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Like N and LN, B and GM, i.e. Theorem 8.3
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Black Scholes model
Stock price given by
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Geometric Brownian Motion and Ornstein Uhlenbeck
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An option gives the right to buy a stock at or before (fixed) time 7 at some fixed price a. The Black
Scholes model gives the fair price F'(z,7) of the option under som idealistic assumptions. Here z is
the current value of the stock and 7 is the remaining time to expiration.

An important parameter is r the interest rate of a risk free financial instrument |(think US treas-

suries - bonds)’ ).
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e ""E [(Z(r) —a)*|Z(0) = z], Black Scholes formula
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Ornstein Uhlenbeck process

Pathwise/distributional definition
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Position process

Model of velocity rather than position. Then position

Sit) = S(0)+ /O tV(t)dt

As V(t) is continuous the integral is well-defined. For S(0) = V(0) = 0 the variance of S(¢) is
calculated to be
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Limiting/stationary distribution
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we can express the joint density as

We define a bivariate normal vector X = ( X )
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we have the conditional density
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or
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and we rewrite to get
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We now want to construct a one-dimensional Gaussian process where this relation holds for any pair
(X (t1), X (t2)), so we assume that the covariance function I'(¢1,t2) = Cov((X(¢1), X (t2)) is time ho-
mogenous such that Cov((X (¢1), X (t2)) = T'(ta —t1). Our assumption amounts to oIE (X ()| X (0)) =
I'(t)X(0) or T(0)E (X (¢)|X(0)) =T'(t) X (0) We now evaluate I'(t; + t2).
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and get the functional equation
o?I(t1 + t2) = T(t1)T(t2),
with solution
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for some . We have defined a stationary Gaussian process with X (t) ~ N(0,0?), i.e. u(t) = 0 and
covariance function T'(t) = a2e~“I*l. This process is called the stationary Ornstein-Uhlenbeck process.

The approach is taken from [I] Section 9.6 Page 407.
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