. The number of inner points Ny, number of boundary
points Ny, and number of time steps M depends on the parameter N as shown in (9.10).
To compute the time row, we assume that the processor in question can perform 2 Gflops
per second.

This leads to
128N7 + 64N flops and 2N3(8N +5) doubles,

for the inner product method. See Table 9.3 for an example of how much time it
takes to compute the controllability operator in this case, and how much memory
it requires.
To get an asymptotic idea of the running time and memory requirements, let
us set
No=N% Ny=N%1 M=N,

for some dimension parameter d and a grid-size parameter N. The reasoning behind
these numbers are as follows. Let d be the space dimension we consider. The order
of inner grid points will then be N¢, like a d-dimensional cube with side length N.
One of the sides of such a cube will then contain N%~! points. Let the grid point
distance be h = 1/N and At = h. The order of M ~ T'/At will now be N.

Inserting in the flop count formula for the inner product method, we get or-
der N39*1 for the flop count and order N?? for the memory usage.

LLLL7L 077 777...
— ANONYMOUS

9.3.4 Multiple Processors

Let us briefly consider how to do an implementation that computes the controlla-
bility operator in parallel.

The direct method can lead to perfect speed-up in a distributed memory com-
puting environment. Such an implementation is also called embarrassingly paral-
lel. Perfect speed-up means that the execution time is inversely proportional to
the number of processors. This is typically only possible if no communication is
needed during execution, or at least in the main loop. This is exactly the situation
for the direct method. Each processor can be informed about which columns of
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A7 to compute, and each processor can now do this, independently of the others.
Note that this could also easily be done on a shared memory architecture.

Perfect speed-up is not possible for the inner product method with distributed
memory. The matrices V™, V" and K™ can be distributed and computed inde-
pendently on each processor, but the update (9.9) requires a considerable amount
of communication. Assume now that the following is possible on a supercomputer
with shared memory: Each processor has read/write access to disjoint columns of
V", V" K" L = CAr and, furthermore, every processor has read access to the
whole K™ matrix. Apart from synchronization before each processor’s computa-
tion of K™ and before each update of L, all computations can be done completely
independently. This will lead to almost perfect speed-up.

9.4 Illustrations in 2D

An implementation of the inner product method was carried out in the program-
ming language C, using the high performance libraries BLAS (Basic Linear Algebra
Subprograms, see www.netlib.org/blas) and LAPACK (Linear Algebra PACKage,
see www.netlib.org/lapack).

The program was run on two different computers: A PC with an Athlon 2000+
XP processor and a SunFire 15k shared memory computer with UltraSparc-ITICu
900 MHz processors (no parallelization was done). The latter is a part of the Sun
High Performance Computing Systems at DTU, see www.hpc.dtu.dk.

Figure 9.2 visualizes a solution where a control has been applied, such that
the system is driven to rest. The controllability operator was computed using the
inner product method, control time T" = 3, and the control was then computed as
described at the end of Section 9.2.1. The initial conditions, to be controlled, were
as indicated at t = 0.0 in the figure (initial velocities were identically zero).

9.5 Preconditioning

Let us consider computing controls in general. An essential ingredient is inverting
the controllability operator, that is, solving a linear system of equations of the type
Lx = y. In practice, rounding errors will influence the precision of the solution.
How much will depend on the condition number of the system matrix,

(L) = | LIIL7H,

where we here use the discrete 2-norm for the definition. For a symmetric matrix L,
this corresponds to the ratio between the largest and the smallest (in magnitude)
eigenvalues. The higher the condition number, the worse the accuracy of the solu-
tion due to rounding errors. The point of preconditioning is to solve an equivalent
problem,

(PLLPy)(Py ') = Py,
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t=24 t=3.0

Figure 9.2: Visualization of a solution to an exact control problem of the wave equation
in 2D. (The non-zero boundary at ¢ = 3.0 is not an error, it would disappear in the limit,
in an L?((0,1)?) sort of way.)
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where the matrix P;LP> has a smaller condition number that L itself. The big
challenge, in general, is of course to find appropriate preconditioners P; and Ps.
If we have a discretization scheme with uniform observability, however, Section 4.2
provides the answer. Instead of solving

Ajfv=M"y, (9.11)
we should use the preconditioned system,

(R°TCASR™)(Rv) = R"TcM™y, (9.12)

where RTR = E) with R upper triangular. As shown in Section 4.2, uniform
observability implies that the condition number of R=TCASR~! is bounded by a
constant, independently of N. A further advantage of the above rewrite is that the
matrix R-TCA$fR™! is seen to be symmetric and positive definite, an advantage
when solving linear systems of equation.

9.5.1 A Preconditioner of Glowinski, Li and Lions

In the paper Glowinski, Li, and Lions (1990) the authors consider exact boundary
controllability of the wave equation, and they solve Equation (9.11) using a conju-
gate gradient (CG) algorithm. This is an iterative Krylov subspace method, which
works for symmetric and positive definite matrices.

It can be discussed whether or not an iterative algorithm is fitted for exact
controllability problems. If CG performs a number of iterations that corresponds
to the order the system, it is solved exactly, but stopping criteria are typically
used for stopping prematurely. Indeed, in the paper mentioned, they stop the CG
algorithm when an appropriate norm of the residual, (M Ty — Affv), gets below
a certain threshold.

On top of this, they actually use a preconditioned conjugate gradient algorithm.
Let us give an idea of their preconditioner by considering exact controllability for
the continuous wave equation. The controllability operator maps between the

following spaces,

(Ho () H™H(Q)
This already indicates a problem in that the spaces are different. The precondi-
tioner they use consists of solving an equation of the type

-A 0]
0 IZ—?",

internally in the CG algorithm. Solving the system Arxz = y this way corresponds
to solving

(0 9 ) (2 ) [ o
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see Section 10.3 of Golub and Van Loan (1996). The approach makes sense for the
following heuristic reason. Since —A : H}(Q) — H~1(Q), its square root will act

" (=AY HYQ) = L2(Q) or (—A)Y2:L2(Q)— HY(Q).

This implies that the domain and range are

N *WA A 017V (1) L2(Q)

[ 0 f] ! { 0 [} ' <L2<9>> a (LQ(Q)) ’
so the preconditioned map is now between equivalent spaces. Using the same idea
in the discrete case can now be used to reduce the condition number of the system
to solve.

It should be noted that uniform observability does not hold for their discretiza-
tion scheme. Indeed, they observe that high frequency waves lead to unwanted
oscillations in the computed controls.

Although the above reasoning is quite reasonable (the authors themselves never
argue why they use that particular preconditioner), it must still be considered the
best solution to choose discrete norms that correspond to the continuous ones and
then to use the preconditioned system given by (9.12).

9.5.2 Null-controllability and Discrete Ill-posed Problems

It’s impossible to compute things which don’t exist.
It’s difficult to compute things which almost don’t exist.

CLEVE MOLER, 1997

Some null-controllability problems can present difficulties when solving them in
practice. Assume for some control system that the associated observability inequal-
ity is fulfilled (see Theorem 2.3.1, page 19). Recall then that the null-controllability
problem can be solved by finding w® such that

Arw® = —MT Lru®. (9.13)

Let us consider the heat equation as an example. In this case, the controllability
operator A7 : H}(Q) — H~Y(Q) is not invertible. This is because the output
of the controllability operator is the result of solving the heat equation, a highly
smoothing and dampening process. The observability inequality, however, makes
sure that when L is applied to the right-hand side, (9.13) is solvable.

When solving a discrete analog of (9.13) in the case of the heat equation, we
encounter a discrete ill-posed problem, since it is a discretization of an ill-posed
problem (it is ill-posed because of the unboundedness/discontinuity of the inverse
A;l, and because right-hand sides y to the equation Apx = y exist for which no
solution exists). The term, discrete ill-posed problem, is most commonly used for
discretizations of Fredholm integral equations of the first kind, but we will use the
term here more broadly because of a similar smoothing property of Ar.
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A discretization of Ap naturally inherits its smoothing property. The prob-
lem is now that when computing with finite precision, rounding errors will often
blow up when applying the discrete analog of A;l. It depends, though, on the
method used for solving the discrete system. A good choice is probably one based
on an eigenvalue decomposition, where the components of the right-hand side that
correspond to the smallest eigenvalues, are ignored or dampened. This is a regular-
ization method where one must be aware, of course, that only regularized solutions
are obtained. It must then be showed, if possible, that the full solution is obtained
in the limit.

In Carthel, Glowinski, and Lions (1994), the authors consider exact controlla-
bility for the heat equation and observe that the final state has to be very smooth.
They then apply regularization to compute solutions to approximate controllability
problems.

See Hansen (1998) for an extensive treatment of discrete ill-posed problems and
regularization methods.






CHAPTER ]O

Discussion

We should know clearly before we discuss this matter;
to guess is one thing, to know clearly another.

— AESCHYLUS (525-456 B.C.)

Let us run through the main topics of this thesis along with open questions and
suggestions for further work.

We initially established a theoretical foundation for boundary controllability
of linear evolution PDEs. We showed that different types of controllability for
a control system were equivalent to different types of observability inequalities
for a corresponding adjoint system. The Hilbert Uniqueness Method, HUM, was
presented, which is a powerful and constructive method for computing controls.

A natural abstraction of this theory would be possible, if we wrote the control
system in the lines of 4(t) = Au(t) + Bk(t), where k is the control. In such a formu-
lation, the operator B could represent both boundary control and internal control
(see, for example, Bensoussan, 1990). Although constructs such as boundary in-
tegrals become less obvious/more abstract, the continuous system would actually
resemble a typical semi-discretization, i(t) = Awu(t) + Bk(t), much more.

Further generalization could also be considered by making the operator A space-
dependent. This complicates matters considerably, however. Consider the wave
equation as an example. With constant coefficients we know that waves propagate
along straight lines. With variable coefficients some waves can actually propagate
inside the domain and never reach the boundary (see Zuazua (2003) and references
therein). This means that exact controllability can be impossible even though the
domain is bounded.

Controllability problems are easily formulated for non-linear PDEs. The whole
“machinery” presented in this thesis, however, relies heavily on the linearity. See
the survey article Zhang and Zuazua (2003a), and the references therein, on how
to handle non-linear controllability problems, including a HUM-like approach.

When it came to discretizing in space, we derived fairly general statements for
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semi-discrete systems of the type @ (t) = Au(t)+Bk(t). Among the most important
results was that if an observability inequality holds on each discretization level with
uniform constants, then the corresponding controls were guaranteed to converge to
the true control. When it came to proving controllability properties of the discrete
systems, however, we relied heavily on knowing the eigensolutions of \A. This was
possible because we considered finite difference discretizations on regular grids in
one dimension. When moving to more dimensions with irregular domains and/or
grids, it becomes harder, if not impossible, to have explicit eigenvalue information.
Some hope may lie in the area of group velocity, since this is a local (in space)
property. Whether it is possible to formulate sufficient and necessary conditions for
uniform observability using analysis of group velocity is not clear. Some attempts,
though still for finite difference approximations on regular grids, have been made
in Macid (2003). It seems to the author, though, that uniform observability can
only hold for a few, fabricated schemes and domains. In more general cases, one
has to resort to filtering or other types of regularizing. Here still lies a lot of work,
both in proving convergence of controls for regularized schemes and in efficient
implementations.

Moving from semi-discrete systems to fully discrete systems complicates matters
a little, but not much. On the other hand, it seems that a special relation must
exist between the space and time discretization if any form of uniform observability
is to hold. We considered the explicit midpoint rule and the trapezoid rule for time
discretization. It should be possible to carry through a more general treatment of
time discretizations, such as linear multi-step schemes.

The controllability operator would be worth a study in itself. But of course,
its properties are intimately tied to PDEs and controllability. We focused on two
aspects, namely how to compute a matrix representation for this operator and prov-
ing the existence of a limit operator as the control time went to infinity, 7' — oo.
One way to compute a matrix representation, the direct method, was simply based
on its definition. Another method, the inner product method, relied on one of its
fundamental properties. Although never studied before, this latter method seemed
the simplest in pen-and-paper calculations and it also proved the most efficient
method to use for computer implementations.

The study of a possible limit operator for the controllability operator as T — oo
was limited to two particular equations, the wave equation and the heat equation.
The existence of a limit operator for the wave equation relied on the fact that we
were dealing with a skew-symmetric operator, implying special eigenvalue prop-
erties. The results would easily be extendible to general skew-symmetric system
operators, see Bensoussan (1990) and Bensoussan (1992). The limit operator for
the heat equation also relied on some special eigenvalue properties. The control-
lability operator for the heat equation furthermore suggests that a limit operator
may exist as 7' — 0. This should be studied.

An obvious question is: Does a well-defined limit operator always exist for any
well-defined controllability operator? This is not clear and is worth some study.
Why is the existence of a limit operator even so interesting? For one, because
it tells something about the control function’s dependence of the control time T
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For instance, for the wave equation we could deduce that the norm of the control
function was proportional to 1/T as T — oo. For the heat equation, that the norm
of the control function approached a constant level as T" — oo. Another possible
usage of knowledge about a limit operator is that it may turn out to be a good
preconditioner for computer implementations. This is currently unexplored.

Null-controllability using Dirichlet control was easy to show for the heat equa-
tion in one dimension. Likewise, uniform observability was straightforward to show
for a semi-discretization. The nature of the heat equation suggests that similar re-
sults hold for more dimensions, and similarly for a full discretization. However,
no tools or theorems, such as a time-discrete analog to the parabolic version of
Ingham’s Theorem, seem to be available in order to show uniform observability for
a full discretization. It is suspected, though, that it holds without any surprises.

In contrast to the fact that uniform observability holds in the discrete case, is
that the controls are highly unstable to compute in practice. This is due to the fact
that the controllability operator has a very dampening effect, similar to discrete ill-
posed problems. This means that even though the “right-hand side” is sufficiently
smooth, rounding errors can have disastrous effects on the solution. This depends,
of course, on the algorithm used to obtain the solution. Further study is needed in
this area.

Controllability of the wave equation has, by far, gotten most attention in the
literature, both in the continuous and the discrete cases. However, many things
are worth more study.

The characterization of all possible controls for the one-dimensional wave equa-
tion, through the analysis of null-space controls, was quite interesting. But the
analysis made use of an explicit solution formula (the D’Alembert solution for-
mula) for the wave equation in one dimension, and such simple formulas are not
available in several dimensions. However, the concept of null-space controls de-
serves some more study, and may lead to greater insight into controllability of the
wave equation in several dimensions.

More study of discretization schemes is also needed, both time and space dis-
cretization. A previously unexplored time—space scheme was presented in Chap-
ter 7. Uniform observability did not hold, but it had some characteristics which
makes it promising in the area of control. Further analysis of this scheme is needed.

An interesting, and currently unanswered, question is: Is there any hope of
having uniform observability on irregular grids, even in one dimension? From the
study of group velocity properties, there is hope for uniform observability on a
regular two-dimensional grid, cf. the scheme described in Sections 3.4.1 and 9.1.

The linear system of thermoelasticity was interesting because it provided an ex-
ample of what could be done if the control system operator was fairly complicated,
and only asymptotic knowledge of the eigenvalues was known. The system could
be viewed as a coupling of a wave equation, for which controllability puts a condi-
tion on the control time, and a heat equation, for which only null-controllability is
possible. The coupled system required both: Only null-controllability was possible
and a minimum control time was required. Furthermore, no multiple eigenvalues
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were allowed, and this could happen.

During the controllability proof of the system of thermoelasticity, we showed
that null-controllability was possible for (disjoint) projections. This was fairly
straightforward and the difficulty of the proof lay in showing that both could be
fulfilled simultaneously. It seems that it should be possible to derive general results
for when such controllability results of projections can be combined. That would
be a powerful result.

The Hilbert Uniqueness Method for computing controls for a discretization of
the two-dimensional wave equation was implemented efficiently using high perfor-
mance libraries such as BLAS and LAPACK. As the dimension increased, however,
the running time increased frighteningly fast. A better running time complexity
may be obtained, if a discretization scheme is used where matrix sparsity can be
exploited effectively.

As mentioned earlier, when moving to several dimensions and/or irregular grids,
the only hope of convergence of controls may be using an appropriate form of
regularization. How should such a regularized method be implemented efficiently?
This would be highly relevant as soon as the proper theoretical foundation has been
established.

Let us finish with two quotes that seem appropriate at this point.

All of the sudden, Larry the Cow was in control.
And he liked it.

— THE GENTOO.ORG WEBSITE

To finish a work? To finish a picture? What nonsense!
To finish it means to be through with it, to kill it,
to rid it of its soul, to give it its final blow...

— PABLO Picasso (1881-1973)
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Details

Beware of the man who won’t be bothered with details.
WiLLIAM FEATHER (1908-1976)

Detail 1
Theorem. Let H be a Hilbert space and consider the functional J : H — R defined
as J(v) = ||v||. Then for an arbitrary v # 0 we have,
(v, w)
(VJ(v),w) = ol for allw e H .
v

Proof. Fix arbitrary vectors v,w € H where v # 0. Define now
g(h) = |lv+ hw| .

Observe (g2(h))" = 2g(h)g’(h) which implies

We now get

. + hwl|? — ||v]|? . 2h{v,w) + h?(w,w)
(97(0)) P h P h (v w)

so finally we have

w00 =0 = ol = Gl
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A. DETAILS

Detail 2

Theorem. Let k € Z. Then we have
N N,
Zcos(kjﬂ/(N +1) =< -1,
j=1 0,

Proof. We split into four cases.

for 2(N +1) | k,
for 2(N+ 1)1k, 2|k,
for 21 k.

e 2(N + 1) | k. Straightforward, since cos(kjm/(N + 1)) =1 for all j.

e k odd, N even.

Zcos kjm/(N + 1))
N/2

= (cos(kjm/(N +1)) + cos(k(N +1 = j)m/(N +1)))

<.
=

N/2

= (1 + cos(kn)) Zcos(kﬁjﬁ/(N +1))=0.

j=1

e Lk odd, N odd.

N
> cos(kjm/(N + 1))
j=1
N-1)/2
= cos(1km) +
j=1
(N—-1)/2
= (14 cos(kn))
j=1

> (cos(kjm/(N +1)) + cos(k(N + 1 — j)m/(N + 1))

Z cos(kjm/(N+1))=0.

e k even, 2(N + 1) 1 k. The easiest way to proceed is to consider complex

N

(1 +6i§kﬂ/(z\r+1)) Z ikjm/(N+1) _ Z( ikjm/(N+1) | oik(i+3 )7r/(N+1))

exponentials,
N
§=0
2N+1 N
j=0 j=0
N
_ (1 + ezgzm) Zei%kjﬂ'/(N-&-l) _
Jj=0

7=0

ilkjm/(N+1) _ Z ( hjm/(N+1) 4 esz(j+N+1)7r/(N+1))
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Let now k = p- 29, where p is an odd integer and ¢ is a positive integer.

If ¢ = 1, we have (1 + e257) = (1 4 ™) = 0 and we get from (A.1) (the
parenthesis on the left-hand side can not be zero because of the assumption
2(N +1)1k),

N N N
> MmN =N "cos(kjm/(N + 1)) +i Y _sin(kjr/(N +1)) =0 =
3=0 3=0 =0

Zcos(kjﬂ/(N +1))=-1.

For ¢ > 1 we rewrite (A.1) into

N 1 ilkm N
Zeikjvr/(N+1) _ tez Zei%kjﬂ/(NH) )
1+ ei%kw/(NJrl)

J=0 Jj=0

Since neither the numerator or the denominator of the fraction can be zero,
we can repeatedly halve k, until the above case ¢ = 1 can be applied (hence,
we use induction).

O
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Detail 3

Proof of Theorem 3.1.3 (page 87). We rewrite as follows,

N
Zsin(kjw/(N +1))sin(ljm/(N + 1))

N N
Z%Z (k —1)jm/(N +1)) —%Z (k +1)j7/(N +1)).

Using the theorem of Detail 2, the result follows. o
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Detail 4
Let (oo, a1,...,00) = (3,1,1,...,1,3), h # 0 and two real sequences (ug)
(vi) 7+ be given. We get
m
Vg1 — 2V + Vg—1 Up4+1 — 2Uf — Uk—1
By o (gt e T, )
k=0
1 m
=7 Z g (V41U — 20KUE + Vp—1Uk — Uk1Vk + 2URVE — Uk—1Vk) (A.2)

b

SRS

=0
m m m m

E QUL +1UE + E QpUE—1UE — E QpUk+1V — E QpUg—1Vk
k=0 k=0 k=0 k=0

We rewrite each sum in turn

m m—2

E QpVE+1UE = QQUIUY T Om—1VmUm—1 F OmUm+1Um + E QEUE+1UE
k=0 k=1

m m—2

E QRVE—1UE = QpU—1Ug + Q1VoUL + A Um—1Um + E A1V UK+ ,
k=0 k=1

m m—2

g QpUL+1Vk = QoULIV) + Om—1UmUm—1 T AmUm+1Um + g QpUk1Vk
k=0 k=1

m m—2

E QpUE—1VE = QoU_1Vg + Q1UQVT + QU —1VUm + g Qe 1UKVE+1 -
k=0 k=1

Using these, the final expression in Equation (A.2) can be simplified:
7 (a0v1u0 + Om—1VmUm—1 + AmVj+1Um + QoVi—1U0 + Q1VoUL + QA Um—1Um

— @oU1V) — O —1UmUm—1 — AmUj+1Um — QoU;—1V0 — Q1UQV1 — amumflvm)

1
=% ((Oéo — a1)v1Uo + (Wm—1 = )V Um—1 + QunVj1 U + QoVi—1UQ
+ (a1 — ag)vour + (Mm — Qm—1)Vm—1Um — QumUjp1 UV — Oéouzelvo)
_ 1 1 1 1 1
= E( — 3U1U0 + 3UmUm—1 + 5Vj41Um + 5Vi—1Uo

1 1 1 1
+ 30U — 5Um—1Um — FUj+1Um — 5%4100)

Vj+1 — Um—1 U1 — Vi—1 Uj+1 — Um
u ug —

_ 711) Jrulfuiflv
2h m 2h 2h m oh 0

The result can easily be generalized by using inner products instead of multiplica-
tion, and vectors instead of real numbers.
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Detail 5

4 cos(m€)

T . For £ > 1/2 we get

Let lg9)] =

. 4 2 1
|g(§)|§4§27_1 < 5_2 & |§|ZE20.7.

For —1<z<1wehavewith£:%+z,

(3 + 2)] = sin(rz) | 7 sin(ﬂz)< 4 < 2

92 2(1+ 2) 1+z 7z ~ 14z = (3+2)?
-3 -5 1 )

& T\/_S%—i—zg +4\/_20.8

Hence, |g(£)] < 2/€2 for all € € R.
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Detail 6

We wish, given T' > 0, to calculate

(3)- ().
where (10,5°) € H(0,1) x L2(0,1) and

Ve (b, ) = Vg (8, ), in (0,7) x (0,1),
v(t,0) = v(t,1) =0, in (0,7), (A.3)
v(0,2) = v0(x),v¢(0, ) = 7% (), in (0,1),

and
gt (t, ) = ugs(t, x), in (0,7) x (0,1),
u(t,0) =0,u(t, 1) = vy (¢, 1), in (0,7), (A.4)
w(T,z) = u(T,x) =0, in (0,1).

Since (sin(km-))22 , constitutes an orthogonal basis for L2(0, 1), we cover all (v°,7°) €
H}(0,1) x L?(0,1) by looking at

o0
= g V) sin(krx), 7Y E oY sin(kmx)
k=1

with (kzvg)z’;l, (52),;“;1 € 2.

Because of the linearity of A, we can start by looking at what this map does
to

v0(z) = sin(krz), 7°(z) =0, keN. (A.5)

The solution to (A.3) is easily seen to be
v(t,x) = cos(knt) sin(krz) ,

and for uneven k we have v, (t,1) = —km cos(knt). The solution to (A.4) can now
be written in the form

u(t,x) = —km cos(knt)x + Z an(t) sin(nmz) , (A.6)
n=1
so the boundary condition is guaranteed to hold. Because of u = uz, we get

Z( " (t) + n’m2an(t)) sin(nrz) = —k*n® cos(kmt)z (A7)

n=1
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which must hold for ¢ € (0,T") and where the initial conditions can be derived from
the fact that u(T,x) = us(T, ) = 0,

NE

an(T) sin(nmwz) = kx cos(knT)x ,

3
Il
_

(A.8)
(T)sin(nrz) = —k*m?sin(knT)z ,

!
n

NE

a

3
Il
—

for 2 € (0,1). By multiplying each side of the equations with sin(mnz) and inte-

grating over x =0..

.1, we transform (A.7) and (A.8) into

2k3 712
T cos(kmt), n > 1 even,
) +nPra, ) = ",
2k°m
— cos(kmt), n > 1 uneven
2k
—— cos(knT), n > 1 even,
an(T) = 272:
— cos(knT), n > 1 uneven,
n
2k?
T sin(knT), n > 1 even,
an(T) = ¢
2k .
— sin(knT), n > 1 uneven.

This ordinary differential equation is solved straightforwardly and we get

ar(t) = 3 cos(kmt) + k(T — t) sin(knt) + 3 cos(km(2T — t)),

for the special case n = k and

an(t) = (~1)"

for n # k.

o (n cos(knT) cos(nm(T —t))
+ ksin(knT) sin(nm(T — t)) — % cos(lmrt)) ,

The calculations for even k are identical, except for a change of sign. So for
initial data given by (A.5) we insert into (A.6), use that

oo

2
r= Z(—l)”'ﬂ% sin(nmz) in L?(0,1),

n=1
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and set t = 0,

u(0,z) =3 (cos(2knT) — 1) sin(kmz)

+ Z(fl)"ﬂc 2kk2 (n cos(knT) cos(nmT)

n? —

ut(0, x) :kﬂr(lmrT + 1 sin(2knT)) sin(kmz)
2knm
+ Z 1ntr 7nk2 (n cos(knT) sin(nwT)

n#k
— ksin(knxT) cos(mrT)) sin(nmz) .

0
. v
We now proceed to consider Ar (50) where

() =0, ©°(x)=sin(krz), kecN.

With calculations analogous to the ones above we arrive at
1 . .
u(0,2) = (ﬁ sin(2knT) — T) sin(kmx)

+ Z ”*k#]ﬁ) (n sin(knT') cos(nrT)

n#k

— kcos(knT) sin(mrT)) sin(nwx) ,

ut(0,2) =% (1 — cos(2knT)) sin(krz)

2
+ Z (—1)””“27711‘€2 (n sin(kwT) sin(nmT)
nZ _

The controllability operator Ar thus has the appearance

-\l 1 3 3 E
)\%1 )\%2 )\%1 )\:1)’2
Aap Agg o [ AS Ay
AL =
T 2 2 4 4 )
)\%1 )\%2 )\}11 )\}12
Ad1 Az [ A3 Ay

+ ksin(knT) sin(nwT) — n) sin(nmz) ,

+ kcos(knT) cos(nnT) — k) sin(nmx) .

(A.9)
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in matrix notation, using the basis (sin(1rz), sin(27z), - - - | sin(1nz), sin(27z), - - - ),
where

A,lck = kﬂ(kﬂT + %sin(Qk:ﬂT)) ,

2k
A= (—1)n+krm;2 (n cos(knT) sin(nwT) — ksin(knT) cos(nﬂ'T)) ,
Ak = 3 (1 —cos(2knT)) ,
2k

A2, = (—1)nthtl ——— (n cos(knT) cos(nmT) + ksin(knT) sin(nwT) — n) ,

n*—k
Aok = 3 (1 — cos(2knT)) ,

2
A3, = (—1)"TF - ijQ (n sin(knT) sin(nwT) + k cos(knT) cos(nnT) — k) ,

1
MNp=T— gy sin(2knT) ,
2

M= (1) tRt ) (n sin(knT) cos(nwT) — k cos(knT) sin(mrT)) :
for all n, k € N for which n # k. Notice the symmetry of this matrix, namely that
)‘711k = )‘llcn ) )‘721k = )‘in ) )"ik = )‘in ’

for all n, k € N.
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Detail 7
Consider first I3. Using the expression for the H-norm, we get
> sin(krAt)\
I =1 Z E272 (ak cos(kwAt) + ka>
k=a(N)+1
+ (—apkm sin(krAt) + by, cos(knAt))?| = i Z (k*m%ai + b) .
k=a(N)+1
We now have
13 (N +1)? - 2.2 2 | 32 2CN? - k
INCARRTT R >, (Krai +b) < 2 >0
k:a(N)-i-l k:a(N)-i—l (Alo)
2 .a(N)+1 L
_20N?y S 20 e
7 1-r S pi-n)
as N — oo.
Consider now Iy. We get
N . 2
km At
=1 Z lk27r2 <ak cos(kmAt) + bkM>
k=a(N)+1 Hk
+ (—appy sin(kwAt) + by, cos(lmrAt))ﬂ
N
=1 Z l(k27r2 cos®(0k) + p sin®(0)) az
k=a(N)+1
k2 2
+ ( 72T sin?(0y) + COSQ(Hk)) b;
Hk
. km 1273
+ 2kmagby cos(0) sin(b) | — — —
we  kmw
N
SC(N+1)? > (K%} +1b7),
k=a(N)+1

for some constant C’ > 0, that only depends on 7, using the bounds,

km sin(6 kmnh
7 sin(6) _ ! 71'772 1 < hkmn < )
i 1 +n?tan®(5knh)
4ntan?(Lknh)) 4 4
in(fy) = 2 <—=—(N+1).
e sin (01 h(1+772tan2(%k7rh)) ~— nh 77( +1)

Proceeding as in (A.10), we get that I3/At? — 0 as N — oo.
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Detail 8

We have the norm
IVI% = 18¢° = ! Z20,1) + 1911 00y + 19701 220,1)
for V.= (1%, v1,9°)T and energy

1

B(t) = 5

1 2
c
[ (186tt0) — wte. )P + Aoatea)? + Lot ) as.
0
for 0 <t < T. By differentiating the energy

C2

pv ! 2
2 [t >0,

E'(t) =
we see that 0 < E(t) < E(T) for 0 <t <T. We wish to show that the inequality

T
2 0 1 0 2
AlwﬁmﬁSKWM%wWﬁ

holds for any solution (v(t),v¢(t),%(t)) of the adjoint system (8.3) with initial
conditions (v°, vt %) € H

First we note that the norm | - |7 and the energy E(t) are equivalent in the
sense that

Lmin {1,¢% 21|00, 0, 00)|5 < B(1) < Smax {1,621 [0, 0!, 00)||

Assume that we are given initial data (v°,v!,4°) € H. We first need a number
of useful bounds. In the following, when we write f for some function f, it is short
for f(t,z).

2

s E(T),

! 2
/ vide < =Bl <
0 C C

T 1 2
/ / videdt < STE(T),
0o Jo c

1
/ |vr — 80| *dz < 2E(t) < 2E(T),
0

T 1 ) o T , a

T 1 9 T 9
/O /odexdt:%/o E(t)dtg%TE(T),
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. 1/2
(/0 vfdx) = [|ue(t, ||L2(O 1)

< ||Ut(ta ) - ﬂ¢(t, .)HL?(O,I) + 5“7/’(757 .)HLQ(O,I)
2 1/2

1 ) 1/ 1
= (/ |ve — BY| dz) +/)’</ 1/)2dz>
0 0

< (2E®)"* + ( % (t)) v <V2 (1 + @) E(T),

T 2
/ / vidzdt < 2 (1 + —Vo‘ﬁ) TE(T).
0 Jo ¢
The two equations of the adjoint system can be combined into

Uit — ﬁwt = CQUM .

We first apply the multiplier v, to the right-hand side,

1 1
/ VgV XdT = [viz]lzo —/ Vg (vmz + vm)dz
0

0

1 1
=v3(t,1) — / Vypp Vg 2dx — / v2de
0 0
T T 1 T 1
/ vi(t,l)dtzQ/ / vmvzzdzdtf/ / vidazdt,
0 o Jo o Jo
and then
T
/ (t 1dt < = / / Vpp — ﬁwt)vmxdxdt
0

We turn to bounding the double integral. First we see that

leading to

42 STE(T). (A.11)

T . T
/ (vtt - ﬁwt)vmxdt = [(vt - 51/)) vzz] o / (vt - 51/)) vgrxdt . (A.12)
0 0

(/')

Since, by the Cauchy-Schwartz inequality,

1 1 9
JRCE I (/ [vr — 6| dx)
0 0

1/2 1/2
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<

For the last integral of (A.12) we get
1 T
+ 4 / / Yugradtdr| .
o Jo

1 T 1 T
//(vt—ﬁd))vmtxdtda: //Utvztxdtdx
o Jo o Jo
2

We bound each integral of the right-hand side in turn. Since (viz), = 2viv, 2+ th

we have
1 1 1 1
2/ vtvztxdx:/ (vfx)zdzf/ vfdx:vf(t,l)—/ vidz
0 0 0 0
leading to
T ,l1 T ,l1 =7\ 2
/ / VUgrxdrdt :% / / v?dxdt < <1+iﬂ> TE(T).
o Jo o Jo ¢
Next we get

/OT ([vtsz} izo B /01 ve (P + w)do:) dt
T 1 T 1
v rdadt vpbdz
/OT/0 1t 1/2 /OT/Ol t 1/2
< ( /O /0 v?dxdt> ( /0 /0 ¢§dxdt>
T 1 1/2 T L 1/2
([ o) ([ [ )

\/@) ( Ve | V2aT> E(T).

T 1
/ / Ugpspxdrdt
o Jo

< +

= 2T(1+ c cy/ v /B

We can finally collect all the bounds and turn (A.11) into

c

T 2
/ vi(t, 1)dt < =
0 C

4
T+C—2+T<1+

+ \/QZLW <1+ \/Z‘_ﬂ> <\%+\/ﬁ) E(T)
o302} [ 14 ) (3
+%+T+T(1+@>2 (%, 0%, 40| 5 »

which is the type of bound we wanted to show.
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Detail 9

Compact Sequence Embedding

Let ¢ be the set of sequences (ax)?2, for which ||{(ag)|2 < oo, where

ar)l3 = ({ax), (ar)),  {{ar), (b)) =D and -
k=1

Let similarly £*?, for p € R, be the set of sequences (ax)52; for which |[{ax)||2,, < oo,
where
Ak 2

kP

ar) 13, = Iar/k)3 =

k=1

Theorem. The map T : (% — (>P with p > 0, defined as T((ak>) = {(ag), is
compact.

Proof. Consider a sequence of £ sequences (a})72; that converges weakly to the
sequence (ay)72, in £2. This means that

((ar), (bk)) — ({ax), (br)) for n — oo,

for all sequences (by)72, € ¢2. We will now show that this sequence converges
strongly in ¢2P. Consider

|a‘k |a’k — |lag — ak|2
H ak H2p Z Z Z k2p
k=No+1
< max, laf — ol Zkzp (No + 1)2» +1 (Z| k|2+z|“k|2>

- IN[) +IN0 9

where Ny € N is some constant. Consider now [ K,U. The terms in the parentheses
are bounded since the ¢*-norm of (ax) is bounded by assumption, and (a}) is
uniformly bounded in ¢? since

an = SsSu M —  su M — a
[{ai)ll2 = <bk)£€2 [{bx) |2 (m)gl? TONE [[{a)|2 -

We now choose Ny such that I f\’,o < €/2. Note that this choice can be made
independently of n. Since I 5\,0 consists of finitely many terms, its size can be made
Iy, < €/2 by choosing n large enough. O






APPENDIXB

Notation

Although we agree with the importance of the distinction,
we shall not adopt these terms.

RENARDY AND ROGERS (1993)

We write matrices using boldface upper case letters, e.g., A. Vectors are written
with boldface lower case letters. A vector v € R™ should be regarded as a single-
column matrix, such that Av and v7 A make sense when A is an appropriately
sized matrix.

References to vector elements are done using parentheses, e.g., for a vector v
we write v(i) to refer to the i’th element of v. Similar for matrices, e.g., A(i, ).

Differentiation of a function f of one variable is written f’. Partial derivatives
are written using subscripts, e.g., Uy, = 0%u/0x? and uy, = 0*u/0tdx. We use
dots as short-hand for differentiation with respect to time, e.g., & = u; and ¥ = vy.
Normal derivatives are written as 9/dn. If, e.g., f € H}(Q) and = € 99, then
Of(x)/On = V f(x) - n, where n is a unit vector, perpendicular to 9Q and pointing
outwards.

All Hilbert spaces are assumed to be real and separable, unless explicitly noted
otherwise.

Sequences will be written using angle-brackets. For instance, we will write
(ax)32, as short-hand for the sequence as,as,... (this convention was adopted
from The Art of Computer Programming by Donald E. Knuth).

The following two pages contain an overview of the most common notation used
in this thesis.
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Symbolism Meaning Defined
Z/ Summation where the first and last terms are weighed | Page 72
with 1/2, the rest are weighed with 1 as normal.
| For a Hilbert space H, H' is the dual space, the Page 10
Hilbert space of functionals H — C.
* | Adjoint operator. For a linear and bounded operator | Page 10
F: 51— S5, where S; and S are Hilbert spaces, we
have F* : S} — S/ is the linear and bounded operator
for which (z, F*y)s, xs; = (F'z,y)s,xs; for all
(z,y) €51 x Sé
7| For a real matrix X we have X7 (i, ) = X (j,1). Page 11
T | For aset S, S is the closure of S in an appropriate Page 15
topology.
For a complex number z, z is the complex conjugate. | Page 44
(71,0 | For vectors u and v we have (u,v) = uTv. Page 34
(7,0)¢ | For vectors w and v we have (u,v)c = u? Cwv. Eq. (3.3)
(7,00 | For f,g € L*() we have (f,g) = [, f(z)g(x)dz.
(5,0 @ xm | For (f,g) € H' x H we have (f, g)n'xn = f(9)-
| a|b< adivides b. Eq. (3.8)
17| atb < a does not divide b. Page 37
011 | 99 denotes the boundary of €. Sec. 2.1
d;; | Kronecker delta, d;; is equal to 1 if ¢ = j and 0 Page 33
otherwise.
A | The Laplace operator, the sum of second derivatives Eq. (2.26)
in each space direction.
At | Step size in the time direction. Page 40
I' | Boundary of , I' = 09). Sec. 2.1
I'p | Control boundary, I'g C T. Sec. 2.1
A7 | Controllability operator. Eq. (2.23)
Q | Open and bounded subset of R?, d € N. Sec. 2.1
Y | Time-boundary cylinder, ¥ = (0,7) x T. Sec. 2.1
Yo | Time—control boundary cylinder, ¥y = (0,7T") x T'g. Sec. 2.1
A, C | C~'A approximates the Laplacian, A. Sec. 3.1
A, C | Used for first order ODEs, e.g., Co(t) = Awv(t). Eq. (3.11)
B | Discrete control operator, e.g., Co(t) = Av(t) + Bk(t). | Eq. (4.1)




197

Symbolism Meaning Defined
C(;0) | C(S1;S2) is the space of continuous functions from Sy
to SQ.
C | The complex numbers.
diag() | diag(z1,...,x,) is an n X n diagonal matrix with Eq. (3.16)
entries x1,xs, ..., x, along the diagonal.
h | Grid size for uniformly spaced grids; in 1D we usually | Page 32
have h =1/(N +1).
H | Dual space of H'. Sec. 2.1.1
H’ | Hilbert space in which solutions of a control system is | Sec. 2.1
well posed.
H | Hilbert space in which solutions of an adjoint system | Sec. 2.1.1
is well posed.
H' | The dual space of H. Sec. 2.1.1
HYO) | f € HF(Q) if and only if f, fz,,..., fz, € L*(Q) and
f(oQ) = 0.
H=1(0) | H~Y(Q) is the dual space of H{ ().
Im z | Imaginary part of the complex number z. Page 146
ker For a linear operator F': S; — Ss we have
ker F' = {x € S; | F(z) = 0}.
% | Space of square summable sequences; (ag)>, € £? if Page 75
and only if Y77 | |ax|* < co.
L2(1) | For a set S we have f € L?(S) if and only if
Js @) Pdz < oo.
N | Dimension of space used for space discretization. Page 32
N | The natural numbers, 1,2, ....
O(") | Big-ob; f(h) = O(g(h)) means that [f(h)| < Clg(h)|
for some C' > 0 and |h| sufficiently small.
Q@ | Time-space cylinder, @ = (0,T) x . Sec. 2.1
R | The real numbers.
rank Matrix rank; rank A is the maximal number of linear
independent rows or columns of the matrix A.
Re z | Real part of the complex number z. Page 40
T | Time available for control. Sec. 2.1
Z | The integers, ..., —2,—1,0,1,2,....
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