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Birth and Death Processes

Today:

» Birth processes

» Death processes

» Biarth and death processes

» Limiting behaviour of birth and death processes
Next week

» Finite state continuous time Markov chains

» Queueing theory
Two weeks from now

» Renewal phenomena
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Birth and Death Processes

» Birth Processes: Poisson process with intensities that
depend on X(t)

» Death Processes: Poisson process with intensities that
depend on X(t) counting deaths rather than births

» Birth and Death Processes: Combining the two, on the way
to continuous time Markov chains/processes
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Poisson postulates

i P{X(t+ h)— X(t) =1|X(t) = x} = Ah+ o(h)
il P{X(t+ h)— X(t)=0|X(t)=x}=1—Xh+o(h)
iii X(0)=0
Where
im P{X(t+ h) — X(t) =1|X(t) = x}
h—0+ h

=A+e(h)

Bo Friis Nielsen Birth and Death Processes

=]
=
=

"



Birth Process Postulates

i P{X(t+ h) — X(t) =1|X(t) = k} = \kh+ o(h)
il P{X(t+ h)— X(t)=0|X(t) =k} =1—Xch+ o(h)
iii X(0) = 0 (not essential, typically used for convenience)

We define
Pn(t) = P{X(t) = n|X(0) = 0}
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Birth Process Differential Equations

Po(t+h) = Pa_1(t) (An_th+ () + Pa(t) (1 — Aph + o(h)
Po(t+h) —P(f) = Pp1()An_1h+ Pa(t)Anh+ o(h)

Po(t) = —XPo(t)
P;l(t) = _AnPn(t) + )‘n—1 Pn_1(t) for n > 1
Po(0) = 1
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Sojourn times

Define Sk as the time between the kth and (k + 1)st birth

n—1 n
P (1) :IP{ZSk <t< Zsk}
k=0 k=0

where S; ~ exp (\j).
With Wy = YK S;

P{Sy <t} =P{W; <t} =1-P{X(t) =0} = 1-Py(t) = 1—e !
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Solution of differential equations

Introduce Qn(t) = e*!Pp(t), then

Qu(t) = A€ Pa(t) + &M Py(1)
= e (APn(t) + Pp(1))
eA"tAnq Pnf1 (t)

such that .
Qn(t) = )\,,1/ eMXP,_4(x)dx
0

leading to

t
Po(t) = Ap_se ! / &M P, 4 (x)dx
0
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Regular Process

True if:

Then
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Recursive full solution when \; # )\ for j # |

n—1 n
Pn(t) = (H )\j) Z Bjynef)‘ft
Jj=0 Jj=0

with
Bin= H (N — >\i)_1
J#i
Yule Process
Pi(t) = —BnPy(t) + B(n—1)Py_1(t)

Po(t) = et (1—e—5’)"_1
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Death Process Postulates

i P{X(t+ h) = k — 1|X(t) = k} = uxh + o(h)
i P{X(t+ h) = k|X(t) = k} =1 — puxh+ o(h)
i X(0)=N

n—1 N
Pn(t) = (H Mj) ZAjVne_)‘/t
j=0 j=n

with
N

Akn = H (Mj—uk)_1

j=n.j#k
For ux = ki we have by a simple probabilistic argument

Po(t) = (’;’) (67H)" (1 — gtyN" _ (N) et (1 _ gtV

n
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Birth and Death Process Postulates

Pj(t) = P{X(t+s) = j|X(s) = i} forall s > 0

,,_,.1( ) Aih+ O(h)

// 1( ) pih + O(h)

Pii(h) = =(Ai + ui)h + o(h)
P;j(0) = 0j

o =0, A9 > O,M,)\,‘ >0,i=1,2,...

S"PS*’!‘-’."
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Infinitesimal Generator

—Xo Ao 0 0...
o —(A A+ ) A 0...
A=| © p2 —(\2 + u2) Ao ...
0 0 13 —(Az + p3)
Pj(t + s) Z Pi(t)Pki(s) P(t+s) = P(t)P(s)

Regular Process

o0 1 n
> 5g 2tk =
n=0 k=0
where 1
n_
A
bo=1, Oa=][ 2
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Backward Kolomogorov equations

Pi(t+h) = > Pi(h)Py(t)
k=0

= Pii_1(M)Pi_1(t) + Pii(h)P;j(t) + Pjir1(h)Piy1,(t) + o(h)
= wihPi_qj(t) + (1 — (i + Ai)h) Py j(t) 4+ A\ihPi j(t) 4 o(h)

=
=
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ODE'’s for Birth and Death Process

P(,)j(t) = —)\opoj(t)+)\1p1j(t)

Pi(t) = piPio1j(t) = (A + 1) Py(t) + AiPip (1)
Pj(0) = gj

P'(t) AP(t)
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Forward Kolmogorov equations

P,'j(t + h) = Z Pik(t)ij(h)
k=0
P(t) = P(HA
The backward and forward equations have the same solutions

in all “ordinary” models, that is models without explosion and
models without instantenuous states
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ODE'’s for Birth and Death Process

Pio(1) —Pio(t) Ao + Pt (t) 1

Pi(t) = Piji—ihic1 — PO\ + ) + P (D1
Pi(0) = 9

P'(t) AP
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Sojourn times

P{S; > t} = Gi(t)

Gi(t+h) = Gi(t)Gi(h) = Gi(t)[Pi(h) + o(h)]
= Gi(t)[1 - (\i + wi)h] + o(h)

Gi(t) = —(\i + ) Gi(t)
Gi(t) = e~ (Nitpit
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Embedded Markov chain

Define T, as the time of the nth state change at the Define N(t)

to be number of state changes up to time t.

P{X(Thi1) = JIX(Tn) = i}

Define Y, = X(Tp)

P{ Vit = j|Yn = i} =

0 1
o
H +1/\1 Mo
2
0 H2+A2
0 0

Bo Friis Nielsen

m;i’/\i forj=1i—1
Sy forj=1i+1

0 forj¢{i—1,i+1}

0 0
M
B+ 0
0 A2
H2+A2
M3
H3+A3
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Definition through Sojourn Times and Embedded
Markov Chain

Sequence of states governed by the discrete Time Markov
chain with transition probability matrix P
Exponential sojourn times in each state with intensityparameter

(= m1 4+ A)
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Linear Growth with Immigration

Pio(t) = —aPi(t) + nPi(t)
Pi(t) = U 1)+ alPij 1@l + w)j + alPy(t) + ulj + 1)Pij1(t)

With M(0) = i if X(0) this leads to
EX()] = M(t) =2 _jPj(t)
j=1
M(t) = a+(A— p)M(t)

B at+i ifA=p
M(t) = {Afu{e(x—u)t_qﬂe(k—u)t if A £ p
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Two-State Markov Chain

-

«

%)
Poo(t) = —aPoo(t) + BPo1(t)

With Py1(t) =1 — Pyo(t) we get

Poo(t) = —(a + B)Poo(t) + B

Using the standard approach with Quo(t) = e(*TAPyo(t) we

get
B
Quo(t) = ——eletdt 4 ¢
00( ) a+ B +

which with Pyo(0) = 1 give us

B

P t — e (aJFﬁ)t— e (O‘Jrﬁ)
0o(f) = +5+a+5 T + 72

with 7 = (my, m2) = (a’%ﬁa%ﬁ)
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Two-State Markov Chain - continued

Using Po1(t) = 1 — Pyo(t) we get
P01(t) = T — ﬂgei(a+5)t
and by an identical derivation

Pii(t) = mp+me (A1
Pio(t) = m —me (@A
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Limiting Behaviour for Birth and Death Processes

For an irreducible birth and death process we have

lim P;(t)=m >0

t—o0

If 7; > 0 then
wP(t)=m or TA=0

We can always solve recursively for «
TpAn = Tni1inid

such that

such that

o)

-0 Hit1
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Linear Growth with Immigration

An = NA+ a, un = nu With
k—1

Aj
0, =
g H#iﬂ
_ala+A)---(at+(k—=1)A
N Kk
_ 22 41)-- - (2+(k—1)
k!

k=0 k=0 H

>0

o (TG0

(
(

)

A

7

1

>

y

A

I
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Logistic Model

Birth/death rate per

individual

> A= a(M— X(1))
> 1= BX(t) —~ N),

such that A\, = an(M

0N+m = <g

0—1—

TN+M = N

+

—n), un = Bn(n— N).

) i

! N)() 0<m<M-N
A("a")(5)
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