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Brownian Motion: Definition
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Brownian Motion

Today:

» Definition and first properties
» Reflection principle and maximum variable

Next week

» Derived processes
» Brownian motion with drift

Two weeks from now

» Ohrnstein-Uhlenbeck process
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Diffusion equation
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Definition

Brownian motion with diffusion coefficient o is a stochastic

process {B(t);t > 0} with the properties

(a) Every increment B(s + t) — B(s) is normally distributed with
mean zero and variance o°t; 0 > 0 is a fixed parameter

(b) For every pair of disjoint time intervals (t, tp], (t3, ts], with
0 <t <t <t3<ly,theincrements B(ty) — B(t3) and
B(t) — B(ty) are independent random variables and
similarly for n disjoint time intervals, where n is an arbitrary
positive integer.

(c) B(0) =0, and B(t) is a continuous function of t
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Standard Brownian motion: o2 = 1.
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Covariance Function

Cov[B(s). B(t)] = E[B(s)B(1)]
E[B(s) (B(t) - B(s) + B(s))]

E[B(s)?] + E[B(s)IE[B(t) — B(s)]
2

= 8o
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Gaussian Processes
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Invariance Principle

A random vector (Xj,. .., Xp) is said to be multivariate normal
iff Y =a1X; +...anXyis univariate Gaussian for all real «;
With 1; = E(X;) and I'; = Cov(X, X;) we get

1 1w/
fXq,... X)) =f(X)= ————— g 2XT"'X
(6t dn) = 1(X) (2)? /Det(T)

x, X

Gaussian Process

p(t) = EX(D)],T(s, t) = B[{X(s) — p(s) H{X(t) — u(1)}]

n n
Z Z ajoyl (8, 4) > 0

i=1 j=1
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Let & be i.i.d. with E(&) = 0 and Var(x;) = 1; then

Sn::& +-+&n
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Bn(t) n N for [nt] < k < [nf] +1
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Ba(t) = —& = =<2,
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The normalized sum should show Brownian behaviour for n
large

for 5§t<5+1
n n
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The Reflection Principle
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7 =min{u > 0; B(u) = x}

) B(u) foru<r,
B (u):{ x—[B(u)—x] forr<u
P gz 80> f = 20(@0 > 0

M(t) = max B(u)

0<u<t

P(M(1) > x) = 2[1 — &¢(x)]
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Time to First Reach a Level

7x = min{u > 0; B(u) = x}

P(rx <t) = P(M(t) > x)

2 o0 2
2[1 — dy(x)] = e¢/20g
x
1 X 2
f(t) = —_eX/@)
(1) B i
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