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Queueing Systems

Today:
> Finite state continuous time Markov chains
» Queueing Processes
> M/M/s systems
> M/G/1 system
After fall break
» To be announced
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Pji(t) = P{X(t + s) = jIX(s) = i}
(@) Pi(t) >0
(b) S Py(t) =1
(©) Pi(s+1) =3} o Py(s)Pi(t)
@ i PO = { o

(c) is the Chapman-Kolmogorov equations, in matrix form

P(t+ s) = P(t)P(s)
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P'(t) = P(t)A( forward equations)
P'(t) = AP(t)( backward equations)
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P = ¢ _E Py —I+E Y

n=0 n=1
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Stationary Distribution

Infinitesimal Description

—qo Qo1 Qon
0=mA=(m,m1,...,7N) 67?0 —-q1 q1.N
ano Nt ann
elementwise
ﬂ‘jqj = Zﬂ'iq,'j with qj = quk
i#] k)
[].TE
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Two State Markov Chain
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P{X(t+h)=jX(t) =i} = qsh+o(h)fori;
P{X(t+h)=iX(t)=i} = (1-qh)+o(h)

Sojourn Description

1. Embedded Markov chain of state sequences &; has one
step transition probabilities p; = q’l’_

2. Successive sojourn times S, are exponentially distributed

with mean .
ge;
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Summary of most Important Results
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P(t) = e - 1x for t — oo

Under an assumption of irreducibility
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Additional Reading

Kai Lai Chung: “Markov Chains with Stationary Transition
Probabilities”
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Queueing process
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Little’s Theorem
L=)\W
QIE
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1. Input Process
2. Service Process
3. Queue Discipline
Kendall notation: A/B/s
1. Number of customers/items in system
2. Throughput
3. Utilization
4. Customer waiting time, probability of being served
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M/M/1 System
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Steady state equations:

wk:tlim P{X(t) =k} fork=0,1,...
—00

Tk = Th_1A, Tk = Okmo
with .
()
W

such that

> 1 1 A

0 Ok =1 7m0 = == = =1——forA<pu
2. Sret
n

k
7Tk:<)\> (1—)\):pk(1—p)withp:/\
u u u

A geometric distribution
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Total Time in M/M/1 System

t n
P{T < tin ahead} = / p%e“”dr
0 H

P{T <t} = > P{T < t|nahead}P{n ahead}

n=0

Sl (-G
- (=) )
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M/M/1 Busy Period
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Mean performance measures

1

E[h] = -
[h=+
, ___  E[A]
Am_ Polt) = o = o B,
Ao 3
po 1+ E[B]
1
E[B] = ——
[B1] T
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From Littles theorem

A P
L=xW=—"_=_""_
p=A 1-=p

which we could also have gotten directly from the distribution g
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M/M/cc System
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A=A pk=Kkp
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k!

N k
o0 o0 o0 (7) N
m A
E Tk = To E Oy = mg E P mer
k=0 k=0 k=0 '

a Poisson distribution
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M/M/s System

kp fork<s
sy fors<k

S I e

)\k)\aﬂk{

e
k
%(%) 0 fork=0,1,...,s
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M/G/1 System

=]
=
=

m

M/M/s System: Performance Measures

Let Yy, Yo, ... be a sequence of service times with cumulative
distribution function G(y), with mean v = E[Y]

: ___ E[A]
Jim_ Poll) =0 = o B,

E[/i] = 1, A: number of arrivals during service time of first
customer of the busy period

E[B1|Y1ZY7A:0]:,V7 E[B1‘Y1:y7A:1]:y+E[B1]

E[Bi|Y1 =y,A=1] =y + nE[B]
—v] = 3 M =AYy _
E[Bi|Y1 = y] = > (v + nE[B1]) o€ =y AVEB]
n=0 '
Finally E[B;] = E[E[B1| Y]] = v + vAE[B;1] such that
1

1%
E[Bi] = 5 and my = —2>—— =1 —vAfor \v < 1
— UV s + v
A 1—vA
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M/G/1 Embedded Markov chain at departures
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X - Xn—1+ A, for X, >1
= A, for X, =0

= (Xo— 1) A,
00 k
ax = P{A, =k} = /O %e”\ydﬁ‘(y)

p. — Qj—j—1 forj>i—1>0
U Q; fori=0
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Mean Queue Length in Equilibrium

M/G/1 Calculation of E [AZ]

nIl_)ngO P{X, = k} = mx,

Xn+1 = Xn - 5+An7

n—oo

Leading to E[A;] = E[0] =1 — 7 = \v

Now by Squaring

ElXp1] = EX] — E[5] + E[A]

X2, = X24+06% 4 A2 —2Xpd +2An(Xn —9)

E [xf,ﬂ} — E [X,ﬂ +E[§] +E [Aﬂ — 2E[X,] + 2E[An]E[X, — O]

0 = W+E [A?,} — 2L 1 20w(L — )

A+ E [A2] —2(\v)?

M/G/> system

2(1— )
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BIAY =y| =0y + ()
b [A%] B /OOO </\y+ ()‘}’)2) dG(y) = Av + X2(12 + 72)

with 72 = Var(Y). Finally, inserting and rearranging

A A+ X312+ 72) — 2(Ar)? 272 4 p2

L 2(1 — ) BT V)

The distributions of X(t) and X, are identical
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At = {(Wv V)

0<w<tandv>t—w}

wa) = [{[ aan}aw

t
= )\/0[1 — G(t — w)ldw

PIX(1) = K} =

t
= A /0 [1 — G(x)]dx

k!
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Au(Ar) o MlA) (A)k

k!
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