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Simple random walk with two
reflecting barriers 0 and N
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Discrete time Markov chains

Today:
» Random walks
> First step analysis revisited
» Branching processes
» Generating functions
Next week
> Classification of states
» Classification of chains

» Discrete time Markov chains - invariant probability
distribution

Two weeks from now
» Poisson process
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Solution technique for u; s
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1 00 0 0O
qg 0 p 0 0O
0 go 0 00O
P = : :
000 ... g0p
000 .. 00Ot

T — min{n 2 O,Xn S {07 1}}
ug = P{X7 = 0|Xp = k}
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Ugx = PUk1 + QUk—1, k:1727"'1N_17
up = 1,
uy = 0

Rewriting the first equation using p + g = 1 we get

(P+Q)uk = Pplki1+quk1 <
0 = p(Uk+1 — Uk) — q(Uk — Uk—1) &
Xk = (9/P)Xk—1

with xx = ux — ux_1, such that

X = (q/p)* " xi
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Recovering uy

X1 = U —Uyp=u—1
Xo = U — U4
Xk = Uk — Uk
such that
u = x3+1
U = Xo+Xx4+1
k—1
i
U = Xk+Xk—1+-+1=1+x1> (q/p)
i=0 omu
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Direct calculation as opposed to first step analysis

Values of absorption probabilities u

QR
P57
p2 _ ||Q@ R||||@ R|_||@® OR+R
a o |/ o /|| ||l O 1
pr _ ||@ Q@ 'R+Q@" 2R+ --+QR+R
N 0 I
n . .
(n _ . . 1 it X =
VVI-]- =E z70]1()(@ —j)’Xo = I] , Where ]l(Xg) = { 0 ifX ?é]
QIE
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From uy = 0 we get

N—-1

0 = 1+x ) (q/p) &
i=0
1

~o'(a/p)
Leading to

{ 1—(k/N)=(N—k)/N when p=qg=1}
Uk =4 (a/p)*~(a/p)"
T when p # q

Bo Friis Nielsen Random walks and branching processess

Expected number of visits to states

=
=
=

m

In matrix notation we get

wh = 1+Q+ @+ + Q@
= I+Q<I+O+---+Q”“)

= |+ Qw1

Elementwise we get the “first step analysis” equations

r—1
W =+ 3 P
k=0
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Limiting equations as n —

W=1+Q+Q@+---=> @
i=0

w=I1+Qw
From the latter we get
(I-Qw-=1

When all states related to Q are transient (we have assumed
that) we have

w=>) @=(-q'
i=0

With T = min{n > 0,r < X, < N} we have that

T—1
Wi=E | 1(X; =) XO:i]
n=0
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Absorption probabilities
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Absorption time

U = P{T < n, Xr = j|X = i}
UY=R=IR
U® = IR+ QR
Un =1+Q+---+Q"YRr=wr"YR

Leading to
U=WwWR
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T—1 r T—1

DI AXn=))=> 1=T

n=0 j=0 n=0

Thus

r T-1
E(TIXo=i) = E [ S A(Xn=)) Xo=1i
j n=0

In matrix formulation
v=W1

where v; = E(T| Xy = i) as last week, and 1 is a column vector
of ones.
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Conditional expectation discrete case (2.1)
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eiy =y - EU )
E[Y =y|X=x]=> yP{Y =y|X=x}

y
h(x) = E[Y = y|X = x] is a function of x, thus h(X) is a
random variable, which we call E[Y = y|X]. Now

E[h(X)] =) P{X =x}h(x) =) P{X =x}> yP{Y =y|X =x}
X X y

:ZZy]P{X:x}IP{)](P{:XX’:YX? S S ypiX=x Y =)
X y Xy

= E[Y] = E{E[Y[X]}, (E[g(Y)] = E{E[g(Y)[X]})
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Conditional variance discrete case

Var[Y] = E [Y2] — E[Y]? = B{E[Y?|X]} - E[Y]?
= E{Var[Y|X] + E[Y|X]?} — E{E[Y|X]}?
— E{Var[Y|X]} + E{E[Y|X]2} — E{E[Y|X]}?)
E{Var[Y|X]} + Var{E[Y|X]}
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Branching processes
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Random sum (2.3)

Xnp1 =86 + &+ +&x,

where &; are independent random variables with common
propability mass function

P{& = k} = p«
From a random sum interpretation we get

E(Xp11) = pE(Xp) = p™

Var(Xp. 1) = o2E(Xy) + pVar(X,) = o?u" + p2Var(Xy)

= o?u" 4+ 1P (0" + pPVar(X, 1))
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N
X=&+ - +n=)_¢&
=

where N is a random variable taking values among the
non-negative integers; with

E(N) = v, Var(N) = 72, E(§;) = pu, Var(¢) = o2

E(X) = E(EXIN)) = E(Nu) = vp
Var(X) = E(Var(X|N))+ Var(E(X|N))
E(No?) + Var(Np) = vo? + 7212
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Extinction probabilities

=]
=
=

m

Define N to be the random time of extinction
(N can be defective - i.e. P{N = o) > 0)}

Uup = P{N < n} = P{Xy = 0}

And we get

o0
k
Un = Z PrlUp_1
k=0
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The generating function - an important analytic

tool

Generating functions

v

v

variables
» Calculation of moments

Manipulations with probability distributions
» Determining the distribution of a sum of random variables
Determining the distribution of a random sum of random

» Unique characterisation of the distribution

v

Same information as CDF
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The sum of iid random variables
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¢(s) =E (sf) =2 ms’ k=g
k=0
Moments from generating functions

dé(s) - k—1
= > Pkks

ds

= E(¢)

s=1 s=1

Similarly

d?4(s)

ds®

= > pxk(k —1)sk2
s=1 k=2

s=1

a factorial moment
Var(¢) = ¢"(1) + ¢'(1) — (¢/(1))?
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Sum of iid random variables - continued
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Remember Independent |dentically Distributed
Sn=Xi+Xo 4+ Xo =311 X;

With px = P{X; = x}, X;i>0wefindforn=28, = X; + X5

The event {S; = x} can be decomposed into the set
{(X1 = O,XQ = X),(X1 = 1,X2 =X — 1)

(X1 :i,XQZX—i),...(X1 :X,XZZO)}

The probability of the event {S, = x} is the sum of the
probabilities of the individual outcomes.
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The Probability of outcome (X; =i, Xo = x — i) is
P{Xi=i,Xo=x—1i} =P{X; =i}P{Xo=x—i} by
independence, which again is p;py_;.

In total we get

X
P{S2=x} = piPxi
i—0
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Generating function - one example Generating function - another example

Binomial distribution

n _ Poisson distribution
pk=<k>p"(1—p)”" PUEN
Pk = Fe
n n n P : o0 [e'e] Ak oo (S)\)k
dbin(S) = > s*pk = s < K ) P —p)™ Gpoi(8) =Y s pk="> skﬁe*A ey o
k=0 k=0 k=0 k=0 ' k=0
n A ASA o A(1-9)
n _ —e e =¢e
> (& )= pr = (1 - oy’
k=0
on iy
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And now to the reason for all this . .. Sum of two Poisson distributed random variables
The convolution can be tough to deal with (sum of random
variables)
Theorem
If X and Y are independent then X~P()  Y~Pl) Z=X+Y
A(1— (- D
Px+v(S) = dx(8)ov(S) Ox(s) = €07 Gy(s) = (7 (]P{X =X =Pe= g A)
where ¢x(s) and ¢y(s) are the generating functions of X and Y And we get
[l
_ — e M1=8) g—u(1=5) _ o= (A+u)(1-5)
A probabilistic proof (which | think is instructive) 92(8) = dx(8)py(s) = e e I = e
Such that
_ X+Y) _ XY\ _ X Y\ _
dx+v(S) —E(S ) =E (3 s ) =E (S )E (S ) = ¢x(s)ov(s) Z ~ PO\ + 1)
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Sum of two Binomial random variables with the Poisson example

same p

X ~ B(n,p) Y ~ B(m,p) Z=X+Y

Qﬁx(S) = (1 _p+ps)n _ _ _ n X n—x
ov(s) = (1 - p+ ps)™ <P{X‘X}‘px‘ ( x >p (1-#) >

X~PQ)  ¢x(s)=e N9 (P{X =X} =px= ixle—k>

¢/(3) _ _(_)\)e,)\U,S) _ )\e,)\“,S)

And we get
And we find
¢z(8) = ox(s)oy(s) = (1-p+ps)"(1—p+ps)” = (1-p+ps)™™" E(X)=¢'(1) =2 = A
Such that ¢"(s) = N2e 179
Z~ B(n+m.p) V(X) = ¢"(1) +¢/(1) = (¢/(1)) = X2+ A= A2 = »
o o
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Generating function - the geometric distribution Generating function for random sum
~ Px=(1=p) 'p
bgeo(8) =Y S px =Y (1 —p)'p
x=1 x=1
=) s(s(1—p))*!
2 St =PI hx(S) = on(6(9))
A useful power series is: Applied for the branching process we get
v 1_13/:1 N<ooari én(8) = dn-1(¢(8))
Y d={ N+1 N<oo,a=1
i=0 = N=oola <1
_ %P
And we get ¢geo(S) = T=s(1-p)
oy oy
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Generating function for the sum of independent
random variables

X with pdf py Y with pdf g,
Z=X+Ywhatisr,=P{Z=2z}7?

z
P{iZ=z}=r,= Zpin—i
i=0

Theorem
(23) page 153 If X and Y are independent then

dx+v(S) = ox(8)py(S)

where ¢x(s) and ¢y(s) are the generating functions of X and Y
U
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Sum of k geometric random variables
with the same p
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Sum of two geometric random variables with the

same p

Y ~ geo(p) Z=X+Y
(PIX=x}=px=(1-p)"p)

X ~ geo(p)
ox(s) = Tﬁ)_p)

ov(s) = 1_5??_;;)

And we get

sp sp sp
62(9) = 0x(9)0r(8) = e T ~ (o

The density of this distribution is

P{Z=2z}=h(z)=(z—-1)(1 - p)* 2p°

Negative binomial.
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Characteristic function and other

/o)>2
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More generally - sum of k geometric variables

Px = ( :((:1 > (1—p)*p*  ox(s) = <1_S?l1)_p)>k
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> Characteristic function: I (eX)

> Moment generating function: I (e?)

> Laplace Stieltjes transform: E (e~5X)
EXAMPLE: (exponential)

o A
ox\ _ 0Xy A—AXHy
]E(e )_/o e \e dx_/\_9,6<)\
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