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Outline of the lecture

Recursive and adaptive estimation:
Introduction to Chapter 11
Recursive LS, Section 11.1

Cursory material:
Model based adaptive estimation, Section 11.4
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Why recursive and adaptive estimation?
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As time passes we get more information
Models are approximations
The best approximation change over time

Makes it possible to produce software which learns as new
data becomes available
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Types of models considered

REG:
Yo = p+81U1c+ 52U+ ... 4+ BnUmt + &t

Vi = p+w(B)U+ ¢
w4+ wolUp +wiUp—1 + + ... wUp—s + €4

AR:
¢(B)Y; = pt+es
Y, = p—01Yi 1 -0, 90— ... =Y p+ &
ARX:
»(B)Y; = p+wB)Ui+er <
Yi = p—01Yi 1 — ... — oY ptwolp + ... +wsUp_s + &
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Generic form of the models considered

Y, = w?@—%st
= 1z +Ocxos + ...+ Opxpy + 4

Example:
Y, = 1 —Y,_ w1 U1 + ¢
r=pn-_ 1 4 ¢ E ﬁj,22-+ 1- U1 ¢
L1t X214 T3¢
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LS-estimate at time ¢

Model:
Y: = :cf@ + &4

Data (= may contain lagged values of the “real” input):

Y17}/27Y37Y47 SRR 7}/15—17}/15
L1, L2, L4y L4gy...,Lt-1,L¢

LS-estimate based on ¢ observations:

0, = argmein S¢(0)

t

S:(0) = Z(Ys—wgg)Q

s=1
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LS-estimate at time ¢

Model:
Y: = :cf@ + &4

Data (= may contain lagged values of the “real” input):

Y17}/27Y37Y47 SRR 7}/15—17}/15
L1, L2, L4y L4gy...,Lt-1,L¢

LS-estimate based on ¢ observations:

0, = argm@inSt(H):(XTX)_lXTY

t

S5¢(0) = Z(Ys—wgg)Q

s=1
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From one time step to the next (in an easy way)

The trick Is to realize that:

t

T T T T T

Ri=X"X=x12] + 225 +... +tT1r; = E T,
s=1

t
ht:XTY:w1Y1+w2Y2+...+tht:ZwSYS
s=1

Where:
L1tL1t L1tl2t - X1tLyt xl,tY;f
- TotT1t T2tTat -+ T2ty Tt Y}
LtLy — : : _ . Ty =
| Lotl1t Xptdat 0 Lty t | i xﬁ,th B
DTU
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From one time step to the next (cont’'nd)

0, = R 'hy

¢ t—1
¢ T T T
R; = E T, = LTy + E T, = Ty + Ry
s=1 s=1

t t—1
h; = stYs =Yy + ZZBSYS =xY; + hy_q
s=1 s=1

Initialization:
Ry = 0 (matrix of zeros)

hy = 0 (vector of zeros)

Wait with @; until R, is invertible
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Other formulations
1. Eliminating h;:

Rt = a:ta:f + Rt—l
0, = 6, + R xy(Y; — th/ét—l)

2. Eliminating h; and avoiding matrix-inversion:

P 12,
1+ ZB?Pt_liBt

0, = é\t—l + K(Y; — thé\t—l)

Henrik Madsen 0
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Example: HC, = u+ 011} + ¢
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Example: HC, = u+ 011} + ¢
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Forgetting old observations

So far we have a way of updating the estimates as the data set
grows

If we want a method which forgets old observations we apply
weights which start at 1 and goes to O when observations gets
old:

0, = arg m@in S5¢(0)

t

518) = 3Bt s)(Y: —276)?

s=1

B(t, s) express how we assign weights to old observations

=
—_
=
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Forgetting old observations

So far we have a way of updating the estimates as the data set
grows

If we want a method which forgets old observations we apply
weights which start at 1 and goes to O when observations gets
old:

0, = argm@inSt(H): (XTWX) ' XTwWy

t

50) = 3Bt s)(Y: - 276)?

s=1

where W = diag(5(t, 1), 6(t,2),...,8(t,t —1),1)
B(t, s) express how we assign weights to old observations
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Exponential decay of weights

Let’s first consider 3(t,s) = A5 (0 < XA < 1)
A = 1: What we did with the previous algorithms
A < 1: We forget in an exponential manner

1
0|IIIII|||||IIIIIlllll“““‘|
10 15 0 25

Weight

0 5 2 30

Observation number

In the general case it turns out that if the sequence of weights
can be written

B(t,s) = At)B(t—1,s) 1<s<t-1
B(t,t) = 1

Then the estimates can be updated recursively

=
—
—
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B

7~

The Adaptive Recursive LS algorithm

Rt = wtwf -+ )\(t)Rt_l
hi = xY; + \t)hi—1
9; = R;'h;

\
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Other formulations
1. Eliminating h;:

Rt — a:ta:;r + )\(t)Rt_l
6, = 6, 1+ R 'z, (Y, — wfgt—l)

2. Eliminating h; and avoiding matrix-inversion:

K, = Pt—j}wt
)\(t) -+ Ly Pt_lillt
0, = 0,1+ K (Y: — w;ré\t—l)
1 P yxixi Py_q
Pt — NN t—1 — T
O Nt + 2T P
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Constant forgetting

If \(¢£) = X we call X the forgetting factor and define the
memory as

1=0

Given a data set an optimal value of \ can be found by “trial
and error”

It is often a good idea to select the values of A to be
Investigated so that the corresponding values of Tj, are
approximately equidistant

The criteria to evaluate may depend on the application, but the
sum of squared one-step prediction errors is often appropriate

The initialization period should be excluded from the evaluation
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Variable forgetting

Many methods exists

One is based on the aim of keeping the criteria functions
defining the estimates constant at .S
Leads to:
2
&t

At) =1—
() SO [1+$?Pt_1$t]

A lower bound \,,;,, on A(¢) should be applied
For optimal tuning of this method .S, could be varied
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Example: HC, = u+ 011} + ¢
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Example: HC;, = u+ 011, + 4, A = 0.995
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Example (cont’'nd)
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