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Reflected Brownian Motion
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Brownian Motion

) ifB(t) <0
E(R(t) = 2t/n
Var(R(t)) = [(1-— 727> t

y
P{R(t) < y|R(0) =x} = / ot(z — x)dx

p(y,tix) = ¢y —x) + oe(y + X)
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Today:

» Various variations of Brownian motion, reflected, absorbed,

Brownian bridge, with drift, geometric
Next week

» General course overview
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Absorbed Brownian Motion
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The movement ceases once the level 0 is reached.

Gi(x,y) = P{A(t) > y|A(0) = x}

= P{B(t) > y,min{B(u) > 0;0 < u < t|B(0) = x}

We first observe
P{B(t) > y|B(0) = x} = Gi(x. y)

+P{B(t) > y,min{B(u) < 0;0 < u < t}|B(0) = x}

Due to reflection the latter term is also
P{B(t) > y,min{B(u) < 0;0 < u < t}|B(0) = x}

=P{B(t) < —y,min{B(u) <0;0 < u < t}|B(0) = x}
= P{B(t) < —y|B(0) = x}
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Absorbed Brownian Motion Brownian Bridge

Distribution of B(t); 0 < t < 1 conditioned on

{B(0) = 0, B(1) = 0}.

X = B(t) and B(1) — B(t) are indepedent normal variables.
Summarizing we get Y = B(1) — B(t) + B(t) and X are bivariate normal.
P{A(t) > y|A(0) = x} = Gi(x.y) var(x) =t
= =y —x) — By —X) Cov(X,Y) = E(B(NB()+B(H)(1 - B(N) =t =pV1V1
= Py +x) - Py —x) E(X|Y=y=0) = E(X)+pf (y—E(Y))=0
We have already seen that Var(X|Y) = t(1-p%)= T(1 -1

P{A(t) = 0]A(0) = x} = 2[1 — ®¢(x)]

E{B(t)|B(0)=0,B(1)=0} = 0
Var{B(t)|B(0) =0,B(1) =0} = t(1-1)
Cov{B(s). B(1)|B(0) = 0.B(1) = 0} = s(1 1)
= The process is Gaussian =
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Brownian Motion with Drift Absorption Probabilities

Tap = min{t > 0; X(t) = aor X(t) = b}
u(x) = P{X(Tap) = b|X(0) = x}

X(t) = pt + oB(1) We assume that absorption has not occurred at (Af, x + AX)
u(x) = E(u(x + AX))
» A continuous sample path process with independent Taylor series expansion of right hand side
increments 1
> X(t+58) — X(s) ~ N (ut,0?t) u(x) = E|u(x)+ U (x)AX)+ Eu”(x)(AX)2 +0 ((AX)Z)]
y—pt—x )
P{X ) < X O)=xt=¢(—"— — 1 §
{(X(0) = y1X(0) = x} < i = u(0) + UOEIAX)] + 50" (B [(8X)] + B [0 ((ax)?)]

E[A(X)] = pAt, E [(AX)Z] = 02At + (uAt)?

2ux

pu ()+;<72u() 0, u(x)=Ae -2 +B
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Absorption probabilities Theorem 8.1

_ 2ux _ 2pa
e o2 —e o2
U(X) = T _oub ~2pa
e 2 —e o2
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Maximum of Brownian Motion with Negative Drift
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Mean Time to Absorption

We assume p < 0, using Theorem 8.2.1

2ux 2pa
e 2 —e o
U(X) =~z 2z
e 2 —e o2
we get
_2u0 _2pa
. e 2 —e o2 _2lul
P{maxX(t) >y} = lim —————— =¢ 2’
2 2
o<t a——oo e_o%y _ e—g%a
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Tap = min{t > 0; X(t) = aor X(t) = b}
v(x) = E{Ta|X(0) = x}
v(x) = At + E(v(x + AX))
14+ pv/(x) + %a2v”(x) =0
v(a)=v(b)=0

v(x) = ; u(x)(b— a) — (x - a)]

o
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Geometric Brownian Motion
Z(t) — ze(a—%oz)H—o‘B(t) (Z(O) _ Z)
X(t) =log(z) +log (Z(t),  X(t) ~N <a — %02, 02>
E(Z(t) = zele—z%)tR [e"B(t)] — zelo—30®)tg(30°)t — zgot
For o < $o2 we have that Z(t) — 0 with probability 1
Var(Z(t)) = z2e?! (e"zt — 1)
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