Renewal Processes

Bo Friis Nielsen'

DTU Informatics

02407 Stochastic Processes 8, October 27 2020

Bo Friis Nielsen Renewal Processes

A Poisson proces
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Renewal Processes

Sequence Xj, where X; ~ exp(A;) or Xij ~ PH((1), [-]]).
Wp =31 X

N(t) = rpzag{Wn <t}= ng{;xi < t}

Let us consider a sequence, where X; ~ PH(a, S).
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Today:

» Renewal phenomena
Next week

» Markov Decision Processes
Three weeks from now

» Brownian Motion

Bo Friis Nielsen Renewal Processes

Underlying Markov Jump Process
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Let Ji(t) be the (absorbing) Markov Jump Process related to X;.

Define J(t) = Ji(t — 10 7))
P (J(t+ A) = jlJ(t) = i) = Sj + sie

Such that
A=S8S+sa

is the generator for the continued phase proces - J(t) Note the
similarity with the expression for a sum of two phase-type
distributed variables
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Distribution of N(t)

For X; ~ exp(\) P (N(t) = n) = G2 e=A What if X; ~ PH(a, S)
Generator up to finite n

S sa 0 0 0 o
0 S sa 0 0 o
0 0 S sa 0 o
A,—| 0 0 0 S 0 o
0 0 0 O S sa
0 0 0 O 0 S

A quasi-birth process - to calculate P(N(t) = n) we would need
the matrix-exponential of an (n+ 1)p dimensional square matrix
P(N(t) > n) =P(W, < t), W, is an “Erlang-type” PH variable
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Calculation of [ e*'du
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Renewal function

First we note that 1w — A is non-singular

t t
/ efldu = / (17 — A)~ ' (1w — A) e*Vdu
0 0

t t
= (Ir—A)"! [/ 17reA“du—/ AeA“du}
0 0
t t o0 n
/17reA”du = /171'2(AU)
0 o = n
t
= /17rdu:t17r
0

t
/AeA“du = M|
0

[ty (A"
/01;:(:)
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Xi ~ exp(A) then M(t) = E(N(t)) = At Probability of having a
pointin [t; t +dt( P (3n: W, € [t; t + dt() The probability of a
point is the probability that J(t) has an instantaneous visit to an
absorbing state (J(t) shifts from some Jp() to Jy. 1

P(N(t+dt) — N(t) = 1|J(t) = i) = sdt+ o(dt)
PJ(t)=i) = ae?1;
P(N(t+dt) — N(t) =1) = aelsdt+ o(dt)
t t
M(t) = E(N(t) = /aeA“sdu:a/ eldus
0 0

The generator A is singular (A1 =0, A =0)
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Back to M(t)
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We have (1r — A)1 =1and = (1w — A) = =, SO

Mt = a(lm—A)"" [t1vr—(eAt—l)]s
= nst+a(lr—A) 's—a(1r— A) ' ells

We have a (1 — A) ' eAls - a(1r — A) "1rs=rs
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Renewal Processes

F(x) = P{X<«x}
W, = )(1 4+ 4+ Xy
N(t) = max{n: W, <t}
E(N(t)) = M(t) Renewal function
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Topics in renewal theory
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Age, Residual Life, and Total Life (Spread)

Elementary renewal theorem (1) _, 1

o
E (Wn(hy1) = p(1 + M(1))
M(t) = S50 Fa(t),  Fa(t) = 3 Fa1(t — x)dF(t)
Renewal equation A(t )+ fo (t — u)dF(u)

Solutlon to renewal equa’uon
= Jpalt — u)dM(u) — ioa
leltlng distribution of residual life time
limt_oo IP{’}/t < X} = %f(;(“ — F(U))dU
Limiting distribution of joint dlstrlbutlon of age and residual life
time limioo P{vt > x,0: > y} = - X+y(1 — F(z2))dz
Limitng distribution of total life tlme (spread)
fime-oe P{6r < x} = $9F(0)
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vt = Wyt — t( excess or residual life time)
6t = t— Wy (currentlife or age)
Bt = &+ i total life or spread
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Continuous Renewal Theory (7.6)
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P{W, < x} = Fp(x) with
Fa(x) = /0 Fn_1(x — y)dF(y)

The expression for F,(x) is generally quite complicated
Renewal equation

V(x) = a(x) + /0 VX — u)dF ()

v(x) = /OX a(x — u)dM(u)
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Expression for M(t) E[Wh(t)+1]
N(t)+1 N(t)+1
P{N(t) = k} = P{W <t} = F(t) EWnin] = E| D X| =EX]+E X
P{N(t) =k} = P{Wi <t W1 >t} = Fi(t) — Frp1(t) =1 J=1
M(t) = E(N(t) = i KP{N(t) = k} = p+ Y E[XA(X + o+ Xy < 1)
k=1 =2

— Z]P{N(t) > Kk} = Z]P{N(t) > k) Xjand 1(Xq + --- + Xj_4 < t) are independent
k=0 k=1

_ ika =p+ Y BXEAX -+ X <] =p+p) F(l)
k=1 /=2 /=2
E[Wn(t)+1] = exp[ X1 ]E[N(t) + 1] = u(M(t) + 1)
D.TE
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Poisson Process as a Renewal Process

Excess life, Current life, mean total life
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The Elementary Renewal Theorem
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e

The constant in the linear asymptote
2 _ 2
. 10 o —pu
| {M 1) — —} = —F
A MO = = 5

Example with gamma distribution Page 367
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Asymptotic Distribution of N(i)

When E[Xk] = ¢ and Var[Xk] = o2 both finite

. N(t) —t/p 1 /X 20
limP{ —~2— = < Xp = —— eV /2d
100 { Vito? /s Ver J - Y
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Size biased distributions

Limiting Distribution of Age and Excess Life
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t'f(t)
il = ——
=5 00)
The limiting distribution og 5(t)
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tim Pl < x3 = [ (1= F)dy = He)

Mm>m&>w=1/’u—F@Mz
I x+y
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Delayed Renewal Process
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Distribution of X; different

Bo Friis Nielsen Renewal Processes

=]
=

il

=]
=

i



Stationary Renewal Process

Delayed renewal distribution where
P{Xi < x} = Gs(x) = p~" J§'(1 = F(y))dy

Ms(t) =
Prob{~: < x} =
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Discrete Renewal Theory (7.6)
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Additional Reading

P{X =k} = px
M(n) = > pk[1+M(n— k)
k=0
= F(n)+>_ pxM(n—k)

k=0
A renewal equation. In general

n
Vn = bn + Zpkvn—k

k=0
The solution is unique, which we can see by solving recursively
o _ b
1—po
y = bitpPi%
1—po
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S. Karlin, H. M. Taylor: “A First Course in Stochastic
Processes” Chapter 5 pp.167-228

William Feller: “An introduction to probability theory and its
applications. Vol. 11.” Chapter Xl pp. 346-371

Ronald W. Wolff: “Stochastic Modeling and the Theory of
Queues” Chapter 2 52-130

D. R. Cox: “Renewal Processes”

Saren Asmussen: “Applied Probability and Queues” Chapter V
pp.138-168

Darryl Daley and Vere-Jones: “An Introduction to the Theory of
Point Processes” Chapter 4 pp. 66-110
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Discrete Renewal Theory (7.6) (cont.)
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Let up, be the renewal density (pg = 0) i.e. the probability of
having an event at time n

n
Un=0n+ Y PkUn—k
k=0

Lemma

7.1 Page 381 If {v,} satisifies v, = by + >_4_o PkVn—k and up
satisfies up = dn + > p_o PkUn—k then

n
Vo= bn_kU
k=0
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The Discrete Renewal Theorem

Theorem

7.1 Page 383 Suppose that 0 < p; < 1 and that {u,} and {v,}
are the solutions to the renewal equations

V= bn + > k_o PkVn—k @nd Un = n + > k_o PkUn—k:
respectively. Then

(@) limpoo Un = m

. 00 . 2ob
(b) if 352 [bk| < oo then limy o0 Vo = %gk;k
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